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ALEXANDER MACFARLANE, M. A., 1 ) . Sci, Ľl. D.

BY J. M. COLAW .

? LEXANDER MACFARLANE wasborn at Blairgowrie, Scotland, April

21st, 1851. He was educated at the public school, and at 13 became a

regular pupil teacher in the employment of the Education Department.

In 1869, having tinished his apprenticeship as a teacher and saved it

little money, Mr. Macfarlane went straight to the University of Edinburgh.

Atthat time the curriculum for Master of Arts consisted of three departments,

- classical, mathematical, and philosophical; and it was customary for the more

ambitious students to take the degree with honors in one of these departments.

Mr. Macfarlane first entered the Junior classes in Latin and in Greek , and at

the end of the session stood fourth in the former and fifth in the latter, in class

es of 200, largely composed of High School graduates. He perceived that to

carry himself through college it was necessary either 10 sacrifice a large part of

his time to teaching, or else to study hard and pay hisway by means of money

prizes. He chose the bolder alternative. At the beginning of his second year

he won in open competition the Miller scholarship , worth $ 100. At the end of

that year he stood very high in Senior Latin and Greek and in Junior Mathe

maties. At the beginning of the third year he won in open competition the

Spence scholarship, worth $ 1,000. The financial difficulty was now solved ;

there remained a choice of a department for honors. He was urged by the

professor of Latin to go forward in the Classics, but he felt that there was more

Scope for originality in philosophy. In his third year he studied Senior Mathe

matics, Natural Philosophy and Logic. It was the custom of Professor Kel

land to introduce Quaternions to his senior students. The addition of vectors
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was intelligible, but the product of vectors seeined to be a universal ditficulty .

The professor explained that ir i j the left -hand vector was to be considered as

a sort of corkscrew turning the right -hand vector through a right angle; but he

did not explain how in i ; it ceased to be a corkscrew . To get light on the sub

ject Mr. Macfarlane bought it copy of Tait's Treatise on Quaternions, but found

that it was addressed to mathematicians.

Before he entered the class of Logic Mr. Macfarlane was familiar with

the works of Hamilton and Mill, and when a member of the class he read , at

the invitation of the professor, a paper which criticised the statement of the

law of Excluded Middle given by Jevons in his Lessons on Logie. It was his

intention to study for honors in Logic and Philosophy, but perceiving how

much they depended on the principles of science , and especially of exact sci

ence , he took up the advanced classes in Mathematics and Physics as a secondary

study. In Experimental and Mathematical Physics he gained the highest hon

ors and the personal friendship of Professor Tait, then, as now , the greatest fig.

ure in the University. In 187+ he was appointed Neil Arnott instructor in

Physies, and in 1875 finished an unusually extensive course of undergraduate

study by taking the degree of M. A. with honors in Mathematics and Physics.

The University record showed that he had passed each of the seven suojects of

the pass examinations with high distinction. Having , after graduatiou, won in

a competitive examination the Maclaren fellowship , worth $ 1,500 , he proceeded

to study for the recently instituted degree of Doctor of Science. After one

year spent on Chemistry, Botany, and Natural History, and two years on

Mathematics and Physies, he obtained the doctorate in 1878. His thesis was an

experimental research on the conditions governing the electrie spark , and it

was subsequently published in the Transactions of the Royal Society of Elin

burgh. It also brought him under the notice of the celebrated electrician and

philosopher, Clark Maxwell, who made various suggestions for its extension.

In 1878 Dr. Macfarlane was elected a Fellow of the Royal Society of

Edinbeugh, and the first contribution which he read personally was a memoir

on the Algebra of Logie. The menuir was referred by the Council to th “ pro

fessors of mathematics and of logic, and they reported that it was too mathe

matical for the one and too logical for the other to enable them to say what its .

value was . Dr Macfarlane enlarged the memoir and published it as a small

volume under the title of Principles of the Algebra of Logir (1879. The vol

ume was receiver with favor, and brought the anthor into correspondence with

Munro , Jevons, Venu , Cayley, Harley, Schroeder and Halsted, who was then

lecturing on the m : thematical logicians at Johns Hopkius U'niversity. The

main idea propounded is that of a limited and definite universe ; also Euler's

diagrams were further developed. In 1879 he attended the meeting of the Brit

ish Association at Sheffield , and there met many of the British savants.

During 1880 Dr. Macfarlane was interim Professor of Physics at the

C'niversity of St. Andrews, and in 1881 he was appointed for the usual period

of three years Examiner in Mathematics in the University of Edinburgh. Dur

ing these years he contributed to the Royal Society of Edinburgh a series of
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experimental papers on electricity, and a series of mathematical papers on the

Analysis of the Relationships of Communguinuity and Affinity. A paper on this

subject, which he read before the Anthropological Institute of London, contains

as perfect a notation for relationship as is the Arabic notation for numbers.

These papers, as well as those on the Algebra of Logic, now form part of the

history of Exact Logic. He also contributed to the Royal Society of Edin

burgh : Note on Plane Ilgebra, which stated brietly the view he had arrived at

concerning the imaginary algebra of the plane. It states that the fundamental

quantity is versor rather than a vector, a view in adv :ince of Argand's, and in

deed of much that has been written more recently. By means of this algebra

of the plane he deduced many series, some of which he propounded as problems

in the Ellucational Times and the Mathematical Visitor. It was also during

his tenure of office as examiner that he prepared the volume on Physical Arith

metic, a pioneer work, whose express object is to elucidate the logical pro

cesses involved in the application of aritbmetic to physical problems.

In 1885 Dr. Macfarlane was called to the chair of physics at the Uni- :

versity of Texas, where he became a colleague of his fellow logician, Dr. Hal

sted . That same year he met many of the American savants at the Ann Arbor

meeting of the American Association. In 1887 he received the bonorary degree

of LL . D. from the University of Michigan on the occasion of their semi-cen

tennial. His first years at the University of Texas were wholly taken up with

organizing the department, but in 1889 he published as a sequel to Physical

Irithmetic a volume of Elementary Mathematical Tables, distinguished for

their comprehensiveness and uniformity. In 1889 he visited Paris at the time

of the Exposition and met many of the continental savants at the meeting of

the French Association .

On his return from Europe, he began to publish the results of his study

of the algebra of space, which he approached as a logical generalization of the

Algebra of the Plane. These papers are as follows: 1. Principles of the Al

gebru of Physics, read before the Washington meeting of the American Asso

ciation in 1891, states the fundamental difficulties in the theory of Quater

nions, lays stress on the distinction between vectors and versors, and deals most

ly with the products of vectors . 29 On the Imaginary of Algebra, read at the

Rochester meeting in 1892. gives an historical and critical account of the differ

ent interpretations of ✓(-1 ) , takes up the functions of versors, and shows

that there are at least two distinct geometrical meanings of (-1) . 3º . The

Fundamental Theorems of Analysis Generalized for Space, contributed to the

New York Mathematical Society in 1892, investigates and proves the general

ized form of the Binomial and other theorems, and thus establishes the princi.

ples of spherical trigonometrical analysis. 4 °. On the Definitions of the Trigo

nometric Functions, read before the Mathematical Congress at Chicago in 1893,

defines these functions so as to apply to the circle, hyperbole, ellipse, logarith

mic spiral, and a complex curve partly circular, partly hyperbolic. 59. The

Principles of Eliptic and Ilyperbolic Analysis, read at the same place and

timo, extends spherical trigometrical analysis to the other surface of the second
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Lovil trento ent of alternating currents, read hetereibe

International
ii. Time ill the same time, shows that plane : l_p ! 7:14

the lady is period for the problems of alternating curren . i 01 physical

wddition or travail , read lefore the Madison meeting of the American

Association in 1 , Treals in a muform manner of the composition of v rious

Į hysical quantities located in spaer, ending with the composition of screw -mo

tions, 89. On the findinental , rinciples of cract imalusis, read before the

Philosophical Society of Washington in 1894, discusses the fundamental laws

of algebra, and the logical principle of generalization in analysis. 9 . The

principles of differentiation in sprer analysis, recently read before the Ameri

can Mathematical Society at New York , investigates the differentiation of ver

sors, and publishes the true generalization of Taylor's theorem for space .

In 1891 Dr. Macfarlane took an active part in organizing the Texas

Academy of Science, and for two years acted as its Honorary Secretary.

He contributed many papers, among which may be mentioned " An Account

of the Rainmaking Experiments in San Antonio ," an article describing and

criticising the various modern methods of rainmaking, and a paper on " Exact

Analysis as the Basis of Language,” where his knowledge both of languages and

of mathenatics comes into play.

In 1894 Professor Macfarlane resigned from the University of Texas.

Throughout the nine years he labored there, he gave the new University the full

benefit of his varied experience as a teacher, his accurate knowledge of Univer

sity affairs, and his widespread reputation as a savant. The course in mathe

matical physics was so well developed as to call forth a special article in the

Rievista di Mitemitica, publishel at Turin , Italy.

Professor Macfarlane, in addition to being : member of numerous

American and British societies, is a corresponding member of the Sociedad

Cientifica Antonio Alzate, of Mexico, and the Circolo Matematico di Palermo,

Italy. Personally he is a characteristic Scotsman , sturdy, persevering, with a

relish for hard work , thoughtful, courageous in his convictions, and endowed

with more than the average share of the perferridum ingenium Scotorum . He

is unmarried , but it is announced that in this, as in other matters, good fortune

awaits him . And as he is still a young man , it is not likely that we have seen

the last of his contributions to mathematical analysis.

To the editors of the Electrical World we are indebted for the loan of

the electrotype.



ISOPERIMETRY WITHOUT CURVES OR CALCULUS .

By PROFESSOR P. H. PHILBRICK , M. So. , C. E. , Lake Charles. La .

( Continued from the November Number. ]
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PROPOSITION IX . If two regular polygons harr the same perinneter, the

wwr having the greater number of sides has the greutest arra ,

Describe a circle with any radius 1 ( = r

and circumference 211 = C. ΤΝΗ

Take AB and I respectively the mth

and uth part of a semi-circumference, and draw

the secants Bt and OCT to meet the tangent

.ItT . Draw also DBII parallel to it, and the
А

D

tangent Be. Then , it is one -half of one side of a

regular polygon of m sides, whose apothem is 10 ;

and 1T is one-half of one side of a regular

polygon of n sides , whose apothem is likewise T

10 .

Let P = the perinneter of the polygon, the length of each side of which

is 247, and p = the perimeter of the polygon , the length of each side of which

is 2 At.

Let u = the arc AB and A = the arc 1 G.

РP T

Then, P = 17 , p = : 11
i P

Now, BII Beare Bl'and BD< arc AB .

BII DI are 16
Dividing gives , BD are AB

DB arc AB

AT DII AT 1

But and therefore

It

(1

arc BC

or

=

a

4T

Multiplying by
we have, - > 1 .

- 1

PР
Therefore, > 1 or P > p.

1

Hence, for the same apothem , the perimeter of the polygon of the

greater number of sides is the smaller.

Therefore, for equal perimeters, the apothem of the polygon of the

greater number of sides must be the greater ; and since, for equal perimeters,

the areas vary as the apothem , the area of the polygon having the greater num

her of sides is likewise the greater.

PROPOSITION X. If two regular polygons have the ritme area , the one

haring the greater number of sidex has the least perimeter.

If the perimeters were equal, then (Prop. 1x ) the area of the one hav
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ing the greater number of sides would be the greater . Hence, since the areas

are equal, the perimeters of the polygon having the greater number of sides is

the smaller.

PROPOSITION XI . Of all is peremetric figures, the circle has the mari

Muin area .

We
e prove by ( Prop. VIII) that of regular isoperemetric polygons, that

having the greatest number of sides has the greatest area , and hence if the num

ber of sides of any regular polygon he continually increased ,keeping its perim

cter the same, its area will be continually increased ; and as the circle is the

limiting figure in conformity to which the regular polygon continually ap

proaches, as the number of its sides is made greater and greater, the circle is

that figure, which for a given perimeter contains the maximum area .

PROPOSITION XII . of all plane figures containing the same area , the

circle has the minimum perimeter.

Let ( ' be a circle and E any other fig .

are having the same area as ('.

Now , hy Prop. xi , if the perimeter of

was equal to that of E its area would be C , E

greater than that of E; but since it is the

same, its perimeter must be less than that

of E.

PROPOSITION XIII . Of all polygons formed with the same given sidex,

that which can be inscribed in a circle is a marimum .

Let the polygon P , having the sides a ,

b , c , d , and e , be inscribed in a circle, and the
e

polygon P ' formed with the same sides, not be
6

a

inseriptible. P

Upon the sides a , b , c , etc., of the poly

e

gon P ' construct circular segments, equal to
d

those standing upon the corresponding sides of

the olygon P.

Then the whole figure (" thus found, has the same perimeter as the

circle (

Hence, ( Prop. XI ) area of ( > area of / ' ; and subtracting the circular

segments from both , we have, P > P '.

Cс

b

@

(Concluded )
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THE INSCRIPTION OF REGULAR POLYGONS.

By LEONARD E. DICKSON , M. A. , Fellow in Pure Mathematics , University of Chicago.

CHAPTER V.

(Continued from the December Number ]

II . When the number of sides is a multiple of 5 .

In the regular 25 - gon , is - A ,, = 1 , being chords of the regular peu

tagon . But 1 ,-1, + 43 - dit4, -....- 4,2 = 1 .

. : 4 ,( 4 , -A . - 116 +1 , +44 ) + ( - :, +43 + 1 ,-1, -1,2 ) = 0.

The product of these two groups expanded is seen to be ( ) . Hence ,

each group equals zero .

The sum of the chords A ,, - A4, - A .,,, al , equals 0 ; the sum of

their 10 products two at a time = 2 ( 1 , - . ; - A , +13 + ilio)+5( -1,0-13)

= -5 ; the sum of their 10 products three at a time

= -614 , -1 , - do +4 , +44 )+2( 4 , -43-4, +4, +.1,, ) = 0; the sum of

their 5 products four at a time = 5 (-1? –A ; ) = 5 ; the product of all five

= 21.4 , -1 , -46 + 4 , + AU ) - ( 1 , -- Ag - A ,+1, +4,2) + . = 45. Hence,

they are the roots of 7,5 - 503+ 5.0 - A , = 0.

Similarly, 12,-3, - Angelgrity, are the roots of 1.5 – 5,03 + 52- , o = ( ) .

In the regular 35 - gon, A , - A , = 1 ; 1 ; -110 +1,5 = 1 .

. : ( 4 ,-A , + A1, + A16) + ( 18 + Ag - A , - 4,3) + ( 1 ,-13 - A ,, - A , ; ) = 1 ,

Write A , B, C for these three groups respectively.

Then A + B + ( = 1 ; AB = 3B + 3C + 4 ( A10 - .115);

AC= 3A + 3B + 4 ( - A ; - 4,5); B C = 3A +3( +4( A ,, - 16).

. :: AB + AC + BC= 6( A + B + C ) +8( – A ; + 41, - Ais) = - 2.

ABC= C { 3-34 + 4 (A10 - A , 5) } = 3 ( -34C + 4C( 4,6-1, s).

expanded , = --1 .

Hence, A , B, C'are the roots of x3 — 2 —20 + 1 = ( ) . But (Chapter I. )

45, - 110,4,5 are the roots of this cubic. By inspection , or by a table of

natural cosines, we determine which of the roots in the two sets correspond;

viz , A = A.; B = A15; C = -A, v .

4 , - Ag - Ag+ A13 + i116 = ()

A , -1 , -4 , + A1, + 4,6 = 0

A , -A.- 4,0 + 4 , + Ai, = .

We may prove by our usual method that:

A1, - A5, -43,A13, A ,, are the roots of r -- x ?+ 5.10- A3 = ()

A ,, - A5, - A9,A1994 , 6 are the roots of 26 -- 5x3+ 5r - A10 = 0

43, - A., - A ,,,Audi, are the roots of 0 – 5.23+ 5x– 4,6 = 0.
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m - 1

are the

By induction , for a regular polygon of n = 5m sides :

A , - Am- 1 - Am +1 + A2m - 1 + A2m + 1 =0 .

A , - Am -2— Am +2 + A - 2 + A2 + 2 = 0 .

Generally , as-Am-:- A m + s + 42m-8 +49 +8 = 1).

We
may prove this trigonometrically by use of the formula for the

sum of two cosines ; but more elegantly thus:

Since 4m- A2m = 1 , being chords of the regular pentagon ,

A , = d . ( An- 42m ) = Am - s + Am +8 - 19 --- Am -+ **

The sum of the chords, As, - _m - 8,– Am 48 , A2m --8 , 4mm + & equals 0 ) ; the

sum of their products two at a time

= 2 (A2. -Am - 28-4m +98 + A -4x + .1m2x ) + 5 (.12m - Am ) = -3 ;

the sum of their products three at a time = 0 ; four at a time = 5 ; the product of

all five = 45. Hence, they are the five roots of ps - 5.73+ 5.4'- x = 0 , where

-1

is any integer z
; and 43, -1,09115 , £ 458.

roots of the equation ( 1 ) for the regular m - gon .

If m is not divisible by '5 , one chord of every group of 5 chords is al

root of this equation ( 1) . For one and only one of the subscripts 8, m- , m + x ,

27 - , 2m + s is always divisible by 5 , as is seen by replacing some by their

equivalents: 5m - 4, 2-4, 4m - * , Pm- $, 3m - s. The remaining four chords

will be determined by a series of quadraties whose co -efficients are linear

functions of the roots of (+ ) .

Thus, if s be divisible by 5 , + 4 , + 178 , 3.138, are roots of ( 4 ) .

Then (-1m - - 1m + * ) + ( 212m -- + 49-8 ) = -4 ; (-4--4 + )

(4m- + A m -x) = 21–19 + .1.91 ) + ( - Am-* - Am - 2: + - 12m -2 + 2 +2 ) = -2

-1 . : (-im( -- Amr- Amts ) and (112m - t.lems) are the roots of the

quadratic rº + A &.'— (2+ +12x ) = 1).

Now 4m - .1m = 42m +49 ; Am-- . 12m = .17.- Am .

The sum and product of each pair of chords being known in terms of

-1
the roots of ( 4 ), it follows that, if the chords of the regular i -con be

M

found, we can find all the chords of the regular 5 m - gon by solving a series of

quadratics.

However, if m be divisible by 5 , the five chords in any of the above

groups are all , or not one of them , roots of equation (4 ) for the regular m - gon ;

for the subscripts *, m - 8, m + 8, 2m— $, 2m + s, are either all or not one of

them divisible by 5, according as is or is not divisible by 5 . Hence, we can

not avoid or lower the above quintic.

The regular 5- m gon depends for inscription upon the sume equations

1
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« x does the regular m - gon , if i be prime to 5; but also upon one or more quinticx

of the above form , if m contains the factor 5 .

III . When the number of sides is divisible by 7 .

For a regular polygon of n = 7m sides :

4 : - Am ---- Am + + Am -- + A2m +8 - A3m --- A3n --s = 0.

For, Am- A 2m + A3m = 1, being chords of the regular 7- gon.

Hence, 19 = Ax (Am - A2m + A3m ) = 4m - 8 + Am -8 — A2m — — A +

.

By the usual method of proof, As,– Am - 8, – Am + $, A2m -8 , A2m +8 ,

– Azm-- , - A3m +8 are the 7 roots of x ' — 7.05 +14.23 – 7.r- Azx = 0, where

- 2

> and An, - 4,4,421,.... EA78, .... are the roots of the equation (4 )

+ 3m - 8 + A3m + 8 .

-

.

= m

>

for the regular m -gon.

If m is prime to 7 , one and only one chord of each of the above groups

of 7 chords is a root of this equation (4 ) .

The remaining six chords will be determined by a cubic and three

quadratics, whose coefficients are linear functions of the roots of (4) .

Thus, if x be divisible by 7, + AR A2 ,+438 , ....are roots of (4) .

Write A for = Am --- Am +s, B for A2m - s + A2m +8 , ( for – A 3m ---- Am + .

Then A + B + C = - Axi ABAC + BC = -4(Am - A2m + 43m )

+ 21–4m ="o - Am +28+ A2m - 28 + A2m +28 — Azm-> — A3m + 2x ) = - 4-2A24.

AB( expanded gives 3 As + Az . Hence, A , B, Care the roots of

23 + 42-(4 + 2 A2x).-— (3A + A3x) = 0 .

-1

But Am - 8. Am = A2m + A2x , etc. Hence, if the chords of the

2

regular m -gon be found, we can find all the chords of the regular im - gon by

solving a cubic and 3 quadratics.

However, if m be divisible by 7 , the 7 chords in any of the above

groups are all or none of them roots of equation (4 ) for the regular m-gon.

Hence, we can neither lower the above septics nor avoid them .

The regular 7m -gon depends for inscription upon the same equation ax

the regular m -gon, together with an additional cubic, if m be prime to 7 ; but to

gether with one or more additional septics, if m contains the factor 7 .

m
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NON-EUCLIDEAN GEOMETRY: HISTORICAL AND

EXPOSITORY.

By GEORGE BRUCE HALSTED , A. M. , (Princeton) , Ph. D. , ( Johns Hopkins), Member of the

London Mathematical Society, and Professor of Mathematics in the University of Texas , Austin, Texas .

( Continued from the December Number.]

Scholion I. Here it is permitted to observe a notable difference from

the hypothesis of acute angle.

For in this the general concurrence of straights cannot be demon

strated in this way , as often as any straight falling mpon two, makes two in

ternal angles toward the same parts less than two right angles; cannot, I say,

be directly demonstrated, even if in this hypothesis the aforesaid general con

currence be admitted , as often as one of the two angles is right.

For although the straight AD be perpendicular even to the straight

AP ; in which case it certainly could not concur with another perpendicular

PL (Eu. I. 17. ) ; nevertheless the two angles together DLI, PIA , could be

less than two right angles, in accordance with the aforesaid hypothesis, since

in it the two angles together PAX, PXA may be less (P. IX .; than one right

angle.

But it was worth while to have observed this. Just as intact, solely

from the admission of this general concurrence when one of the angles is right,

and with an assigned incident however small, the hypothesis of acute angle cam

be demolished ; this we will show after the three next propositions.

[ To be continued .)

ARITHMETIC .

Conducted by B. F. FINKEL , Kidder, Mo. All contributions to this department should be sent to him .

SOLUTIONS TO PROBLEMS

33. Proposed by F. P. MATZ , M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor , Maryland

A wine.merchant's apparent profit is 2574 of hissiles which are 141 % of cost

less water. What is his actual rate per cent. of profit ?

1. Solution by P. S. BERG, Apple Creek . Ohio , and the PROPOSER .

The upparent selling price is 18 of the cost . On :Count of the
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11 .

cutlexx water, the actual selling price is ( ' ." of 185) of 100'6 = 138. llence,

the actual rate per cent. of profit is 38 % .

II . Solution by FRANK HORN, Columbia , Missouri , and Professor H. J. GAERTNER, Wilming

ton College , Wilmington, Ohio.

1. 100 % = apparent value.

2. 125 % = selling price of apparent value

3. 90 % = 100 % - 10 % = value of quantity sold for 125 % .

1... 12,6 % = what 1 % sells for.

5. 138 % = 100 x 15 % = real selling price.

6. 100 % = true value.

7. 389 % = 1389 % - 100 % = rate of gain .

. : The actual rate of givin is :38%%.

A chilin 100m long , weighing 14 oz . to the font, is suspenders from points on

il level som apart. What is the say , the batter at the ends, and the horizontal

tension ? [From Wentworth & Hill's High School Arithmetic . ]

Solution by B. F. FINKEL , A. M. , Professor of Mathematics and Physios in Kidder Institute,

Kidder . Missouri

The form of the chain fulfilling the conditions of the problem is the

curve known as the catenary. Let B and ( be the points of suspension of the

chain, Eany point in the chain , 11. = , EL =/.

Let 1E = x and r = 45.93oz. the weight of it metre of length of the

chain .

Then we== the weight of the portion 1E = the load suspended at E , or

the vertical tension at E. Let ( w = the horizon

tal tension at 1 , the weight of a units of length .

Let EF be a tangentat E; then if EF represents \ C
Y

B

the tension at E, Eland IF will represent the

horizontal and vertical tensions respectively, at

H

E.

FT
E

Hence,
. ( 1 ). But as

ET 2001

А / L

= ( y + 1.7.2 ) . dy = vd - dr ).

** 11 = 1 '(dx? — dir ?) , dr, whence

ds

..

✓la ? + * ) ✓la ? + 5 ° )

= a log , (* + 1 + ) + . Since x== ( ), when s = 1 , p = -11

18

de

M M

R

0

us

log ( .

r = a log, [(x + Vì? + s?) 2 ).... ( 2 ).
From ( 2 ) , we have

.10

a ) .... (3 ) . From ( 1 ) and ( 3 ) } a ) .
de

7

.. ca ) + . Since y = 0 when r = 0 ,

2

y= lear e á -a ....(4). From ( 3) avd ( 4 ) we geta = ( x * —y ") 2y.
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!

**- ) = 15:30. 78.0% . .

From ( 2) , ire casily get r = a loge[( +1y ) / a ] = a loge[(x + 1 x +1 )

] = ( x - 1 ) / 2y log [(x + y ) (* —y) ] = logiye.

. : log1 = log (x + y) + log (x - 1) + log [log (s + y ) -- log(x , y )] - log y - log [2log:-).

= log (x + y ) + logís - y ) + log [logís + y ) - log(x - y )] + colog y + 0.0612 .

From this equation, since . = +0m and s = 50m , we find , by the Method of

Double Position, the value of y = 26.53m which is called the sag .

FIThe tension at 1= 0 = re

and

24 ET

= .6797 the buitor .

From the above equations we may obtain the four propositions as

viven in Wentworth and Hill's High School Arithmetic.

35. Proposed by B. F. FINKE . Professor of Mathematics in Kidder Institute , Kidder , Missouri .

Between Sing -Sing and Tarry - Town, I met my worthy friend, John Brown ,

Ind seven diughters , riding nags, and every one haci seven bags;

In evert bag were thirt! cuts , and very cat had foriy rais ,

Bisides it brood of tifly kittens. All but the nugs were wearing millens !

Mittens, kittens ---cacs, rats - bags, dags--Browns,

How many were met between the towns ?

[Fron Malloon's Commm drithm lie. I

Solution by FRANK HORN, Columbia , Missouri .

1. S = number of Browns met.

2. S = 8x1 = number of nags.

3. 56 = 8xi = number of bags.

4. 1680 = 30 x 56 = number of ( ats.

II .
j . 67200 = 1680 X 10 = number of rats.

6. S1000 = 1680X30 = number of kittens.

7. 1678SS = Browns + ( atstrats + kittens.

8. :3357761 = 167SSS X2= number of mittens worn provided that each

person, cut, rat, and kitten wore one pair.

9. 636116 = Browns + nags + bagsteatstrats +mittens + kittens.

III .

:: The number of objects and persons met amounted to 63661tj.

Vore. - The risult give in Matton's Arithmetic is 192. What in

terpretation aid !!r. Mattoon give to the problema : --EDITOR.

PROBLEMS

42. Proposed by F. P. MATZ, M. S : . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor , Maryland .

Tim = . be the interest on V = 10141 . for p = 10 days, tind the veirly rate per

font:

43. Proposed by B. F. BURLESON, Oneida Castle, New York.

1 , in 4 scuffle , seized on of a parcel of sugar plurcs B caught of

it out of his hands, and ( laid hold on , more ; D ran off with all d had left ,

except which E afterwards secured slyly for himself ; then I and (' jointly
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they all went anew , for what it contained ; of which, 1 goti. B , and D.

and ( and E'equal shares of what was left of that stock . D then struck of

what and Blast acquired, out of their hands; they, with difficulty, recovered

of it in equal shares again , but the other three carried off į apiece of the

same. Upon this, they called a truce, and agreed that the į of the whole, left

by 1 at first, should be equally divided among them . How much of the prize,

after this distribution, remained with each of the competitors!

set upon B. who, in the conflict, let fall d he had, which were equally picked

up by D) and E, who lay perdu. B then kicked down ( " s hat, and to work

ALGEBRA .

Conducted by J. M. COLAW, Monterey, Va . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

32. Proposed by LEV. WEINER, Professor of Modern Languages , Missouri State University ,

Columbia, Missouri.

Find a number consisting of 6 digits which when multiplied by the first 6

natural numbers gives the same digits in rotation .

1. Solution by LEONARD E DICKSON, M. A. , Fellow in Mathematics , University of Chicago.

In a memoir on Numbers with cyclic multiples" soon to be published .

I bave completely discussed general problems of which this is it very special

case . One of my results is that there is only one number of more than one

digit which when multiplied by as many different integers as the number con

tains digits each product bas the same digits as the original number and in the

same cyclic order . This number is 142857, which answers the problem .

1 XI= 142857

X2=285714

X3= 428571

X4=571428

x 5 = 714285

X 6 = 857142 .

Important to note is that the number x7=999,999 . If in any of the

above six multiples we add the number composed of the first three digits to

that composed of the last three, the sun is 999 .

II. Solution by the PROPOSER .

Let the digits be a , b, c , d , e , f, and let A, B, C, D, E be some one

of the first 6 numbers but'l , respectively ; then



1
4

A ( 105a + 10+ 5 + +f ) = 10"a - 10 --- 1h + ..

B ( 105a + 10 * b + ... + f ) = 10Pa— 102–18 +

+10" -"f

+ 10 " -of

1 ( 1050 + 104b + .... + f ) = 105a + 10b +... + f

11 + A + B + ....)( 105a + 104b + ... + f ) = (105 + 10 ° +103 + 10 ° + 10° +1 )

14 + + .... tf ).

n ( 1 + 1)

Now 1 + A + B + = 21

2

U1111

llence, 100+ 10 + 8 + .... + e = (a + b + . + t') = 5291(a + b + ... + .f ).

21

By subtracting a + b + .... te from both sides , we get

9 (999: 9 +9996 + 996 + 9d + e) = 5290 (a + b + ... + . f ). Since the left side
side is

divisible by 9, 11 + 1 , +rt .... t.f must be either 27 or 36 , but 36 is readily seen

to be impo - sible, since .2 : 1 x 36 would give a number ending in 6 , which when

multiplied by six could not give the numbers in rotation ; hence the only one to

try is 27 .

Now 5291 * 27 = 14: 557, wd this number will be found to answer the .

purpose.

III. Solution by J. F. W. SCHEFFER , d . M. , Hagerstown , Maryland .

When it common fraction in its lowest terms is changed into a de imal

fraction , and this decimal fraction is a pure circulator with a full period . that

is , one which begins at the first decimal and contains : number of places by

one smaller than the denominator of the common fraction , then the same

period will occur, only commencing at a different tigure of the period, for

( very fraction with the same denomin : tor, but it different numerator, The

fraction produces : pure circulator with a full period , consequently, accord

ing to the principle just mentioned , 1 , 1 , , 5 , will produce the same period ,

only commencing at a different figure

} = .142857, the next higher figure after 1 in the period is 2 ,

. : = .28.5714 , the next higher figure is to . : = . + 28571, etc.
This aus

wers the question proposed, the number being 1442857 .

IV . Solution by H. C. WHITAKER , B. S. , C. E. , Professor of Mathematics , Manual Training

School , Philadelphia , Pennsylvania , and H. W. DRAUGHON , Olio , Mississippi.

It is clear that the first digit is 1, and this can only be the last digit

when the multiplier is 3 in which case the last digit of the multiplicand must

bei. Now this T is to be multiplied by 2 , 4 , 5 and 6 and hence the other

digits of the required number must be 4 , 8 , 5 and 2. Now s being the largest

digit must be the first digit in the product when 6 is the multiplier and hence

dividing 8 hy ( , we get 4 as the second digit of the required number. Now

issume S or 5 as the third digit and multiply by 5 ; the digits can not be

brought in the required order; hence the third digit is 2 and the number is

112857 .
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33. Proposed by C. E. WHITE, Trafalgar, Lndiana .

Show that every algebraic equation of the nth degree, n being greater than

two, which is complete ju its terms may be transformed into an infinite number of

equations which want their second term .

Solution by the PROPOSER.

It is shown in treatises on Higher Algebra that an equation may

changed into another equation of the same degree, but which wants its second

term . Now let quelle + m ., ? .+ 1.4 " -3+ ... + px? + qx + rzll represent this first

derived equation , and let

(2- ' + auch --> + 6. - 3 + + + + fixt + geth) .2 ~ (1) = () represent it as

factored . Eqliating coefficients, we have

m = -11 ° + b .... ( 1 )

n = -ab + C.... (2 )

p= -af+ 9 .... (n- 3 )

q= -ugth ....(n - 2)

-ah .... ( n - 1).

Now it is easily seen that we can derive without diffi sulty an equation

in h by eliminating a from ( n - 1) and g from (n - 2 ) and f from ( n - 3 ), etc.

Moreover, since h = the derived equation in h will contain its second

term .

Now, by the method by which we derived the first equation , we may

derive from the equation in h another equation of the same degree wanting its

second term . From this second derived equation we may derive a third, etc.

Hence by continuing the process it is possible to derive an infinite number of

such equations. Moreover, the first derived equation may be considered as

derived from preceding equations; hence we may find an infinite numier of

preceding equations of the same form . By every transformation we change

the value of the constant term ; bence, it is possible that it may take the value

zero in one of the derived equations, thus enabling us to find , at least, one

root of the equation. Consider the cubic equation, and let 73 +90 + r repre

sent its first derived equation, then , x3 –ļqºx– $193— {r? = 0 will represent its

second derived equation
Now, if q be negative and irq3 = { va, us in the

particular case 23-60 + 1 = 0, the second derived equation reduces to the form

1

78-39 ? r = 0. Whence, x = 0 , +

=

of the first derived to be r =
3r 3 ( 1 + 1/ 3)r 3( 1- V3) r

and

2 29 22

It should be observed that all cubic equations that can be so resolved

belong to the irreducible case .

AlRo golved by II. C. Whitaker.
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PROBLEMS

44. Proposed by LEONARD E. DICKSON, M. A. , Fellow in Mathematics, University of Chicago .

Find the general term in the series 1 , 3 , 10 , 35 , 126 , 462, 1716 , 6435 , 24310,

,which plays a remarkable part in some recent theorems in my theory of Regular

Polygons.

45. Proposed by WILLIAM HOOVER , A. M. , Ph. D. , Ohio State University , Athens , Ohio .

2x 477
Find « from cos - 1

1 + x2 1-22 3

+ tan- 1

GEOMETRY.

Conducted by B. F. FINKEL, Kidder, Mo. All contributions to this department should be sent to him .

ite

SOLUTIONS OF PROBLEMS

1

32. Proposed by WILLIAM HOOVER, A. M. , Ph. D. , Professor of Mathematics in the Ohio State

University, Athens , Ohio.

If a conic be incribed in a triangle and its focus move along a given straight

line , the locus of the other focus is a conic circumscribing the triangle.

I. Solution by Professor G. B. M. ZERR, A. M. , Principal of High School, Staunton, Virginia.

Using trilinear co - ordinates the equation to the inscribeà ellipse is of

the form (la ) + (mb) + (ny) = 0 .

Let a ' B'y' , be the co-ordinates of the one focus, then

ar ' are the equations to the lines joining it to the ver
Y ' a'

tices of the triangle. The lines to the other focus make equal angles with the

sides of the triangles, hence, their equations are a'a = ß'B, B'ß = Y, V'v

all'a .
the co - ordinates of the other focus may be taken

1 1 1

; from this relation , if we are given the equation of any locus

r

described by one focus, we can at once write down the equation of the locus

described by the other focus.

a' ,
>
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. :: If the first focus describes the straight line lat m + ny = (, the

second will describe the locus whose equation is

1

+ 0 , il conic circumscribing the triangle.

P V

in

+

II. Solution by WILLIAM HOOVER, A. M. , Ph. D. , Professor of Mathematics in the Ohio State

University, Athens , Ohio .

m

In trilinear co ordinates, let the foci be ( a ' ,B'.r'), (a ".B " , Y' ). Then

since the product of the perpendiculars from the foci upon tangents to a conic

is constant , we should have a'r" = B'B' = v'y" = k ....(1 )

If la +mB +my = ....(2) be the locus of (a'B'.r '), it is plain from ( 1 )

1

that + = 0 .... ( 3 ), orlBytmarynaß = 0 ... (4) , by dropping

B " V "

accents , which is a circumscribing conic .

33. Proposed by Professor B. F. SINE, Shenandoah Normal College , Reliance , Virginia.

If a given circle is cut by another circle passing through two fixed points the

co nmon chord passes through a fixed point .

I. Solution ty GFORGE R. DEAN , C. E. , B. Sc ., High School . Kansas City, Missouri.

The straight line containing the two given points is the radical axis of

every pair of circles to which the points are common.
Let the radical axis of

the given circle and one of these circles intersect the given radical axis at

sonje point () ; then the radical axis of the given circle and any other circle

containing the given points mist pass through (, for the radical axis of three

circles meet in a point.

II. Solution by J. C. GREGG, Superintendent of Schools, Brazil , Indiania ; and P. S. BERG, Apple

Creek . Ohio.

Let A and B he two fixed points and () the center of a fixed circle.

Let R be the center of any circle through A

and B and cutting circle ( in D and C.

To show that the chord DC passes

-0
through a fixed point. Produce AB and

DC to meet in P'; then P is the required

point . Draw the tangent PT. Then we

have PA.PB = PD.PC = PT ? .... ( 1).
R

S
TT

Draw any other circle (center S) through

1 and B and cutting circle (, in two points

one of which is E. Draw PE and produce
A B Р

it till it cuts circle S in some point Xand ()

in F. Now from the secants PA and PX

we have PE.PX = PA.PB = PT ' from (1 ) and from secant PF and tangent

PT we have PE PF = PT?. .. PE.PX = PE.PF and hence PX = PH

and the points X and F coincide and are the intersection of circles S and O
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and the chord FE passes through P'; and so for any circle.

Q. E. D.This problem was also so'r.1; GB. 1, Zerr , John B. Faught, J. F. W. Scheffer ,an I 0. W. Anthony .

PROBLEMS

37. Proposed by B. F. BURLESON , Oneida Castle, New York.

Inscribe in a semicircle a rectangle having a given area : a rectangle having
the maximum area .

38. '.Proposed by LEONARD E. DICKSON, M. A. , Fellow in Mathematics , University of Chioago.

Give a strictly geometric proof of my fundamental theorem on the Inscription

of Regular Polygons, viz : Suppose a circle of unit radius divided at the points

A, A ,, ,, A ,, .... Ap,.... into 2p + 1 equal parts and the diameter AO) drawn.

Then , if the chords 0A1,04 ,, .... OÅ, be drawn, we have 04 ,-0A , +04 ,

- 04 , + 0A , -.... Ap = 1.

CALCULUS.

Conducted by J. M. COLAW , Monterey , Va . All contributions to this department should be sect to him .

SOLUTIONS OF PROBLEMS .

25. Proposed by F. P. MATZ, M. Sc. , Ph . D.. Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

A leaf of the curve : " The Devil on Two Sticks " , aquation

yt - r * + 100a ”.,.? —964 y ? = 0, revolves around the ilxis of r. Deduce the expres.

sion for the volume generated.

I. Solution by the PROPOSER.

From the equation of the given curve , we dedne = 48125 , ( 23049

-- 100aº.. ? +24).... (1 ); that is, ( PD ) ' = 4802+7 (2304, + --- 100427 ? + r ), and,

therefore, ( ? " D = 489 : - (23044-100,1° / + x '). Hence the expression

for the volume generated after the curve has made it complete revolution

around the axis of r, become

= 27
-ES ****+ V(204a'– 1004272+ r "} }dr–

S4*1 —v (23010*— 100/ = + + r ): ]....(2).



Condensing ( 2 ), then factoring, etc.,

Q.

0

+

(

l'= +7 ), V(23040 – 1000-2., * +:r«)dx = 19244 *

S [( - (-)(1- )]dr ....13).

1. Let ir / 36,1? ==12; then will : 6 + 1 = 181r ?. = , ?, and Ir = bredden .

Making these substitutions in ( 3 ), we have

У

I'= 113270° [(1– wº) (1 —r rr }ılın

1- ( 1 + ) + cart M

= 11: 2723 S

1-2( 1 + ) +3,04

= 38479 SI +VI(1–102 )(1 --- *702)]

x Х

2- ( 1 +7? )202

me)

DN

1 [(1–202)(1-22902)2 ) ]

1-2(1 + c % ) 00 ? + 3c2704

= 38 + 77 ( 1.2
dar

✓ [ (1 - x2)(1--2702)]

(**)S

1 (1-22402 )
ale - ( *)S , 10 - m'ho rej]

(1-10 )

= 384.74*{ [...{[rı ( =n*)( – c * 7 ] + (***)[E ( - ).

- ( +32)F ( r) ] }..... ( + ) .

II . By making : / 36a ' = sinº , 764a = sinif, c'sind, and

dr= tia cosirdt, we easily deduce from ( 3 ) the following expression :

V = 1132703 S3"cos*/v/(1–e*sin®4)dt =3847** (****)[Excer)

- 673 )F (0.57)]....(5),which is identical with the right -hand member of

(4 ) . As a vorking- result, ihe right hand member of (5 ) is preferable to the

right hand member of ( 4 ) . Expanding the Legendlrian elliptic- integrals in the

right hand member of ( 5 ) , uniting corresponding terms, etc. , we have

V= 2887 * a * [ 1–
et - eic. ) = 72013 .... (6 ). Putting (1 = 1 and

+
0

1

8

1

64

136359

512

remembering that a : = 9.8696 + , we obtain V = 2628.533 + .

II. Solution by G. B. M. ZERR, A. M. , Principal of High School , Staunton, Virginia .

The polar equation to the curve is,
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4a ? (24sinº4–25 cos* A ) _ 4a " (24 sina A – 25 cos? A) 20 ? ( 1 +49 cos 24)

sin: 4 - cost sin ” A- cos? A

Both leaves are equal and each is symmetrical with reference to the axis.

( os 2H

7T

Also, the area of the upper leaf is comprised between the limits H=
and

+

A =
377

4
Let l = area of this leaf, y = ordinate of its centroid .

Then volume

required is V = 2774 1 .

= 1S » =v* $

3лT

4

TT

1 + 19 COS 2A

COS 24

1971
JA –

031 11 +49 cos 2A1
sin Hita

facin 474

Freda

2012

3

( OS 24

I + t9 cos 244

TT

1 COS 24

9

4412

1 + 77

1 + 19 COS 24 1

( OS 2H

4

TT

4

sin HAH .

471111

3

11 + +9 cos 247
..

1
sintala Let , 2 cos H = cos 4) ;7T

( OS 2A

77

I =
(48-49 ( os ? 6 ) cos ? 0.15

3 0

49

is

(45 –49 cos chicoscere*(bod ós = 196793 Si

= isi, 37035" --cos ):cos (ydds, where r =

= īs+ v17035511– }rcosos– 4-2 0-0,3 °6–1's r?cosais á artros 5–,r-te cos® osobis

= !12 * 7 * 0 * 1-0 )-50 ) - *) ' ( ) -,-0.

, 1–51–1 To wbiers b =

31. )

16 35+1024

3.) 315

= :39) / :37 ° 43
19

344

The tifth term of this serie = x' nearly.
nearly. Or thus: but since " = 1

Bot less than uity, let : = coso , then

1

Pr = 1.
S41 – cos* 6) : cosa pile

2 , ? ,yt – po 1 + 1
Let S = V 17,7 - 111.1.2 -- 1 ), then it ( S.r ) = ( S +

, 1 ** + 1)

? 1

1 +8+- +1 ) 1- (3-1).
1

x + 3111 =
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1

2

32,1 = [ ]

"

49

| 50 |1 lt. 33) +11
:(

2e - 1
2-1

d [ 1][2, X)] + 3d1 d11 ' 0, ] -171( 1,1) ] +3 : 11 .

1
- 1

-1) + Il'ler) +
(0,1)

2e - 1

II ' (0,7) + 1 / (( ,:2)

... 1- 1565, 37,352-1
II ( 6,7 ) bute ?

43

512 , 37113 7
. : P

where II and II ' denote the

19 # V3

hyperbolic functions corresponding to the elliptic functions Eand F.

III. Remarks by Professor J. F. W. SCHEFFER . A. M. , Hagerstown, Maryland .

This curve, called in French " la courbe du diable , " is of the middle

point of a chord to the equilateral hyperbola.2.2 – 4 ? = 2,12, the chord being of

constant length and equal to seven times the transverse ixis 21/2.

tion is found thus: Let (: ,,,) and (12,42) be the extremities of a chord, and

1 + y ) any point of the curve , then we have theequations: . - y = 2 ..... ( 1 ).

-y = 2, ..... (2), 2.r = .r , + re .... ( 3), y = y , ty .... (4 ), and ( + , - 1 ,) ? +

6. - 4 .) = 392a ..... (5 ). Subtracting ( 2 ) from ( 1 ) , and considering (3 ) and (4 ) ,

We have ( r , -r,) 2 = ( 4 , - ) ) y , whence y , “ Y. = (4 , -1.– ) Substitut
ing this

It 2.ry
112r

and combining these

(ir * —yº )!?

7 / 2.ay
72.ar

Y , = yt
Substituting in

( .x + y ): (ix " + y ? ):

( 1 ) and simplifying we finally have yt - pt — 964 ° + 100a?.. = ( ) .

Query: Can any one furnish a reason for the peculiar name of the

" devil's curve ," or the name which Prof. Matz employes ?

Also solved by Prof. ( ' . W. J. Black .

Its cqua

in 15 ), we
getirir,

(x + y ) • 21-
7
,

with ( 2) and (3 ), we get d'y at 9

PROBLEMS

34. Proposed by GEORGE LILLEY , Ph . D. , LL . D. , Park School , Portland , Oregon.

A bare is at 0, and a hound at E , 40 rods east of 0). They start at the same

instant each running with uniform velocity. The hare runs north. The hound runs

directly towards the bar and overtakes it at N. 320 rods from 0 . Ilow far did the

hound run

35. Proposed by H. C. WAITAKER, B. S. , C. E., Prəf? 33 ) : of Mathematics, Manual Training

School, Philadelphia, Pa.

Water is running into a vessel in the shape of a frustum of a cone ( radii up
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per and lower bases 15 inches and 10 inches, respectively, and altitude 20 inches ) at

the rate of 10 cubic inches per second. When the depth is sinches at what rate is it

increasing ?

MECHANICS.

Conducted by B. F. FINKEL , Kidder , Mo. All contributions to this department should be sont to him .

SOLUTIONS OF PROBLEMS

14. Proposed by ALFRED HUME, C. E. , So. D. , Professor of Mathematics, University of Missis

sippi , University P. O. , Miss.

- The center of a sphere of radius ( moves in a circle of radius A and gener .

ates thereby a solid ring, as an anchor-ring: prove that the moment of inertia of this

ring about an axis passing through the center of the direct circle and perpendicular

to its plane is 192dac?(4,19 +36 )."

1. Solution by WILLIAM HOOVER , A. M. , Ph . D. , Professor of Mathematics and Astronomy ,

Ohio University, Athens, Ohio .

If the moment axis be the axis of z, the origin being the center of

the ring, and the exis of , and y any two diameters at right angles the required

moment could be obtained from

SS(7*+ yºjzdırdy , having the equation to the

surface of the ring.

Bui the following methoil quoted by Williamson in the Int. Cal., New

York Edition, 1884, art. 212 from Townsend is so concise I prefer to give it ,

Let y . I be the distances of any point in the meridian section of the

Sphere from that diameter of the section parallel to the moment axis , and to the

moment axis . Then if d be the element of area of the generating section , the

mass of the elementary ring generated by it is 27 Yild , and the moment of

inertia of this ring is 274 Y 3dA.

V
= 2771 = 277 4 | (

27u (m ? +39 y + 304 ' + YHTA....( 1).

But from theory, Syd.A= 0.Sy*dA =0, and if I be the radius of

gyration of the generating section, SydA =.Akt: then ( 1 ) becomes

M.1. = 27 pa Ala + 3k") = 27 " Mac ( a + c )
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( +9 : +36 ).... ( 2 ), in which is used instead of , and the

result is twice as great as given in the statement of the problem ,

The advantage of this method lies in the fact that it is general for A

and li * , which are therefore the only quantities to be worked out before setting

down the special result.

II . Solution by F. P. MATZ, M Co. , Ph . D., Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

According to well-known principles l ' = 741° x 27c = 27 ° ac » ,

v = 10 = 27 *dac , and the Radius of Gyration = l = ( a ? + {cº ). Hence

the required Moment of Inertia, Vystromi's Mechanics, becomes E= V.X2

= 7' 8ac?(+ 1 + 30° ).

III. Solution by ALFRED HUME, C. E. D. Sc . , Professor of Mathematics in the University of

Mississippi .

If the center of the generating circle be taken as the origin and a

perpendicular from this point to the axis of revolution as the axis of r , the

equation of the moving circle is : r : + y = ( 2.

Divide the ring formed into layers of infinitesimal thickness, aly, by

panes parallel to the plane of the director circle .

The moment of inertia of any layer whose external radius is at and

internal 4 -
plat.:)+ « , p

77

cris

[.

Therefore the moment of inertia of the entire ring is

# 7112

(« *+ 6 * –y*) ** –y*)'dy,substituting ( 8 –y' for 2*.c

77 ? pac ?

Performing the integration the result is - (4a ” + 3c ? ) which is

Jouble that given by Price.

This problem was also solved bý F. Viggins, G.B. 11. Zerr , and P. II. Philbrick . Their solutions will be

published next month .

PROBLEMS

20. Proposed by CHAS. E. MYERS , Canton, Ohio.

A flexible cord it given length is suspended from two points whose co

ordinates are (x, y) and ( i ', y ' ) . What must be the condition of the cord in order

that it may hang in the arc of a circle?

21. Proposed by J. A. CALDERHEAD , Superintendent of Schools, Limaville , Ohio .

Show that, in the wheel and axle , when a force P, acting at the circumfer

ence of the wheel, supports a weight Q upon the axle ,
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P.(RFpsine ) = Q(r+psine ) + Wpsina,

where R , r , and p are tbe radii of the wheel, the axle , and their common axis respec .

tively, and is the limiting angle of resistance .

DIOPHANTINE ANALYSIS,

Conducted by J. M. COLAW, Monterey , Va . All contributions to this department should be sent to bim .

SOLUTIONS OF PROBLEMS

16. Proposed by H. W. DRAUGHON, Olio , Mississippi .

Find three numbers such that the cube of any one plus the sum of the

squares of the other two, will be a square.

Solution by F. P. MATZ, M. Sc . , Pa . D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

Let ar, bry, und erz represent the required numbers; then we have

a ;3+ (bºy ! + ? = "), = 0 .... ( . 1 ) , 1,3,37 % + 10 ° + 2 ° ) = 0 ... ( B) , and

23.1.3 -3 + (a ? +by ) = .... ( ( ' ) . Omitting in ( .1 ) , ( B ), and ( ( ' ) , the factor

w ?, and putting 1 = mcyz su *, we have (A ) : ts it perfect square.

Substitute this value of .r in the first term of ( B ) ; then , obviously, the

condition that ( B ) will be a perfect square, is 24cyz 13 = 2011-2.

..y =ub.... ( 1 ). Ifter performing a similar operation in ( ' ) , we

obtain 2be4yzt 1773 = 2aby . a = ar ( .... ( 2 ).

( 'onsequently r = heya / 1? = 2 / 0 ....(3 ); and the required numbers

are 11.1 = , bry = % , and 1 = 2 .

[NOTE. - Can any of our contributors find three equal numbers ans

wering the conditions of this problem ? The proposer and several contrib

utors have reported that they had as yet failed to solve it . The problem seems

difficult of solution , or at least the Editor does not now see any w :ry « lear to a

solution of it .

17. Proposed by ARTEMAS MARTIN , LL.D. , U. S. Coast and Geodetic Survey Office. Washington ,

D. C.

Is it possible to tind two positive whole numbers such that each of them

and also their sumand ditference, when diminished by unity shall all be squares ?

Solution by the PROPOSER.

Let : ' +1 and y +1 denote the numbers required : then their sum

= p? + y +2, their difference = 7 ? - yº , and we have
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.c + y + 1 = D = ....( 1 ),

( ?-4°-1= 0 = 1 ? ....( 2 ).

From the first of these equations, y ' = ? –7-1....( 3). Adding (1 )

and ( 2 ) we get 2,2 – 133 + 12 , ( 4 ). Let r = i tu , w = t - il and ( 1 ) becomes

ir ? : +11 !
= + ....(5 ), which is satisfied by

t = p ' - 9 ', u= 2p1, r = pP + *, and then r = p + 229-99.

Substituting these values of x' and in (3) we get

y = +po(p ? -9°)-1....(6 ).

As the rigot hand member of ( 6 ) is of the form 4m - 1 it can not be an

integral square, and therefore the problem is impossible.

II. Solution by C. A. ROBERTS , Long Bottom, Ohio .

Let ( 4 + 1) and (yº + 1 ) be the numbers, which when diminished by 1

give 12 and y .

Let (: ? +1) - (y +1 ) -1 =g ' = r - 4 " -1, which call ( I ) ;

Let (r ? +1) + (y ?+1)-1 = = r ? + y +1 , which call ( II ) .

The square root of an even square, is even ; the square root of an odd

Square, is odd. Take ( 1 ) , 11? = .r ? -y? – 1 , and transposing, ( + 4 ° + 1 = .c ? or

three squares whose sum is a square. The square of any even number is

divisible by 4 , without a remainder, and is therefore said to be of the form of

( 4.1 ) . If the square of any odd number be divided by t , there will be a re

mainder of 1 , and such squares are said to be of the form of (4n + 1 ). Any

number not of the form of ( in ) or (in +1 ) is not a square. Let us determine

in the equation a ? +??+1 = ,; ? whether a and y , are both odd, both even , or

one of them odd and the other even .

1 is odd and of the form of (tu + 1 ); if a is even and yodd, or if y
is

even and a odd . we have for the form of the sum (49 ) + (4n + 1) + (4n + 1)

= (12n + 2 ), which is of the form of ( in , +2 ) and which can not be a square . If

a and y are both odd, we have for the form of the sum , (4n + 1 ) + ( n + 1)

+ (4n + 1) = 12n +3, which is of the form of ( An , +3), and which can not be a

square. If a and y are both even , we have for the form of the sum ,

(4n ) + (41 ) + (49 + 1) = (121 +1), which is of the form of ( in , +1 ) , and may be a

square, and if (4n , +1 ) is a square, as .r ' , it is an odd square, and .. is odd .

Therefore in order that the equation 7 ° + 1° + 1 = p2 shall be true in integers, a

and must be even numbers, and must be an odd number.

Take ( II ) ...? + y + 1 = h " ; applying to ( IT ) the reasoning in ( I) and

y must be even , and h odd, or r must be both odd, (as in I ) and even , (as in II ) .

As this is impossible with the same value of r , there are no such numbers as

called for in the problem ,

NOTES.--Chas. DE MEDICI of 60 West 22nd St. , New York, overlooking

the punctuation of the problem as published , gives 64 and 81 as the numbers,

and adds an interesting exhibit showing that the curio of these values are not

by any means limited to what the question, as he read it, asked for.

M. A. Gruher, P. H. Philbrick, and G. B. M. Zerr, should have been

credited for solving problem 15, December Number. Their solutions were
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selected for publication, but owing to the fact the December Number had to be

cut short in order to get it out without further delay their solutions were

omitted.--EDITOR. ]

PROBLEMS .

25. Proposed by M. A. GRUBER . A. M. , War Department, Washington, D. C.

Find , if possible, integral values of each of the seven linear measurements of

a rectangular parallelopiped; i. e, length, breadth, height, the diagonals of each of

the three different rectangular sides, and the diagonal from an apper corner to the

opposite lower corner; or , find integral values, if possible, of a , b , c, d, e , f, and g, as

shown in the equations, -a : + 8 = c , a ’ + d = e , a ' + f !=qº , bº + d = fº,

12 + e = gº, cº + dº =gº , cº + e = f %. If not possible, how many of them can have

integral values ? and which ?

26. Proposed by F. P. MATZ, M. Sc . , Ph . D.,Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland.

Find ( 1 ) a square fraction the arithmetical difference of whose terms is a cube;

and (2) find a cubic fraction the arithmetical sum of whose terms is a square.

AVERAGE AND PROBABILITY .

Oonduoted by B. F. FINKEL, Kidder, Mo. All contributi ons to this department should be sent to him .

SOLUTIONS OF PROBLEMS .

12. Proposed by Professor G. B. M. ZERR, A. M., Principal of High School, Staunton , Virginia .

A large plane area is ruled by two sets of parallel equidistant straight lines,

the one set perpendicular to the other. The distance between any two lines of the

first set is a ; the distance between any two lines of the second set is b. If a regular

polygon of 2n sides be thrown at random upon this area , find the chance that it will

fall across a line, the diameter of the circum.circle of the polygon being less than

a or b.

II . Solution by H. W. DRAUGHON , Clinton, Louisiana .

In the rectangle ABCD let AB=a and AC = h . Let ( = apothem of

polygon, and r = radius of its circum- circle .

Let the sides of the rectangle EFIJ, be parallel to , and distant ( ,

from the corresponding sides of ABCD, and let the sides of the similarly



27

N '

ا
ح

placed rectangle GIK2, ber distant from the corresponding sides of AB.

Draw EG , FII, LJ, and IK .

1. If the center of the polygon falls without M

N

the rectangle EFII, the polygon will cross a line AА B

in every possible position. . : the number of

favorable positions for this case is.n , = 27.7 X area
н.

of surface on which center falls = 2Arſab- (a

K L

- %( )(6—2c) . 2. Let us supposethat the center

falls on the point P within the trapezoid EF

GII. From Pas :) center, radius r, draw an arc CС

cutting 1B in the points V and M. Draw one

sideof polygon VQ, also draw PM , perpendic

ular to AB . Put A VPut AV = rand PJ = y. The number of favorable positions

for the point P , is obviously, 2n X areN N'=tnrcos -- (-) .

c.When a varies from a - r to r , y can have any value from
na to

When a varies from r to e , y can have any value from .r to c. The integration

between the remaining limits for x and y, will obviously give the same result

as that between last mentioned limits.

in this case , the total number of favorable positions is,

(-C COS
7

v===» [:STderly + S " dedy ]

= +* [ >Stre -Color- vive = le e cos " 9 ) der

+1 ( p * — ( *) el« + S - r + v ( * " ) r) ]

[ C - ** )cos - ( -)-r*cos::( -)+ V ( * –-* )

+ ( 7 ) ] + [ - ex cos --( -) +27 (78–cº) ],"

= tur[(#x2+ 2er =uc= (*)cos -1-) +
+ (12-2r — c) / (pº —c* ) ] .

= 4nr 2

+

COS

If the center falls within rectangle GIIKL, the polygon can not cross

a line,

we

3 .
The total number of favorable positions, when the center falls within

the trapezoid GKEI is found by changing a to b in the value of no .

have for this case, number of favorable positions,

3 = [(2 * + 2e - be - cº cos- (- )+( –21 - c) /(x - 3 )] .

4. If the center falls within the trapezoids KLIJ or IL FJ, the number

of favorable positions is , respectively, n , and n3. when the center falls

within rectangle ABCD, the number of favorable positions is,

" n = n , + 2n , + 2n , = 2 arſab- (a- 2r)( )-- 2r )]
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+

+Smr[(*r*+ 20r — ac - cº) cos- 10 ,-) + 1a –2r-c) 12.2 ---2 ) ]

+817[(*r*+ 2°r–be— c*)cos -- ( -) +(5 ^ 2r --r)/ ( *)]

= 27r[ah- (a - 2r )(6— 2r)] + 8nr[(3rl + 407- (a + h ) c - 20 ")

( ) +(a+b
+ ( a + b - 4r - 2c), (p? —c*)].

Let S be the number of rectangles, ab, then the probability required

is , P = Sn , +277 Sab = n ,-2nrah = { T [ab- ( a – 2r )(h — 21) + 4n [(3 2 + 4or

- (a +b)c— 2¢ )cos- ( ) + ( + b = tr – 20) ( - : — < + )} }+ zah.

1
COS

PROBLEMS

24. Proposed by F. P. MATZ, M. Sc . Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

The average area of the triangle formed by three perpendiculars drawn from

the sides of the triangle ( a, b , c ), is A= (a + +64 +04) / 4SA .

25. Proposed by G. P. M. ZERR , Principal of High School , Stau iton . Virginia .

The probability that the distance of two points taken at random in il given

convex area A shall exceed a given limit ( a ) is

34 SS ( 3–34: C+ 27*))p14.

where ( is a chord of the area , whose co-ordinates are p . A ; the integration ex

tending to all values of p , H, which give a chord ( > 1. What is when the

area is a circle ? If in the circle u = r = radius a

47

INFORMATION .

PROFESSOR ARTHUR CAYLEY DEAD .

The Distinguished English Mathematician Passes Away at Cambridge .

LONDON, Jan. 31. - Prof. Arthur Cayley, of the University of Can

bridge, died to -day, in the seventy- fourth year of his age . He had been for

thirty -two years Sadlerian professor of pure mathematics at Cambridge, and
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was regarded by educators everywhere as one of the three greatest of co -tem

porary mathematicians, the others being Professor Sylvester, of Oxford, and

Professor Klein , of Goettingen .

Before becoming it professor at Cambridge he had been for fourteen

years at conveyancer at Lincoln's Inn, London . He had been educated at King's

College, London , and at Trinity College, Cambridge, where he graduated as

senior wrangler in 18 + %, and was shortly after clected a fellow . ,

The scientific writings of Professor Cayley relate to every branch of

pure mathematics beside dynamics and astronomy.

The honors which the dead mathematician received from his own uni

versity and other universities, from English and foreign societies and from

foreign governments can be numbered by the score and include honorary

degrees, medals, fellowships and other honorary positions. The French govern

ment in 1890 made him an officer of the Legion of Ilonor, and he was also a

correspondent of the French Institute and the winner of the Copley and Royal

medals from the Royal Society , of which he is a fellow .

The higher education of women was one of the many practical problems

in which he was interested, and for a number of year's he had been chairman of

the association to which belongs Newnham College, at Cambridge.

AT THE Jours HOPKINS UNIVERSITY.

By request of Professor J. J. Sylvester, Professor Arthur Cayley, the

Sadlerian professor of pure mathematics of Cambridge, England, was associated

in the mathematical work of the Johns Hopkins l'niversity, from January to

June. 1SS . Professor Sylvester, now the Suvilian professor of Geometry in

the University of Oxford, England, was then at the head of the Department of

Mathematics in the Johns Hopkins l'niversity ; and the presence in Baltimore,

at the same time, of two of the most distinguished of the world's mathemati.

cians, attracted much attention throughout the country. Professor Cayley was

present at a number of university receptions given in his honor, and was also

widely entertained in al social way. His portrait at the university was placed

in a prominent position yesterday when the news of his death was received , and

appropriately draped with black . - F . P. MATZ .

P. L. Tehebichef, member of the St. Petersburg Academy of Science,

died Dec. 8th last, at the age of 74. Dr. Hal-ted has written a biography of

this great mathematician, which will appear in the Mareh number of the

MONTHLY.

On February 1 , G. H. Harvill, Tyler, Texas, will begin the publica

tion of a Monthly School Journal, “ The Irratinator. " This new journal is to

be devoted to Elementary Mathematics, English Grammır, History, Geogra

phy, Philosophr, etc. The price of the Journal will be $ 1.00 per vear. The

editors of the Monthly extend a hand of welcome to this new periodical and

wish it abundant success .
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Dr. George Bruce Halsted has just received a letter from Dairoku

Kikuchi, Member of the House of Peers of Japan, Professor of mathematics

in the Imperial University of Tokyo, Japan, in which he says:

I desire to acknowledge with many thanks your translation of Professor

Vasiliev's Address. The Russian original I received some time ago, but I regret

that I could not read it. Your Bolyai ought to have been printed here long ago , but

owing to unavoidable circumstances has been delayed. It will be ready , however, in

a week from now , and then I shall send you some copies it once .

We are fighting the battle of Civilization against the Chinese, and with

easy success which even the most sanguine of us had scarcely expected before the

war began."

[ It may be remembered that the Japanese issued for their own use, in

English, a beautiful edition of Dr. Halsted's Lobachevsky, and asked per

mission to issue his Bolyai.]

The publication of the weekly journal Science was resumed January

Ist , 1895, under the charge of an editorial committee, of which Simon New

comb represents mathematics. Professor J. McKeen Cattell of Columbia

College, Editor of the Psychological Review , in asking Dr. Halsted to give an

inccount of an Italian and German work, adds: “ You are probably the only

eminent man of Science in America who reads Russian , so any report of recent

scientific work from Russia would be very acceptable." The MONTHLY is

proud to have the illustrious name of Dr. Halsted on its list of contributors .

EDITORIALS.

This number of the MONTHLY was mailed Feb. 13 . The February

number will be issued as soon as possible.

DR. HALSTED's article on Non -Euclidean Geometry was cut short this

month owing to sickness in his family. February MONTHLY will contain the

usual number of pages devoted to that wonderful department of mathematies.

The last two lines of problems 43. pp. 12 and 13, should go to the top

of page.

WHAT THEY SAY OF THE MONTHLY. --W . I. Taylor, Instructor in Mathe

maties, Baldwin University, Berea, Ohio, says : I am so well pleased with the

Monthly and have received so much help from it , that I feel that I ought not

to do without it .... Dr. Alexander Macfarlane, Ithaca , N. Y. , says: The De

cember number of the Monthly has just arrived to -day. I congratulate you

upon the success of the first volume. I shall endeavor to give you what assist

ance I can and I think that the Monthly deserves the support of the professors

and teachers of mathematics.
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PROFESSOR WILLIAM CHACVENET.

BY F. P. MATZ , M. SC ., PII . D. , NEW WINDSOR , MARYLAND).

**Professor William Chauvenet ranks among the coryphæi of science in

America. He and Professor Benjamin Peirce have done more for the advance

ment of mathematical and astronomical science, and for the raising to a higher

level of the instruction in these subjects, than any other two Americans. It is

our wish, on that account, to place before the reader a somewhat full sketch of

the life and works of Professor William Chauvenet. "

" William Marc Chauvenet, the father of the subject of this sketch ,

was born at Narbonne, France, in 1790 , and came to the United States in 1816 .

Ile was the youngest of four brothers, another of whom also came to this

country but has left no descendants. William Marc was a man of education

and culture, versed in several languages, and a constant reader . He came to

America, however, in connection with a manufacturing enterprise which had its

headquarters in New York , with a branch at Boston. The latter department

was under Mr. Chanvenet's charge, and here he married, in 1819, Miss Mary

B. Kerr, of Roxbury, Mass. This was prior to the occurrence of a heavy de

falcation in the New York house , which broke up the enterprise so badly that

all investments in it proved to be total losses. Mr. Chauvenet having an idea

that rural life would suit his taste , bought a small farm close to Milford , Pik

County, Pennsylvania, and it wils here that his only child , William CHAUVE

NET, was born, May 21 , 1820 .

By the advice of friends Mr. Chauvenet soon gave up his attempt at

farming, and settled in Philadelphia, where his son grow to manhood. His

rapid progress at school attracted such attention from his instructors, especially
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in mathematics, that his father easily yielded to their advice, and sent him to

Yale College, where he graduated in 1870, fucile princeps' in mathematics, and

high in standing in all other branches. The honorary societies, ' Phi Delta

Kappa' and 'Chi Delta Theta,' denoting respectively the fifteen of highest

standing and the fifteen best writers of the clitsis , each claimed him as a member.

Upon his return to his home he was, after it forief incumbency in a

subordinate position , appointed professor of mathematics in the Navy. Late in

1841 he married Miss Catherine Hemple, of Philadelphia. Shortly after this he

served a brief term on a Cnited States vessel, as instructor to midshipmen, but

did not go upon a foreign cruise, and was soon detaile I to the Naval Asylum ,

then situated at Philadelphia. Here midshipmen were sent at that time, to re

ceive instruction and examinations, principally in mathematics and the theory

of navigation. The young professor was struck with the imperfections in the

education of naval officers, and it was very largely through his efforts, aided by

such influences as he could bring to bear on the matter, that a commission was

appointed to draft a plan for a tixed Naval Academy,' corresponding to the

Military Academy at West Point. Six naval officers constituted this commis

sion , Professor Chauvenet being one of the number. The appointment of su

young a man (he was but twenty four at the time) on a commission of such im

portance indicates what must have been his record, and the impression he made

upon his seniors in years and rank .

The Naval Academy was formally called into existence in the year 1815 ,

being located at Annapolis, Md . Professor Chauvenet was appointed to the

chair of mathematics, and resided at the academy until his resignation from the

Navy in 1859 .

It was vot long after this change of residence that he began to plan his

work on trigonometry, which was published in 1950 ) . Its title, Å Treatise on

Plane and Spherical Trigonometr ;',' partly indicated that it witi not a stu lents'

class -book merely, but that it took up most of the more advanced applications

of the subject. It soon assumed the position it still retains as the standard

reference work in its line.

Some time before this publication, Professor Chauvenet had persuaded

his father to retire from business and accept a position at the acaderny. Не

came as instructor in the French language, and remained at his post until his

death in 1855 .

It having been decided to erect an astronomical observatory at the

academy, Professor Chauvenet was made professor of :tstronony and put in

charge of the observatory. As he became more and more interested in his

work, the idea of his next treatise, 'Spherical and Practical Astronomy ,' grew

upon him , and, just previous to his resignation, had assumed such form that he

issued a prospectus for its publication as a subscription work. This w : never

carried out.

In 1859 he was notified that his application for the professorship of

mathematics at Yale College would be followed by his election to that position.

Almost simultaneously with this came a call to St. Louis, Mo. , where
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he was offered the same chair in the then newly established Washington Uni

versity. After much deliberation he accepted the latter, and removed with

his lamily (including at that time his mother) to St. Louis, in the fall of 1859 .

Chancellor Hort, who was at the head of the Washington' at this time,

died early in the ' sixties,' and Professor Chanvenet was elected to the vacancy.

He still continued his duties as professor of mathematics, ilnd also resumed his

work on the 'Astronomy.' The risks of publication were great, and his means

did not enable him to guarantee the publishers against loss. The Civil War

was in progress, and the time seemed inopportune for such an undertaking. It

was to the liberality of certain friends, chiefly to the initiative of Mr. (after

ward Judge) Thomas T. Gantt, of the St. Louis bar, that a guarantee fund was

raised, sufficient in the opinion of the publishers to prevent any loss to them .

The work , in two octavo volumes, was published in 1863.

Few works of a scientific nature, by American authors, have been re

ceived with such univerzal favor, by those competent to judge of its merits, is

was this. Its reputation was quite is great in Europe : is here, while of course

it is not (as it wis never intended to be ) il treatise much known outside of

scientific, and more especially astron vnicul, circles. Its scope, and the rigorous

methods adopted , are suficiently indicated in the author's preface. It retaines

to day its standarui character , is fully as when this was first recognized by the

scientific world upon its publication).

Professor Chauvenet's mother died in St. Louis, not long after the ap

pearance of the Astronomy, and it wils but a few months later that the first

symptoms of the disease that proved finally fatal to him , made their appearance.

Partial recovery and resumption of his duties Wits followed by a long period of

alternating hopes and fears, during which time he tried in vain different parts

of the l'nited States, from South Carolina to Minnesota. During this illness

he worked at his only elementary publication , the 'Geometry ,' which he under

took, partly because he had long thonght that the popular texts of the day were

marked by too strict an adherence to strietly ' Euclidian' methods, and partly

because he wished to provide an income for his family, by the publication of a

text for which he had reason to suppose there would be a larger sule than wils

possible with advanced treatises. The publication of this work shortly antelat

I his death , which occurred at St. Paul, Minn ., December 13 , 1570 .

Professor Chauvenet left, so to speak, two distinct impressions behind

him . By far the larger circle, in numbers, of those who knew him , were of

those to whom his scientific attainments, though known, were als traditions

merely, since they were in a field whose extent is to them only a matter of

vague conjecture To these he left the impression of a man of wide and varied

culture, and keen critical ta - te . Probably few scientists of distinction were

more keenly interested in lines outside of their own specialties. Ile was not

only u rritic in music, but to his latest day in pianist of no mean ability, always

expressing a preference, in his own playing, for the works of Beethoven, which

he rendered with an interpretation which never failed to excite the admiration

of musicians whose execution surpassed his own. Ilis knowledge of English
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literature was extensive, but he read and re -read a few authors, at least in the

latter part of his life, and his great familiarity with many of these gave point

to the old adage, ' fear the man of few books, ' though perhaps not in the sense

in which these words were originally intended . He was a ready writer , and

contributed at times , reviews, partly scientific, to various journals. His style

was clear and unaffected , while, in the review of a pretentious or ignorant

author, he had the gift of a delicate sarcasm , so light at times as only to be

visible to one reading between the lines For other pretenders he could drop

this mask , and write with severity; but only twice in his life , to the knowledge

of the present writer, did he ever do so . In addition to his more important

writings, he was the author of a ‘Lunar Method,' still used in the Navy , and

invented a device called the “great circle protractor,' by which the navigator is

enabled (knowing his position) to lay down his course on a 'great circle of the

globe, without further calculation . This invention was purchased by the United

States Government not long after the chose of the Civil War.

Professor Chauvenet's scientific reputation needs little comment on the

part of the present writer. He was one of a group of scientists in his own or

cognate lines , who were the first to secure recognition abroad , as well as at

home, for the position of the exact sciences in the United States. Among his

more intimate scientific friends were Benjamin Peirce and Wolcott Gibbs

(Harvard ), Dr. B. A. Gould , and many others whose names are as household

words in the history of scientific progress in this country. At the formation of

the National Academy of Sciences he was one of the prominent members. But

while his scientific reputation will outlast his personal memory , it is doubtful if

to those who knew him , even of his scientific associates, it will ever be as present

as his strong personal attractiveness, the result at once of an easy and varied

culture, and of a simple dignity of character, which impressed alike his family,

his friends, and his pupils. His family consistei, at the time of his death , of

bis wife, four sons, and a daughter."

" The only mathematical book written by Chauvenet and not mentioned

in the above sketch is a little book entitled “ Binomial Theorem and Logarithms,'

published in 1843 for the use of midshipmen at the Naval School, Philadelphia .

As regards the quality of Professor Chauvenet's books, Prof. T. H.

Safford, of Williams College, says: “ This excellent man and lucid writer was

admirably adapted to promote mathematical study in this country. His father,

a Frenchman of much culture, trained him very thoroughly in the knowledge

of the French language, even in its niceties. They habitually corresponded in

that language; and the son was enabled to study the mathematical writings of

his ancestral country in a way which enabled him to reproduce in English their

ease and grace of style, as well as their matter . In these respects his works

are far more attractive than those of ordinary English writers; his Trigonometry

is much the best work on the subject which I know of in any language;his Spheri

cal and Practical Astronomy is frequently quoted by eminent continental

astronomers ; and his Geometry has raised the standard of our ordinary text

books, of which it is by far the best existing."
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Professor Chauvenet's books, especially his Geometry and Trigo

nometry, have been used in the best of American schools. Recently Professor

Byerly, of Harvard University, brought out an excellent revised edition of the

Geometry. In their originality, the works of Professor Chauvenet are admira

hly rigorous. The methods of investigation adopted in his Astronomy are in

accordance with what may be called the modern school of practical astronomy

or more distinctly, ' the German school - at the head of which stands the unrival

ed BESSEL. His Trigonometry and Astronomy are the first American works

to introduce the consideration of the general spherical triangle, or that in which

the six parts of the triangle are not subjected to the condition that they shall

each he less than 1809, but may have any values less than 360 °. Also, all am

biguity as to the species of the six parts of the triangle is removed by determin

ing the parts, when necessary, by two of their trigonometric functions, usually

the wine and the cosine. In adopting this admirable feature - mainly due to

Gouxx, Professor Chauvenet was years in advance of the English and other

American astronomers. A new and simple demonstration of the formula for

the prediction of the transits of the inferior planets over the sun's dise, he gives ;

while Lagrange's well -known formula in this connection, he renders more accu

rate by his introduction of a consideration with respect to the compression of the

earth . Taking the fundamental formulae of Bessel's theory of eclipses, he de

duces new and elegant solutions - and these quite as eract as the Besselian ones.

In so far as the distinctive treatment of the occultations of planets by the moon ,

is concerned, Professor Chauvenet stands as the illustrious pioneer. His Trig

onometry is still the book in the United States Naval Academy; and last session

we had a special class from Annapolis, making up Naval Academy short

comings in Chauvenet's Plane and Spherical Trigonometry. In that mountain

ous county of Pike, in that wilderness-county of north -eastern Pennsylvania, in

that venatorial elysium and piscatorial paradise of ' The Keystone State ,' Pro

fessor William Chauvenet was born --think of it, readers of the MONTILY. We

acknowledge our indebtedness to President Regis Chauvenet, Colorado School

of Mines, and to Professor Florian Cajori, of Colorado College, for material

used in this biographical sketch .
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THE INSCRIPTION OF REGULAR POLYGONS.

By LEONARD E. DICKSON , M. A. , Fellow in Mathematios, University of Chicago, Chicago,Illinois.

CHAPTER VI .

[Concluded from the January Number .!

are both odd .
Then

IV . Let n = mr, where, n being odd, m andr

4 , - An - 8 - Am +8 + 12m-8 + Am2m +8

+ ( - 1 ) TA + (- 1 ) 2 A , = ( ) .... (6 ) .

m + 8

- ( - 1) 3 A,- = 1 , being chords
Proof: Am- Ammt 3m - Amt. Aram

T

of the regular r - gon . Multiplying both sides by As, we find

4 = Am - st Am -18
Am

A2m + .. By the method so often used we

may prove that the r chords of ( 6 ) 4.,-Am - , - Am + 8 , Am - s, etc. , are the

(7-3) r ( -4) ( - 5 )

roots of :: 777-?+
. x6+

1.2 1.2.3

r (r - p - 1)(r - p - 2 ) ....(r - 2p + 1)

+ ( - 1 )
2. - 2P + ....Err- Arg = ( .... (7 ).

1.2.3 .... ?

This may be proved directly from the trigonometric formula :

rr - 3 )

2 cos pH = 2? cos"H— 21-27 Cos" -24 +24
1.2

cos"-4A

fromCOS ” —2PH + ....
-.... + (- 1 ) nar->r (r - p--1)(r-p-2 ).... ( r- 2p + 1 )

1.2.3 .... ?

877

which it follows that do = 2 cos is a root of equation ( 7 ) .

(m -- ) 7

7
( m -- * )

Also- Am--* 2 cos is a root of ( 7 ) ; for , A then being
mr

2017

ST

2 cos rH= 2 cos
( m — 8) 77

2 COS = - Ars. Similarly, - Am + 8 , Am— .

4.2.0 - * , ete , are roots of ( 7 ) . In another article 1 give a direct geometric

algebraic proof based upon the principles given above and the theory of

symmetric functions,

If m is prime to r ' , one chord of each of the above
groups ( 6) of you

chords each is a root of our general equation ( + ) for a regular m -gon .
For one
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and only one of the subscripts x, m - 8 , m + x, 201—4, 2m +.....
M - 8 ,

go - 1

m + s is always divisible by r , as is seen by writing them in the equivalent

L

2

7-41

form : rm- , m- , ( r — 1) m - 8,2m - 8,(r— 2) – S , ...
7-8 118,

respectively. The remaining r- 1 chords will be determined hy equations

whose degrees are given by the prime factors of r- 1 , – a chain of equations

in which the coefficients of any one are linear functions of the roots of the

m - 1

preceding and of the roots of (4) for the m - gon. Hence, if the chords

2

of the regular w.gon be found, we determine all the chords of the regular

im -gon by solving a series of equations whose degrees are the prime factors of

p- 1 .

However, if m is divisible by r , the r chords in any of the above

groups are all , or not one of them , roots of (+ ) ; for the snbscripts x, m - 8,

m + 8, 2m—8, 2m +8,....are all or not one livisible by r ', according as s is or is

n - 1
not divisil.le by r.

Hence, hy the grouping of the
chords of the n - gon

m -1

into groups of r chords each, we can not lower or avoid equations of the

2

rth degree of the form ( 7 ) . More definitely, if r he a prime number and if m

he divisible by r , we must, for any grouning whatever of the chords of the

i'm -gon , solve one or more equations of degreer.

The regular polygon of mr siden denends for inscription, if u be prime

to r, upon the same equations as does the regular m -901 , together with equations

whose degrees are the prime factors ofr - 1; it, it m contains as factor the

prime number r, upon an equation of degree r and of the form ( 7 ) , in addition

to those required by the regular m -gon .

NB v

To inscribe a regular polygon of n = 1 " " sides, therefore,

where a , b, c , ... are different prime numbers, it is necessary to solve a-1

equations of degree a, B- 1 of degree h , etc., besides equations whose degrees

1-1 0-1

are given as the prime factors of

2 2

It follows that the regular (? +1)m -gon depends for inscription upon

the same eqnations as the regular m -oon , provided 2 " +1 be a prime number,

and is inscriptible if the latter is . Hence , il remolar polygon of (29 + 1 ) ( 2 + 1 )

( 23 +1).... sides, where the factors are different prime numbers, is geometri

cally inscriptible. We thus have Gauss' theorem ;

A regular polygon the number of whose sides is a priine number of the

form 2% +1 , or the product of two or more different primer of that form , or a

pmoer of 2 timer such an erpression , is geometrically mecriptible ; and inversely.
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Bird

Of the regular polygons with less than 200 sides, 31 are geometrically

inscriptible:

3,4,5,6,8,10,12,15,16,17,20,24,30,32,34,40,48,
51,60,64,68,80,85,96 , 102 ,

120,128 , 136,160,170,192;

67 depend for inscription upon cubics only : 7,9,13,14,18,19,21,26,27,

28,35,36,37,38,39,42,45,52,54,56,57,63,65,70,
72,73,74,76,78,81,84,90, 91 , 95 , 97 ,

104,105,108 ,109, 111,112 , 114,117,119,126,130,133,135,140,144,146 ,148, 152, 153 ,

156 , 162, 163, 168,171,180 , 182,185,189, 190, 193, 194, 195 ;

23 depend upon quinticx only : 11,22,25,33,41,44,50,55,66,75,82.88,

100,101,110,123,125,132,150), 164, 165, 176,187; 17 depend upon cubics and

quinticx: 31,61,62,77,93,99,122,124,143,151,154, 155,175,181,183,186,198;

8 depend on equations of 7th degree only : 29,58,87,113,116,145, 174,197;

:) depend on equations of 3rd and 7th degrees: 43,49,86,98,127, 129,147,172,

196 ; 2 on equations of 5th and 7th degrees: 71 and 142 ; the 40 remaining de

pend on equations of the 11th or higher degrees.

An idea of the comparative infrequency of the geometrically inscript

ible regular polygons if we advance to large numbers is found in the fact (as

shown by a complete table I have made) that there are only 206 of them with

sides less than a million.

In at paper * on The Number of Inscriptible Regular Polygons, I proved

that between the successive powers of 2 lie 1,2,3,4,5 , etc. numbers giving in

scriptible regular polygons; thus

[ 3 ],4,15,1; }, 8 ,[ 10,12,13), 16 , [ 17,20,21,30 ),32,34,40,48,51,60 ),64 , ...

or generally,n such numbers lie between 9" and 2" * ), for every value of n<32.

3 :2 but 128,31 such nun :lers lie between 2" and 2n +1. For values of »

128 , there would be 31 such numbers in each interval if (as is not yet known)

28 +1 is a composite number: but 31 + 1 such numbers between 2128 +1 and

2129-?, if it is il prime number, 7 being < 128,

Hence the number of inscriptible regular polygons below 2 + 1 sides,

for r < 32, is } ( 1-1) (:r + 2 ); for r32, but < 128, is (32.1 --497).

lu conclusion , I will add a direct geometric proof of our fundamental

theorem (5 ) : 4 , -4, + 4 ,-4,+4;-....- ( - 1) An = 1 .

Suppose 1 ,-1, +4, - .. : .FA, = x . ..rid , = A , ( A , - A , + Ag

Ed EA -1E1p) = 2 + 1 , -- , - . 1; + A , + A4 - A3 – A ; + E

1p 1p -1 Ap- : + 4 , + An-1EA, = 2 + A , -2 ( 4 , - A , + Az - .... # Ap - 2

19-1 + 1 ) = 2 + 1 , -22.

. : ( c - 1) ( 2 + .1 , ) = 0. But , + 2 = 0 . = 1 .

Errata in October Number:-p. 343, line 20 add when n is a prime number; p.

344, line 8 read A = 2-4,-2 .

* bulletin of the New York Mathematical Society , February, 1894 ,

For 10
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A PROPOSITION IN REFERENCE TO CENTRE OF

GRAVITY, AND ITS DEMONSTRATION

By J. W. NICHOLSON, A. M. , LL.D., President and Frofessor of Mathematics, Louisiana State

University and Agricultural and Mechanical College, Baton Rouge, Louisiana ,

PROPOSITION . The point P ' ( x ,y', ') is the centre of gravity of the mass

is
m if the sum ( s) of the squares of the distances from P ' to every point of m ,

a minimum .

PROOF. Let P (-", Y , 2) be any point of m , then the square of the distance

PP is PP '. -- (2-2 ) + (y - 7 ) + (2-3 ) ,

and s=
SSS[6: —~ )* +(3–4)2+(3=31*ddydz.

RepresentingSSS by ſ and dedydž by dm ,

$ 16 )* +(y= ) + 3= "*}...

Since s is a minimum with respect to the independent variables.

we have s

ty.z', we have = ( ) , (), and = 1 ) ; that is ,

( 1 ) . frar

di = 0 ,

Svam

Sam

Sram

Sim

Şzdım

(2). Sy—y/1din = 0,

( 3 ) . Piz- z \dm =0.

Q. E. D.
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NON-
EUCLIDEAN GEOMETRY:

HISTORICAL AND

EXPOSITORY.

By GEORGE BRUCE HALSTED . A. M .. (Princeton) ; Ph.D. , (Johns Hopkins) , Member of the London

Mathematical Society ; and Professor of Mathematio ; in the University of Texas, Austin , Texas .

Continued from the linears Vumier

Fig. 12 .

SCILLION II . In the three preceding theorems I have studiously set

down this condition , that the cutting straight IP, or X1, is understood to be

of a designatell length is great as you chue.

For if, without any determinate extent of the cutting straight it be

discussed precisely concerning the exhibiting and
demonstrating of the concuir

rence of two straights at the apex of il certain triangle, whose angles at the base

zire viveu (less indeed than two right angles) as, suppose, one right, and the

other less than a right by its much its two degrees, or , if you please, by less

who is so devoid of geometry that he could not immediately show the thing it

self
demonstratively ?

For suppose ( fig. 12 ) given any angle BAP, as, say, SS degrees.

If therefore from any point B of this 4B , is let

full on the base 1P (Eu . I. 12. ) the
perpendicular

BBP, it holds certainly that in this triangle ABP

would be exbibited
demonstratively the desired

concurrence in this point B.

But if the other angle at the base is

Kpostulated , and it less than a right, is suppose

84 degrees, which indeed the given angle K

X X A P
represents : then ( Eu. I. 23. ) one would be able

to make toward the parts of the straight AB an

equal angle 1P1), PD meeting this AB in D some intermediate point of it .

Wherefore the desired concourse is again obtained
demonstratively in this

point D.

But finally : if the other angle is postulated obtuse , but yet less than

9.2 degrees, lest with the other given angle BAP it should make up two rights :

: this may be represented in a certain angle R of 91 degrees. It is to be shown ,

that there is some one point X of this AP , 10 which the join BX makes av

angle B XA equal to the given angle R of 91 degrees; so that therefore ander

it certain cutting straight 1X the desired meeting in the point B many be

obtained.

But we may proceed thus.

PA being produced to any point H , since the external angle BAH is

( Eu . I. 13. ) 92 degrees, since the interior angle BAP is by hypothesis 88

degrees; and again , (E. I. 16.) is greater not alone than the right angle BPA.

but also, for the same reason , than any obtuse angle BXA, the point I being

assumed wherever you choose within this PA, and indeed always growing
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greater as the point X is assumed nearer to the point A, (Eu. I. 16. ) : it is an

evident consequence, that between those angles, one of 90 degrees at the point

P, and the other of 92 degrees in the point A, one angle BXA is found, which

is 91 degrees, truly equal to the given angle R. None the less, omitting this

last observation about the ohtuse angle, it is necessary most diligently to take

care that the difficulty of this proposition (axiom] of Euclid be fixed in this,

that it asserts the meeting of two straights ; especially in that part in which they

make with the cutting straight two angles less than two right angles ; and as

suredly that it asserts the aforesaid meeting thus, of whatever length be the as

signed transversal.

For otherwise (as I have already mentioned in the preceding scholion)

I will demonstrate that general meeting solely from the admitted meeting of

this sort, when one of the angles is right ; and indeed , even if it be admitted not

for any assignable finite transversal, but alone admitted within the limits of any

assigned very small transversal .

[To be continued . 1°

ARITHMETIC.

Conducted by B. F. FINKEL, Kidder, Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

36. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland.

It costs C = $22 to paper a room a= 18 feet long, b = 15 feet wide, and

c = 10 feet high , with paper (mi r n )th , = * , of a yard wide. Find the price of

the paper per roll of R= 12 linear yards.

Solution by the PROPOSER.

Making po allowance for " matching" , the number of linear yards of

papir required is Y = f [2 (a + b )c + ab](n m) , = 413} ; and , consequently, the

number of rolls of paper required is N = Y R=34 % .

Hence the price of the paper per roll is

31mn) R

P = of $ C , = $ 7 * 5 = 637 cents,

2 (a + b ) c + ab

Professor J. F. W. Scheffer, P. S. Berg , and J. A. Calderhead get $2.70 as the result . Prof'ossor

John Faught and I. L. Beverage yet $ 19139, and Professor T. W. Palmer gets $ 17831 . These different re
sults and due to different interpretations of the problem .
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37. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematics and Astronomy in Now

Windsor Collego, New Windsor, Maryland.

I have three jars, A , B, and C , holding respectively a = 1. b = 3 , and c= 5

gallons A is empty . B is full of water, and C is full of wine . I fill A from B; then

I fill up B from Cand pour the contents of A into C. After repeating this operation

how much wine is there in B ? How much in C?

1. Solution by Professor G. B. M. ZERR , A. M. , Principal of High School , Staunton, Virginia .

After the first operation, B contains 1 gallon of wine, C contains 4

gallons. In the second operation gallons of wine are drawn from C and }

gallons added to ('. C ' contains, 4 - $ + = 315 gallons of wine .

B contains, 5-30 = 115 gallons of wine.

I !. So'ntion by Professor T. W. PALMEP . University of Alabama , I. L. BEVERAGE, Monterey,

Virginia , and the PROPOSER.

After the first operation, A is empty, B contains ( b-a) gallons of

water and a gallons of wine, and C contains (c- a) gallons of wine and a gal

Jons of water. In so far as changes in the proportional parts of the wine are

effected by the repetition , A is empty , B has gained from C [ le - a) +c] of a

gallons, and c'has gained from B through A (9- )) of a gallons. Hence, after

the repetition, the number of gallons of wine in B is

11

G1= [ 1+ " " - ] +
] of a , = lis.

Consequently the number of gallons of wine in C is

Gr= c -Gn = c- [
-- [ 2- ( + = ) ) of a, = 3,6

of a

= [-- ( )
с

III . Solution by Professor J. F. W. SCHEFFER, Hagerstown , Maryland.

Let, after r such operations as described , the quantity of wine in the

vessel B be F ( r ), then b- F ( 1 ) will be the quantity of water in B, ( - F (.r )

the quantity of wine in C and F ( 1 ) the quantity of water in C.

Repeating the operation once more , we have in vessel B,

hil 1 - a

Fir) wine + 1 - F ( r )] water +© [r– F' ( r )] wine + Fir ) water :

and in C [C - F ( r) ] wine + F ( r) water +
7 F (*) wineC C

ah - Fr)

+

b .
water. F (a) +

[C - F (x ) ] = F (x + 1) an equation in6 c

Finite Differences. Resolving, we find F ( 2 )=

bc

htc + C (bac(bc - ah - ar )?

1 (boob «c)']
For :r = 0 , Fr) = (). ii ( =

be

hte
; . : F ( -) =

bc

bto

The quantity of wine in C is , of course , = c - F (2').



a ( 2bc - ab - ac)

For r = 2 , we have F (x ) =
be

For the numerical values

The value to which

we have F (x) = 15.11 - ( % ) and F (2) = 1,% .

F (. ) approximates is

be

b + c

38. Proposed by J. A. CALDERHEAD. B. So .. Superintendent of Schools, Limaville, Ohio .

What must be the thickness of a 36-inch shell, in order that it may weigh i

ton ; supposing a 13-inch shell to weigh 200 pounds, when two inches thick ?

1. Solution by EDWARD R. ROBBINS, Princeton . New Jersey.

73477

Given shell .... Vol. =

3

Required shell of thickness = .1 ....

7377
(4.3-721° +1296.7 ) 77

Volume =

41573 – 1822 + 224.r )

3

&
Now ..

3

1:10 which gives.....13 - 18.2 + 324.r - 1835 = (), whence = 7.4817 in . the

required thickness.

II. Solution by G. B. M. ZERR, A. M. , Principal of High School , Staunton , Virginia , and J. W.

WATSON, Middle Creek , Chio .

219771

Volume 13-inch sphere = 7133 =

cubic inches.

6

243T

Volume of hollow = 793 = cubic inches.

Volume of 36 -inche sphere = $1363 = 77767 cubic inches .

Volume of bollow of 36 -inch sphere = 1 D3 cubic inches.

21971

6

2437

2

7347

3

cubic inches = volume of 13 - inch shell.

73471

cubic inches weigh 200 pounds .

3

600

1 cubic inch w.g's

7341

300

367 7

pounds.

300

77761 cubic irches weigh 77767 X
3677

2332800

367
pounds.

: 00

§ 2 D3 cubic inches weigh én D'x
3671

501 )3

367
pounds.

2332800
But

367

50 13

367

= 2000.
.. :: 1 ) 3 = 31976 . D = 31.74 inches.

36-31.74 = 4.26 , 4.26-2 = 2.13 inches.

2.13 inches is the thickness of the 36 -inch shell .
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PROBLEMS

44. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathomatics and Astronomy in New

Windsor College, Now Windsor, Maryland.

A , B, and C together bought a ship. A paid for the ar bth , = ; th , part of

the ship. B paid for the mi nth , = { th , part of the ship . C paid $ M , $2000.

How many dollars did A , and B. pay ?

45. Proposed by F. P. MATZ, M. Sc . , Ph . D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland.

In running a mile, I can give Ba=20 yards; B can give Ch=88 yards.

How many yards can A give C ?

ALGEBRA.

Conduoted by J. M. COLAW, Monterey, Va All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

34. Proposed by ROBERT J. ALEY, A. M. , Professor of Mathematics, Indiana University, Bloom

ington, Indiana .

(n + 2 )

Ση what ?

n (n + 4 )

Solution by J. P. W. SCHEFFER, A. M. , Hagerstown, Maryland.

4
Σ 1 11+

42" = 'n + S
nin + 4 ) n ( n ++) nini + 4 )

Yn ( n + 2)

"

)

+

But +>; .- 6-5)+ ( - ) + ( - 1)+ ( -5)+....

+ ( _ ) ( +1) + ( - + )

+ ( -1 ts)+ ( - )= 1++* + - wt- +

---(i- 1) + - +2)+ ( - + + - + )

1 + 2

+
előt

+

2n + 2)
n + 1

n

+
317 + 3 ) 4n + 4 )
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S

( n +9)

n (n ++ ) [1+
+1

1

2( n-+ 2 )

1

+

3 (n + 3 )

1

Hin | 4 )5]

Also solved by Projessor 6. R. V. Zerr'.

35. Proposed by COOPER D. SCHMITT, A. Y., Professor of Mathematics, University of Tennessee.

Knoxville , Tennessee .

Prove that the product of two numbers. each the sum of four (4 ) squareg

mill be expressed is the sum of four squares in 49 different ways and unite some or

all of the wal:

Solution by Profossor G. B. M. ZERR, A. M.. Principal of High School, Staunton, Virginia.

Let (q + 1;* + m + i )(2 + .f ? + 9 + h ") = ( = the product of the two

numbers. From Euler's Theorem we get

1 = ( + hf - y - dh ): + taf - he - ch + dy)

+ ( - 19 + bh - cetilt') ' + (ah + hatar + de) .

= ( - 11++ ht - cg + h ): + (at + bitch tag)

+ tay + b ).-on - df )" + inh - hg- :$' + de) .

- ( 2 - ht - 09 + 1h ) + (op + be - ch - ig )

+ (99 + hh tre tilt') ' + ( - ah + bq -- rif'+ de ) ,

== (1 + htitog tilli): + ( - 01t + beachtig ?

+ ing - bh - e + df") + (ah + hq - of - le) ,

- (ve - h7 + 9 + ath )" + (atthe - ch + dg)

+ long - hh - pit"}: + luh + hogy tuifmide) .

== ! 0 , -hit - 19 - thi' + luftbeth - 19)

+ 99 - bhteetilt") + (nh + hq - rt'+ de) ,

= lole + b1-4 + ( h): + ( ! p - be fch + 19 )

* ny + hh + or - di') + (al - hq - 11 - ileja.

== \rl - [ + / - / h + af - vi - th - đẹ)

+ ing + bh - metilt ) ° + (ath. - 19 + ef tile)" .

The sun of furr squares in eight different ways by combination of signs.

1 = lite + haf )-0 - ih): + (af - be - ch + dg)

+ ( - ag + bh - ce + df) ' + (ah + by + of + de) ,

2
= ( 74 + b - oh - 2 : + (af - bg - ce + dl)

+ ( - ah + be - 29 + df ) : + (ae + bh + of + dy) ,
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= (ah + bf - ce - dg )” + (af - bh - cg + de)

+ (-ae+bg- ch+df ) : + (ag + be + ef + d ) ) ",

= (ae + bg - of - dh )* + (ag - be - ch + df )?

+ ( - af + bh - ce tag) + (ah + bf + cg + de) .

= {uf + by - rh - 14 )” + (ag - bf - ce + dh)

1 (-ah +beef +g) " + (x + bh + og + dt') ,

= (ah + bq -- " --of") * + (09 - bh - of + de)

+ ( - af + be - cg + dh ): + (ae + bf + ch + eg)

the sum of four squares in six different ways by combination of letters .

Since the signs of each of these six can form the sum of four squares in

cight different ways, the whole number of ways is 8 x 6 = 48 different ways.

1

PROBLEMS

46. Proposed by Professor WILLIAM HOOVER, A. M. , Ph. D. , Professor of Mathematics in tho

Ohio University, Athens , Ohio .

Find A from cos 6+ cos 38 + cos 5A=0 .

47. Proposed by LEONARD E. DICKSON, A. M. , Fellew in Mathem itios, University of Chicago,

Chicago , Illinois .

Prove that ( -1 ) (- 1 )= +1 .

GEOMETRY,

Conducted by B. F. FINKEL, Kidder , Mo.

All contributions to this department should be sent to him.

SOLUTIONS OF PROBLEMS .

34. Proposed by T. JOHN COLE, Columbus, Ohio .

A circular field contains 10 acres. A horse is tied to the fence with a rope

uliciently long tro graze over one acre . Find length of the rope ( 1 ) when the horse

is on the inside ( 2 ) when he on the outside of the fence .

Solution by Professor G. B. M. ZERR, A. M. , Principal of High School , Staunton, Virginia .
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Let ( ' be the point to which the rope is fastened, I and I two points in

the circumference to which the borse can graze when on the inside , B and E

the points in the circumference to which the horse can graze when on the out

side. Let ( be the center of the given circle .

10

Let 0 ==
the radius of the given circle, A

VB
and 2.1 ( 0) = , LBCO = 4 . Then we have .

10 = racosH, BC = Sacoso . The area common to 04

the two circles in the first case = a ' (7 + 28cos24

E
- sin24 ). The area common to the two circles in

the second case = aº( + 26cos20 -- sin2º ).

Therefore the area upon which the animal

can graze upon the inside of the circle is

a ? ( 1 + 2Hcos28 - sin2H) = jona ?.... ( 1).

The area upon
the outside is

41a'cos? 0 - a ’ (1 + 2 cos20 - sin20) = ,' ....(2 ).

From ( 1 ) 972 + Odcos28-10sin2H = 0. 91T + 20 cos 20 - 10 sin 2A = 0 .

From. ( 2 ) 40 COS20-20000 20 + 10sin2p = 117 .

Solving by the method of double position ,

A = 76 ° 21 ' 44 " .04 ,

0 = 77° 38 ' 25 " .

AC = 2ucosH = 10.61216 rods,

B ( = 2acosd = 9.65892 rods.

riood slutions to this problein wore received from J.F. W. Scheffer.ans1 P. S. Berg.

35. Proposed by LEONARD E. DICKSON , M. A. , Fellow in Mathematics, The University of
Chicago

Determine the equation of lowest (leyree (cubic) upon which depends the

inscription of the regular polygon of 37 sides.

Solution by Professor G. B. M. ZERR, A. M.. Principal of High School , Staunton , Virginia .

Using the proposers notation as given in bis excellent papers in the

Monthly, we get for n = 37, the following order of subscripts :

1.2.4,8,16,5,10,17,3,6,12,13,11,15,7,14,9,18

.

Hence the groups are ( 1 , -1 ,-1,0-4, + it , -1,2) = 4, 1-12

-1,6 + 4,7 - 17 +416 + 4 ,) = B , (-1, + A ; + id ; + .1,3 + d ; – 4,3) = ( .

+ B + ( '= 1 .
AB = 5 ( -4,-1, -410-4 + , n)

- # - .1. - 116-117-4,2- A15 + 4 , )

-3(-4, +1, + 3 + 1 + .1, - A , s) .

AB = - (51 + 4B + 3 ) = - 5+B+ 2C.

By symmetry, AC = -5 + A + 2B, BC = -5 + C +24.

. : AB + AC + BC= -- 15 + 3 ( A + B + C ) = - 12.

ABC= - A (5 — ( - 2.1) = - A (3 + 2B + C ) = - (3A + 2.41B + AC).

:: ABC = - (3.1-10 + 2B + 40–5 + A + 2B ) = - 4 ( A + B + C ) +15 .

. : ABC = -11.

. : A, B , C are the roots of the equation 23 — ? +12:0–11 = 0 ,

which is the equation required.
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36.
Proposed

by 0 , W. ANTHONY

, Mexico

. Missouri

.

From two points, one on each of the opposite sides of a parallelogram , lines

are drawn to the opposite verties . Through the points of intersection of these lines

i line is drawn . Prove that it divides the parallelogram into two equal parts.

Solutiou by ALFRED HUME, C. E. , D.Sc. , Professor of Mathematics in the University of

Mississippi, University P. O. , Mississippi.

Let 0:17 he the parallelogram , () the lower left -hand vertex, 0.1

be base , D and E points on ( A and ( 'B respectively.

If 0 : 1 = ) , 01 = 1l, 0 ]) = n , C'E = m , then , taking ( 4 as the l -axis

and ol'as the yaxis, the points (), 1 , B , C , D), and will be given by the co

ordinates (0,0 ) . (5.01. , 11 ), ( 0,1) , (0,0 ), and ( m , (1) respectively.

It follows that the equation of OE is . ( 1 ) .

The equation of CD is + ( 2 ) .

The equation of BD is y = (ic -» ) ..... (3 ) .

-B

The equation of EA is y= ( 1-6 )...... (4 ) .
h

From ( 1 ) and ( 2 ) the intersection of OEand ( 1 ) is

From ( 8 ) and (4 ) the intersection of BD and E. is

-n - )

20 2b - m - n

The equation of the line passing through these points of intersection is

!1-1"

W-" ' lirt - ') .... (5 ).

If the center of the parallelogram is on this line its co -ordinates,

6 -61). will satisfy ( 5 ).

1 ;

mn

) which denoto by (oray!).

( ) ; - >) which denote by ( n " . ,; " ).en

>
Substituting and reducing, - or ( 5 ) is satisfied .

m + n 2m + n )

Since every line which passses through the center of aparallelogram

divides it into two equal parts, the proposition is established .

PROBLEMS

39. Proposed by J. K. ELLWOOD . Principal of Colfax Schools , Pittsburg , Pennsylvania

If on the three sides of any plane triangle equilateral triangles be described ,

the lines joining the centre of these equilateral triangles form an equilateral

triangle,

40. Proposed by J. C. CORBIN , Pine Bluff, Arkansas .



If R , 7 , 71919, and be, respectivel !; the radii of the circumscribed.

inscribed.and escribed circles of a 1. prove i tro trg - r = + R .

41. Proposed by F. P. MATZ, M. Sc . , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

Find the length (x ) of a rectangular parallelopiped l=j ft. and h=3 ft .,

which can be diagonally inscribed in a similar parallelopiped 1 = 43f1., B = tit it ., and

l = 50 ft .

.
.
.
-

CALCULUS.

Conducted by J. M. COLAW , Monterey , Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

greatest.

26. Proposed by Professor J. F. W. SCHEFFER, M. A. , Hagerstown, Maryland.

According to Bessel, the ratio of the squares of the polar diameter of the

carth to that of the equatorial diameter, is 9933234. Find
what latitude the

angle made by a body falling to the earth , with i perpendicular to the surface, is

Find , also , this maximum angle.

Solution by F. P. MATZ, M. Sc . , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor , Maryland.

Let ø=the required geographical latitude, and $ ' = the geocentric lati

tude of the same place; then chauvenet's Spherical and Practıcal Astrononny,

Vol. I. , p . 98, we deduce $' = tan-'[(1,2 a )tand ] = tan -'[(1 - e?) tan “ ).

.. ( 0- % ' ) = $ -tan - ' [(1-2) tano ),
= a Maximum .

d (0-0 ) (1-02 ) ( 1 + tanº)

= 1

dº 1+ (1+ <? ) tan

. : 0 = tan 1 [ ( )] = tan (1.0033541) = 45 5 ' 15 " .32,

and f = tan - ' (.9966.71) = 44° 54 ' 14 " .67.

Hence (0-4 ) = 11' 30" .65 ; and this result is found in the already

named Manual of Astronomy, Vol. II., third Table, p . 577 .

II . Solution by G. B. M. ZERR , A. M. , Principal of High School, Staunton, Virginia .

Not taking into account the eastward deviation due to the rotation of

the carth we can proceed as follows:

Let HEC be the direction the body falls, FEG the perpendicular to

the earth's surface at E, DEK thetangent to the meridian at E ,

-0 .
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D

( ' B = li, = E ('.1 = H , LD ( E = Z CEG= 0, EKI = B , co -ordinates of

F = ( x , y ).

1 .
Then tan B

y
tan A= also

C

BВ
E

B = 90 ' + + , tan = tan (90 + H + 4)

= -cot ( H + ).

cot Hcot 0-1 C G
= cot (M + 4)

(Hot H + cot

12.1
A

=

-coto- 1

.

+ coto

y

. : tan

« : 2,3 ry = maximum .... ( 1). = 1 .... ( 2 ) .
7,2

The first differentials of ( 1 ) and (2 ) give b ./ = nºy " .

17 2
T =

va
tan A

= (. 993325 + ) : = .996659, 1 ; A = H it '
( 1

14 " . ! = the latitude
tan

Pul

.0066746

= .0033345. .. d= 1 ' 30 " ..5
1.993318

= maximum angle made with the perpendicular.

Also solved by Professor 1. W J. Black and the Proposer.

PROBLEMS .

36. Proposed by H. C. WHITAKER, B. Sc . , M. E., Professor of Mathematics, Manual Training

School , Philadelphia , Pennsylvania .

A rube is revolved on its diagonal as an axis. Detine the figure described
and calculate its volume.

37. Proposed by J. A. CALDERHEAD, Superintendent of Schools, Limaville, Ohio.

A man ties two mules--one to the outside of a circular wall, the other to the

inside . If the lengths of the ropes of each is one -fourth the circumference of the

wall, and both together can graze over one acre of ground: find the circumference of

the wall.



MECHANICS .

Conduoted by B. F. FINKEL , Kidder, Mo. All contributions to this department should be sent to him ,

SOLUTIONS OF PROBLEMS .

14. Proposed by ALFRED HUME, C. E. D. Sc ., Professor of Mathematics, University of Missi88

ippi, University Post Office.

The center of at spliere of radius c moves in a circle of radius a aud gen

erates thereby a solid ring, as an anchor ring: prove that the moment of inertia of

this ring about an axis passing through the center of the direct circle and perpendic

1 parco

ular to a plane i : :-( ta ’ + 3c?) ."
+

IV . Solution by Profesor G. B. M. ZERR , A. M. , Principal of High School , Staunton, Virginia .

Let E be the centre of the sphere, 1B, the axis of revolution , be the

axis of » , l'any point in :rrea of the circle, DF = y, IF = y ', (' E = 1, GE = c.

Let 7.1 be the element of area , then the volume of the elementary

ring generated by il 1 is 2 yıld, and its mass, 21 pyd A.

:: the moment of inertia of this elementary ring relative to the axis of

.r is ypy 7.1.

the moment of inertia required = 1 = 271 Syks/.1.

I = 273(1 + y )321, sincey = u + y ',

= 27p Stai+ 3a ” y ' + 367 " +4 ' 3) A.
Il

But the curve is symmetrical with respect to the axis

. : Sy'A = 0, Xy ' 31A = ), and by definition ,

y l1 = 122 = n ( " R ?.
. : I - 27pax 1 (a +32 " )

M
H

LV.

G

= % 7* pec:?(a :+ 32 * ); but k = radius of gyration:
А. CD B

7 puc ?

. : 1 = 279 pur (49 + ** ) =

(411 ° + 3c ).

V. Solution by P. H. PHILBRICK , M. Sc . , C. E. , Lake Charles , Louisiana .

OP = 11 = the radius of directing circle and Purc = radius of the sphere.

Take tangent Pr for the axis of . '. Let a Pr = H, P = 1 / 4 . Draw R

and all perpen licular to Pr. Take mit middle of ab . Now 1111 = ( cos H ,

. : « R = a + c cos Hand WR = 1 - c cos H. Thickness of alıcıl = r cos Hill .

Area of circle, radius uR , = 2 ( a + e cos ) * .
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.. vol. of circular lamina R = (« + cos 4 ) . ( * cos Hit and moment of

Inertia about axis through ( )
perpendicular to plane

0Pr = 1= (- +r cos hercos Hilt.

Similarly , moment of Inertia of lamina R = /

( 11-1- cos A ) ( cos HilH.

. : moment of Inertia of lamina ab = 1-1' = 1" = 1 ( cOS HilH + costHall ).

But Scos®# 14 = : and I cos + bidH =: S
37

COS ? HTH =(
0

7410

+
(811 ? + 07.? ) . The moment of Inertia about an AXIS

through ( ) and in the plane ( Pr is of course one half of the above amount, or

7 " (17.2

( +37 " ).
+

[NOTE.- An excellent solution of this problem wits received from Professor Wiggins, Richmond ,

Indiana, but its it has been lost we are unable to publish it . -Editor ..

15. Proposed by F. P. MATZ, M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor , Maryland.

Show that the costurned deriation of bodies falling irim id great beight is

Hat( 11- ! Acoso

Ei =

37

Solution by the PROPOSER.
1

Let = the radius of the earth , 1 = 50161. = the lir-tir seconds in

a siderial day, b = the observer's latitude, ( + 11 ) = the distance from the center

of the earth to the point from which the body full,

and 1 = the time of the body's motion in seconds;

then the horizontal relocity of the falling body in

the direction of the tangent to the circle of latitude

a
at the place of observation, is

9)
1-21 (1+ // )cosd

T .. ( 1 ) ; and this velocity is caused O

by the rotation of the earth . Obviously the

howmtal
price described by the body in the time

t , is 8 ; = lt = 27 +11 + II)coso

7 ( 2 ) .

The point on the earth and vertically below the point from which the

body fell, passes during this time t through an are

20trcoso

TT
· ( 3 ).
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Hence, the eastward deviation of the falling body, if the direction of

garcity remained parallel toroured this body, would become

atllcos
( 4) ; although this change of direction is not great,

7

Vet it must not by any means be neglected - even though the variation in the

intensity of gravity is frequently neglected. Suppose the body in its descent

to have arrived at II , and let i'll = r. Let ir represent the body's velocity in

the direction will, and that in the direction 11 : then l =ut.... (5 ).

Considering II ( ' = r, we have the proportion,

-lv :111 :: 1/4 : 111 ::11 11 : 111 ::7 :/ .

. : dir =- = at.... ( 6 ), the negative sign showing that in it..

" Troses its rozvrye1980x. Since ir = iesilt, ( 6 ) becomes

.. urdu =-ul."

.......... ( 7 ).

Integrating ( 0 ) :ind remembering that when r = 0 the initial value of iris Vas

90 ? ( S ) .

given in ( 1 ) , we have in = 1" ? – 11' ==
V (1-0 )....7

With r = ilizot, we now casily decluce

1

+

21:

1 + higher powers of .r , which may
17 =

1 (1 1 )

[ = 17

be neglected.v .... (:9 ).

Integrating ( 9 ), observing that ( ' = 0 since r = 1) when t = ) , iind without

" pprouble crror putting ..3 = ( 17) , we have the expression

1

. ( 10 ).

6

If a represents the rooms oflearnt in racio above that in air, we have

1
( 17+ A117

17

:rt* =

= // + A .... (11) .
.. ( 12 ) .

31

Transforming (12) by means of ( 1 ) and witholit sensible error writing

[( + )- ( 11+ Alles

mity for ( r + 11 , , we have r =

.. ( 1:).

T

For obvious reasons subtracting ( ) from ( 13) , etc., we obtain

4 77t( II- Alcosa

Eus
... ( 1+ ) .

3T

which is the rrprixxion for the eastward leviation of boilies falling from a great

beight, given in Young's General 1stronomy.

Also sulved by 6. B. 11. Zerr'. His solution will appear next month .
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PROBLEMS

22. Proposed by DE VOLSON WOOD, C. E. , Professor of Mechanical and Electrical Engineering in

Stevens Institute of Technology, Hoboken, New Jersey.

A prismatic bir having a uniform angular velocity wand a linear velocity of

i feet per second, suddenly snaps (by the disappearance of the cohesive force) into an

indefinite number of equal parts ; required the resultant angular velocity of each

piece and the locus of ihe parts at the end of 7 seconds after rupture.

23. Proposed by ALFRED HUME, C. E.. D. So. , Professor of Mathematios, University of Mississ

ippi, University Post Office ., Mississippi.

A heavy particle is placed upon the surface , itvytv : = r. The axis of

2 being vertical and the coefficient of friction being

1 2 show that a point of equi

libriun (ill friction possible being brouglit into action ) 2 is a harmonical mean be

tween i' and y.

MISCELLANEOUS.

Conducted by J. M. COLAW, Monterey, Va .
All contributions to this department should be sert to him .

SOLUTIONS OF PROBLEMS.

13. Proposed by CHARLES E. MYERS, Canton , Ohio .

soap bubble 2 inches in diameter , is filled with one pirt of hydrogen gids

ind 15 parts of air . If the bubble just floats in the air , find the thickness of the

film .

I. Solution by H. C. WHITAKER, B. S. , M. E. , Professor of Mathematics, Manual Training

School , Philadelphia , Pennsylvania .

Take, as the unit of weight, the weight of air filling it sphere of one

inch radius, then the weight of a corresponding volume of hydrogen is .06927

and of a corresponding volume of water is 792.24. Taker= inner radius of

sphere. The weight of the hydrogen is .001 % 20-773;

The weight of the air in the bubble is 16 ... 3 :

The weight of the water is 792.2+ ( 1 - , );

The weight of the air displaced is 1 .

Making the sum of the first three of these equal to the last and solving .

. = . 999977, and the required thickness is .000023 inches.



II. Solution by G. B. M. ZERR, A. M. , Principal of High School, Staunton, Virginia.

In solving this problem many things should be considered. We

should know the temperature, the barometric pressure and the dew point in

order to calculate the amount of aqueous vapor present in the air.

Not knowing the above it will be well to proceed as follows:

Letr = outside radius of bubble, x = inside radius.

p = density of air all at the given temperature and pressure

Ng = density of hydrogen , and all referred to normal air its

po = density of soap film ,
standard .

Then | 7 (713 —23 ) = volume of soap film ,

.73

= volume of hydrogen ,
16

15.73

16

= volume of air.

. : 37 (7.3 —.13) . + $ 7X
16 Pi + 37x

15.7.3

16
p = 77 ,

1

3

V(102
.

Go

. : 16732 , -16.13P, +.7.3 P , + 15c3 p = 1673 P,

16,3(0),-0) 2 ( , )
.. ( = 2r

160-15pp, )ip , -15p - ps

2( 2, -2)
=12r

) = required txines.16P ,-15p - pi

Let the conditions be normal and suppose po , referred to water, is 1.1 .

Then since air, referred to water, is .001293, pg , referred to air, is 8.30 73173 ,

p = 1, P , = .0693 , r = 1.

Then r = 1-23 (13 % 8 :& 8 15) = .000023.

Also solved by P S. Berg, F. P. Jarz , und the Proposer .

14. Proposed by COOPER D. SCHMITT, A. M. , Professor of Mathematics, University of Mannessee ,

Knoxville, Tennessee.

I let the
I have a glass paper -weight in the form of a regular icosahedron .

sun's rays fall upon it , at various angles, also upon ove of the vertices . How many

complete sperira will be formed ? How many will be of white light ? What position

will give maximuni number of spectra ?

[ No solution to this problem bas as yet been furnished by our contributors,

and I see no way of solving il. It al solution is possible it will be a very pretty one .

-EDITOR ]

PROBLEMS

22. Proposed by F. P.MATZ, M. So. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor , Maryland.

From what kind of dry wood must a ship's log be cut, in order that the log

may Hoat with its center of gravity at the water's surface ?
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PROBLEMS

23. Proposed by G. B. M. ZERR, A. M. , Principal High School, Staunton, Virginia.

Pliny says, “ Thales determined the cosmical setting of the Pleiades to

have happened in his time 2.5 days after the vernal equinox." Determine the time

when Thales lived from the following data : -Latitude of Miletus 37 30 ', the preces

sion of the equinox 30 " .34 annually. the R. A. of Aleyon ( 1) Tauris) Jan. 1 , 1895, 3h .

41m . 15sec. declination 23 ° 46 ' 49" X.

24. Proposed by D. H. DAVISON, Minonk , Illinois .

For the purpose of locating the most eligible point for a countr seat, it is

required to determine the center of a county whose dimensions are as follows: Be

ginning at the S. W. corner. Thence east 15 miles, thence N. 333 miles, thence W.

6 miles to north end of a meridian line running south through the county : thence

southwesterly to a point being i miles west from the meridian line and 93 miles

south of its north end . Thence S. 3 miles, thence W. 3 miles, thence S. 21 miles to

place of beginning.

[ NOTE . — A solution to problem 12 will appear in March number. Epitok .]

QUERIES AND INFORMATION .

Conducted by J. M. COLAW , Monterey, Va . All contributions to this department should be sent to him .

DR. HALSTED'S LATEST TRANSLATION

By LEONARD E. DICKSON, M. A. , Fellow in Mathematics , University of Chicago , Chicago,

Illinois .

It is a matter worthy of remark that, already master of four modern

and two dead languages and a translator from several of them of no little re

pute, Dr. Balsted bus vigorously attacked the Russian language with its 36

strange hieroglyphics and now gives to the world an insight into the best

scientific thought of Russia , in the shape of a translation of the adalress by

Prof. Vasiliev , President of the Physico -Mathematical Society of Kasan ,

pronounceri last year at the meeting of the Imperial University of Kasan in

commemoration of their illustrious compatriot Lobachevsky.

From every one devoted to Mathematies or Philosophy, or indeed to

the highest advance of human thought in any form , this address will call forth

the deepest admiration for Lobachevsky, now recognized as one of the greatest



intellectual revolutionizer's the world has ever had . It will aron -uit teeper

enthusiasm for scientific achievement and widen the horizon of every reader .

Surely no mathematician should miss this gem from fartherest Russia ,

which , thanks to the rare enthusiasm and energy of Professor Halsted, is

casily accessible to all.

A REPLY TO PROFESSOR WHITAKER.

By H. W. DRAUGHON, Olio , Mississippi .

1

Professor Whitaker, in his reply, devotes a great part of his space to

attacking positions which I have never occupied. I will, therefore, consider

those points only, in his article, which bear on the subje «t under discussion .

In regard to the expression, 3+ , .., I will state that the sign before does

not indicate that the positive value of 12 is to be taken.

Professor Whitaker does not deny that I find the value of ., correctly

from the equation, / ? + 21 = 3 ; he only claims that this equation is not similar

to the equation (r ++) - ( t) = 1. In proof of this, he asserts that, the

product of the equation, .22 + 2.0—3= 0 ,and the equations formed by " chany

ing signs " is of the Sth degree. This is not true, when we consider r , whose

value is required, as the unknown quantity.

I beg leave to remind Professor Whitaker that the performance of

this operation on L. B's equation gives an equation of the 2nd degree with

reference to vir ++) or ✓ (.1-4). In my example, the produce, is of the Ath

degree with reference to . ? . So it appears that the dissimilarity is not great

enough to consider, after all.

Let us take a simple equation; 2 + 1 = .... ( 1 ), for instance. We

readily find = f .... (2 ). Now Professor Whitaker claims that the value of -

is essentially positive; . : from ( 2) r = + 2 . This value fails to prove when
substituted in ( 1 ).

Let us now multiply as Professor Whitaker suggests, then

we have, (2 + r ) (2- ) ) = --- ,.? = 0, an equation of the first degree with reference

to pa.

We have here, therefore, an equation which has very much less than

" aquarter of a chance of having one root ” , -if we preclude as Professor

Whitaker does, negative values of an expression preceded by the sign + - ,

and , at the same time the product of the equation and the equation obtained by

" changing signs ” is of the first degree.

I will close , by the application of the principle I gave in my former

article , to the solution of L. B's equation. We have, V (x + 4 )—— ( - 1 = 4...(1).

Put 2 + 4 = y ?....(2), and x - 4 = 32 ... (3); then ( 1 ) becomes, y— 3=4 ...(4).

From (2) and (3 ) , we obtain , y ' - = 8 ....(5 ). From (4 ) and (5) , we find,

y = 3,and 2 = -1. From ( 2) or (3 ) we now find , x = 5 . Now, I do not think
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there is any hocus pocus about this. It makes the question clear and enables

us to find out everything about the given equation . I feel sure that this view

of the matter is in strict accordance with the principles of mathematics.

WANTED.--.Dr. G. B. Halsted, Professor J. N. Lyle, Counsellor Dol

man , and all other apostles and post-graduate disciples of Lobats •hewskv, to

inform the numerous readers of the Monthly wherein consists the diftreure

between the Euclidian Geometry and the Non -Euclidian Geometry. What is

Ideal Sport Hyper-speler ? Pxendosphericul, as used by Professor Lyle in

the November MONTHLY. - READER.

NOTE . --Dr. Artemas Martin pointed out to me in a letter ( which I

misplaced at the time and only recently recovered ) that the expressions

ity ( 2100 ),n + 1 (2mn ), + n + i (2n), given in my article in the January'94

number of the Monthly, for the sides of a right triangle , can be reduced to

Maseres' expressions, pö - 9 °, 279, pº + gº , respectively, by substituting ( p - 1 )"

form and 29° for n . I wish to tbank Dr. Martin .

LE XARD E. Dicksox, M. A.

EDITORIALS.

This number of the MONTHLY wasmil. Forlllr Sth . It has been

cut short, but our readers may look for a good, full number in March.

MARCH Number will be mailed between the oth and with of the month .

If you do not get your copy soon after the 25th write to the publishers at once .

IF any of our subscribers have not received any one of the 14 numbers

of the MONTHLY already issued write the publishers, and if it is possible, the

missing copy will be sent.

AT THE last meeting of the American Mathematical Society, Dr. Mac

farlane read a paper on the Principles of Differentiation in Sporr -amilyxix,

which contains among other results , the true generalization for space of

Taylor's Theorem . Dr. Maefarlane says, there are many indications pointing

to this as the coming subject.

Our readers will be disappointed because of the absence of the portrait

of Professor Chauvenet. No pains were spared on our part in trying to obtain

a piate, but our efforts were futile. We may be able to secure a portrait be

fore the end of the year and if we dlo , will send each of our subscribers a copy,

so that it may be bound up with the year's volume.

ERRATA IN PROFESSOR DICKSON'S ARTICLE : p . 9 ) , l . 11 read < = or (1-1)

12 ; 1. 11 read --Am - xi p . 10 , Is . 34 and 36 for £ .11-, read F ; 1. 35 , for I , --

and til, read F : . 37, for 1, + 2 = 1 ) read not = 0.
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PAFNT TIJ LVOVITSCH TCHEBYCHEV.

BY DR . GEORGE BRICE ILALSTEI) .

0 "

F Russian mathematicians, second only to Lobachevsky should be

ranked Pafnutij Lvovitsch Tchebychev. Born in Russia in 18y1

and formerly professor at the University of St. Petersburg, he

reached deservedly the very highest scientitie honors, being privy comcillor,

the representative of applied mathematics in the Imperial Academy of St.

Petersburg, in 1860 made member of the famous Section I.--Geometrie , of the

French Souleme ilex Siemens, ind afterward Issocie Etranger, the highest

honor attainable by a foreigner.

His best known work is the justly celebrated emir Surlex Nobre

Premier's,
( Academie imperiale de Saint- Petersbourg, 1950 ), where he estabı

lished the existance of limits within which the sum of the log :irithms of the

primes iuferior to it given number must be comprised .
This memoir is given

in Liorillex Jouerwel, 15 2 , pp . 366-3990).

Sylvester afterward contracted Tchebycher's limits; but the original

paper remains highly remarkable, especially is it depends on very elementary

considerations. In this respect it is in striking contrast to the equally marvel

ons paper of the lamented Riemann, Ueber die Anzahl der Primeahlen unter

rimer gryolumen Girone feiner Untersuchung neber die Haeufigkeit der

Prinzahlen), presented to the Berlin Academic in 1859.

Tehebycher had in 1848 presented a paper with this very title to the

St. Petersburg Academie: Sur la totalite des nombres premiers inferieurs :

une limite donnee. (Given in Liouville's Journal, 1852 , pp. 311-365 .) Riemann

speaks of the interest long bestowed on this subject by Gauss and Dirichlet,
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but makes no mention of Tchebychev. However Sylvester speaks of " his

usual success in orercoming difficulties insuperable to the rest of the world ."

But though best known for his work in the most abstract part of

mathematics, in reality Tchebychev was of an eminently practical turn of

mind . Thus it was his work - Theorie des Mecanismes comunes sous le nom de

parallelogramme (Memoires des savants etrangers, Tom . VII.) which led him

to the elaborate dissertation Sur lex questions il Minimu qui se rattuchent a

la reprisontution approrimatire ilex fonctuonx, 91 quarto pages in Memoires de

l'Academie Imperiale des sciences de Saint Petersbourg, 1858 . While the

variable r remains in the vicinity of one same value we can represent with the

greatest possible approximation any function f ( x ), of given form , by the

principles of the differential calculus. But this is not the case if the variable

... is only required to remain within limits more or less extended . The essential

ly different methods den anded by this case , which is just the one met in

practice, are developed in this memoir. The same line of thought led to his

connection with a subject which has since found it place even in elementary

text books, namely rectilineal motion by linkage. He invented : bree -bar

linkage, which is called Tchebycher's parallel motion , and gives an extraordi

marily close approximation to exact rectilineal motion: so much so that in a

piece of apparatus exhibited by him in the London Loan Collection of Scien

titie Apparatus, a plane supported on a combination of two of his parallel

motion linkages seemed to have a strictly horizontal movement, though its

Variation wils double that of the tracer in the simple parallel motion.

Tobebyebev long occupied himself with attempting to solve the problem

of producing exact rectilineal motion by linkage, until he became convinced that

it wils impossible and even strove long to find a proof of that impossibility.

What must have been his astonishment then , when it freshman student of his

own class, namel Lipkin, showed him the long -songht conversion of circular

into straight motion .

Tchebychev brought Lipkin's name before the Russian government,

and secured for him a sustantial reward for his supposed original discovery:

And perhaps it was independent, but it had been found several year's

previously by a French lieutenant of engineers, Peancellier, and first published

by him in the form of a question in the Annalex de Mathematique in 1564.

When Tehebycher was on il visit to London, Sylvester inquired after the pro

gress of his proof of the impossibility of exact parallel motion, when the

Russian announced its double discovery and made a drawing of the cell and

mounting. This Sylvester happened to show to Manuel Garcia , inventor of the

laryngoscope, and the next day received from him a model constructed of pieces

of wood fastened with nails ils pivots, which, rough as it was, worked perfectly.

Sylvester exhibited this to the Philosophical Club of the Royal Society and in

the Athenaeum Club , where it delighted Sir Wm . Thomson, now Lori Kelvin ,

and led to the extraordinary lecture (). rerent Discorries in Merhumeral con

**ersion of Motion , delivered by Sylvester before the Royal Institution on

January 23, 1874. This in turn led to Kempe's remarkable developement of
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the subject, and to Hart's discovery of a five-bar linkage which does the same

work as Peaucellier's of seven . Henceforth Peancellier's Cell and Hart's Con

traparallelogram will take their place in our text-books of geometry, and

straight lines can be drawn without begging the question hy assuming first a

straight edge or ruler as does Euclid . Thus Kempe's charming book, low to

trair a straight line, is a direct outcome of Tchebycher's sketch for Sylvester,

to whom , in parting, he used the characteristic words: " Take to kinematics, it

will repay you ; it is more fecund than geometry; it adds a fourth dimension to

space. As might perhaps have been expected, the immortal Lobachevsky

found in his compatriot a devoted admirer. Not only was Tchebychev an active

member of the Committee of the Lobachevsky -fund , but he took the deepest

interest in all connected with the spread of the profound ideats typified in the

Non -Euclidean geometry.

Knowing this, Vasiliev in his last letter asked that a copy of my

translation of his Address on Lobachevsky he forwarded to the great man . His

active participation in scientific assemblies is also worthy of note ; for example

at the Congres de l'Association francaise pour l'avancement des sciences, a

Lyon' be read two interesting papers, Sur les ralerex limites iles integraler, and

Sur les quadratures, both afterwards published in Liourillex Journal.

LAGRANGE'S GENERALIZED EQUATIONS OF MOTION

By F. P. MATZ , M. Sc . , Ph. D. , Professor of Mathematics and Astronomy in New Windsor College ,

New Windsor, Maryland.

Lagrange's celebrated equations of motion, as given in his Mecunique

Inalytique, consist of a transformation from Cartesian to generalized co-ordi

nates, of the indeterminate equation of motion . In order to avoid the unneces

sary complication incident to the introduction of such indeterminate variations,

as or, dy , da, etc., in the derivation of these equations of motion, we must

have recourse to the Cartesian equations of the unconstrained motion of

particles.

Assume (2,541,38),....,( angYngin ) as the rectilineal-rectangular co-or

dinates of the material partieles mi,....,Mn; also , assume (-X , Y ,, Z ),....,

( X , Y ,Zn) as the force components of the particles. Make ( 1/ 1,61,4 , ) , .... ,

(4x24m. ) the generalized co -ordinates of the respective particles at any instant

of time; that is, let # 1,4 ,,,, be regarded as determinate functions of , 91921,

respectively , -- or vice ve This reciprocal determinateness is to be a

characteristic of all the material particles. The velocity.components in
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Cartesian co -ordinates are (dxsdt,dy , - dt,dz, dt) , etc.; while the corre

sponding generalized velocity -components are (dl, dt,do, dt, 24, dt), etc.

Similarly the acceleration - components in Cartesian co -ordinates are (dx, dt ,

d’yı dt ,021 / dt ), etc.; while the corresponding generalized acceleration

components are (dº4 , dt® ,da 0 , dt” ,dº 4 , dt" ), etc.

From well -known principles of the differential calculus,

!

dir
d.lt dll dir , do ,

+

d¢ , at

dir , da,
+

dilla 1

dy , dy, d'e ++dy, dd ,

dø , dt

ily , ah,
+

de dt
( 112 ) ,

dt ilili.it

dilli do ,da ,
+

do ,

1da ,

dy

dlldzi

+
. ( - 13 ).

dt dy 1

Since the kinetic energy of the particle m , represented by the Car

tesian co -ordinates ( 11,7 1,3r) becomes

ki = 1m , [ (ilir , rit)! + (dly , althº + (ila , it)" )....( ),

it is obvious (substituting the square of 1.1, ), of ( -1 , ), and of ( 113 ) , in (r )] that

the corresponding kinetic energy expressed in terms of generalized co -ordi

nates may be represented (according to the usual system of functional

notation ) by

1 , = ? [ww , C7*)*+ 16,61( + -... )

+264 . )+20,4 ) ,( ) ]

The condicionts in ( « 1 ' ) , inclusel by the smaller paureathxx, are homo

geneous functions of the co -odinates. These coefficients are determinable from

system - conditions. With respect to these coefficients, the necessary condition

is that they must give a finite and positive value of T ,, for whatever values

may be assigned to the variables.

If (0.25,04/19 021),....,(0.1964.903. ) represent the components of any

infinitely small motions possible without breaking the conditions of the

material system of which mig .... , ' n are the component particles; then the

vrork done by the forces whose components have already been specified,

upon the particle my, becomes II , = X , 07 ,+ 1,09, +2,037 .... (b ) .

In order to deduce the expression for IT, in terms of generalized co

ordinates, we have from the differential calculus:

dr
dai

soit
alle oil +

do



dy !SH,....
( B ),

dän , ....
(B3).

(
141 òo ,

till

alla
oli
t
o

1

dan

till

da,
ali

dar
doit

allt ,

Multiplying ( B , ) by I ',, " B , ) by ,, (B3) by 2 ,, and adding pro

duets, we have

-170x7 + 3 ; 84,+ Z, 0z ; = (-17,

IX + Yigit
de+ z

Dolls

ܐܐܐܙ
ܢܐܪܢ

I ,

H

= ' " ,oil , + $ , 046, +6,54 ,...( 7, ), in which the coefficients
of the indeterminate

Variations are the generalized
force -components

with respect to the particlem ,.

According to D'Alembert's
principle, the Cartesian Equations of motion in

the order of the particles specified , become

at ?

= lni ot

12.2.1

= 1 = 1101 31
2 = 1ll1

dt ?

L = 1107 1 =

,21 = 11n at
=
11771"

dler
1124

Multiplying these equations, respetively, by

dl.rr dyn län: and then adding the products, we have the

chili alil ; olili lile line

equations,

alle

il?!" alldir

CM

Y = m ,

d
y
t

+ + .
oilla 07:)

)....(01).

d?? / 12
dyr +

+m.Com
+

olin
dt

n

After performing similar operations, we have the equations:

) + ....dt do,

2.1dali
đ31 dz ,

+ +
doi

2r,
dan den

tmine +

:-) .... (risha

.

tó,

dan

+

don dt

dz,

+
and M = mn ,

ar
dy+

DA , dt dt ? ' de,

C
o
m

nen
tma +

77 ? vin dun

+

dt ? ' de,dan
aon atida ,

)..).... (s).

Taken in its utmost generality; that is , in case of isolat.. , and con
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servative Material-systems, (a) becomes k = 3 \m [(d.x x ilt )? + (ilyx olt)?

+ ( dla : 111) ' ] ....( , ) ; also , from ( a ' ), in case of analogous systems,

(d ህ
22

+1

[(-:-) * )*+(6,6 %) 4,0)

+261,056 +26,69 )+20,4767.7. ) ].....).

Supposing dir , dt to be a function of the Cartesian co-ordinates, and

also a function of the generalized velocity -components, we have from the

differential calculus:

diri dir ,

. ) --

a

· dt ditdt 1

irilir ,

dt L di

-

C / )] C / 1t,).

20 ]

1
d[ ( dir , dt) ?

of

a [ :

met der, 1 ilt ) ]
of ( « ).

For evrny term of ( ( , ), ( C2 ), and ( 3 ) the proper erpression can be

written by analogy, from the right-hand member of ( s ).

Transforming ( i ), ( 2 ), and (< 3į, by means of fri generally applied

and then using T for the kinetic energy of the system , we have

d

(277 )- = -.1117/5) = -.

and

$ (17 )

a

IH

- ( ).

which are Lagrange's equations of motion in terms of generalized co- ordinates.

With respect to any isolated and conservative materialsystem , the

generalization of (" , ) gives (.10.r + Yoy + 2 ) : ) = + +9H.... ( u ).

The potential energy of a conservative system is a funetion of the co

ordinates by which the different positions of the various parts of such a system

are specified. With reference to the configuration which an isolated and con

servative material-system has at any instant,the potential energy represents the

amount of work required to bring the system to that configuration against its

mutual forces during the passage of the system from any one chosen contigura

tion to the configuration referred to at the time. Hence if in aggregation of

moving particles constitutes an isolated and conservative material system whose

potential energy in the configuration specified by the Cartesian co -ordinates

y , z) is represented by 1 , we must have o l ' = - 2018r + Yoy .+ 202)....(-).



67

From ( l ) and ( c ), " Sil + $ + = ~ ól....(.* ).

UT

Y and (-) =
-

11H

(-1*/*** /

Therefore the Lagrangiau equations of motion may be written:

AT .

ut 1/4 d'at

and

al

at
(177 ) -
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NON -EUCLIDEAN GEOMETRY: HISTORICAL AND

EXPOSITORY.

BY GEORGE BRUCE HALSTED, A. M. , ( Princeton ) Ph. D. , (Johns Hopkins ) ; Member of the London

Mathematical Society; and Professor of Mathematics in the University of Texas, Austin , Texas.

{ ( ontinued i'roin the February Sunberl.

PPOPOSITION XIV . The hypothesis of ohtuse omgle ix inconsistent with

Euclid's assumption : Trro xtraight lmes com not enclosed <price.

Proof. From the hypthesis of obtuse angle, assumed as true, (and the

first 28 propositions of Eucliil ], we have now deduced the truth of Euclid's

Postulatum ; that two straights will meet each other in some point toward those

parts, toward which a certain straight, cutting them ., makes two internal angles,

of whatever kind, less than two right angles.

But this Postulatum holding good, on which Euclid supports himself

after the twenty -cighth proposition of his first book , it is manifest to all

Geometers, that the hypothesis of right angle alone is true, nor any place left

for the hypothesis of obtuse angle. Therefore the hypothesis of obtuse angle

is inconsistent with Euclid's assumption.
Quod erat demonstrandum .

Otherwise, and more immediately .

Since from the hypothesis of obtuso angle we have demonstrated

(P. IX . ) that two ( fig. 11. ) acnte angles

of the triangle APX, right- angled at P,

are greater than one right angle; it fol Fig.11.A

lows that an acute angle PAD may be

assumed such , that together with the

aforesaid two acute angles it makes up

two right angles. But then the straight
P

AD must (hy the preceding proposition,
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joined to the hypothesis of obtuse angle ) at length meet with this PL, or IT,

regard being had to the secant , or incident AP ; which is manifestly absurd

against Eu . I. 17 , if we regard the secant or incident AX .

PROPOSITION XV. By any triangle ABC, of which the three anglex

( fig. 13. ) are together equal to , or greater, or less thom two right angles, is estah

lished respectively the hypothesis of right angle, or obtuxe angle, or acute angle .

Proof. For anyhow two angles of this triangle, as

suppose 4 , and C , will be acute , because of Eu, I. 17 .

Fig. 13 . H

Wherefore
the perpendicular

, let fall from the apex of the B

remaining angle B upon this le , will cut this 16

( Eu. I. 17. ) in some intermediate point D.

If therefore three angles of this triangle 1BC' are

supposed equal to two right angles, it follows that all the A D с

abgles of the triangles ADB, ( DB will be together equal

to four right angles, because of the two additional right angles at the point D.

This holding good , now of neither of the said triangles, as suppose ADB, will

the three angles together be less, or greater than two right angles; for thus

viceversa the three angles together of the other triangle would be greater, or less

ihan two risht an : les . Wherefore ( l ' . IX . ) from one trianzle indeed would be

established the hypothesis of acute anelc, and from the other the hypothesis of

obtuse angle; which is contrary to P. VI . and P.VII.

Therefore the three any les together of cither of the aforesaid trian : les

will be equal to two right angles; and therefore (P. IX . ) is established the

hypothesis of right angle. Quod erit primo loco demonstrandam .

But if however the three an2 les of the proposed trianzle 1 BC are

taken greater than two right anzles; now of the two trianzles DB . ( 'DB all

the angles together will be greater than four rignt angles, because of the two

additional richt angles at the point D.

This holding good ; now of neither of the said triangles will the three ·

angles together be precisely equal to , or less than two right angles; for thus

viceversa the three angles of the other triangle would be together yreater than

two right angles. Wherefore ( P.IX.) from one triangle indeed would be

established the hypothesis either of right angle or of acute angle, and from the

other the hypothesis of ohtuise angle,which is contrary to P.V , P.V1,and P.VII.

Therefore the three angles together of either of the aforesaid triangles

will be greater than two right angles; and therefore (P.IX.) is established the

hypothesis of obtuse angle. Quod erat secundo loco demonstriwdum .

But tinally. If the three angles of the proposed triangle jbl are

taken less than two right angles, now of the two triangles 1DB, ( DB, all the

angles together will be less than four right angles, because of the two addition

al right angles at the point D.

This holding good; now of neither of the said triangles will the three

angles together be equal to , or greater than two right angles; for thus vice

versa of the other triangle the three angles together woull be less than two

right angles. Wherefore (P. IX . ) from one triangle indeed would be establish
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ed the hypothesis either of right angle or obtuse angle, and from the other the

hypothesis of acute angle ; which is contrary to P. V.P.VI, and P.VII.

Therefore the three angles together of either of the aforesaid triangles

will be less than two right angles; and therefore (P.IX. ) is established the

hypothesis of acute angle. Quod erat tertio loco demonstrandum .

Accordingly by any triangle ABC', of which the three angles are

aqual to, or greater, or less than two right angles, is established respectively

the hypothesis of right angle, or obtuse angle, or acute angle. Quod erat

propositum .

COROLLARY. Hence, any one side of any proposed triangle being

produced , as suppose 4 B to II, the external angle IBC will be (Eu. I. 13.)

either equal to, or less, or greater than the remaining internal and opposite

angles together at the points A and C, according as is true the hypothesis of

right angle, or obtuse angle , or acute angle . And inversely.

[ To he continued . )
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THE “ IRREDUCIBLE CASE."

By J. K. ELLWOOD, A. M. , Principal Colfax Sohool , Pittsburg, Pa.

PROBLEM . - To ertract the cube root of a tv - b .

Put Va+/- ) = m + n, and V a -1-6 = m - n .

Then a tv - b = m3 + 3m’n + 3mn ? + n " , and a- v- h = m ? — 3mºn

+ 3mn : -n3. Hence a=m3 + 3mn " , and 1 - h = 3mºn + n3.

Example i. Find the cube root of 9 + 257–2.

Here a = m3 + 3mn ? = J = 33 – 18. Hence 3mn = -18 , and n = v - 2 .

To verify these valnes of m and n substitute them in v - b = 3mºn

+ 1 = 25 , -2. Doing this we have 277-2 + ( -2, -2) = 251 -2.

3 + 1 -2 is the required root. When the substituted values of m

and , do not give the second term they are not correct, and other values must

be found by trial.

Example 2. Find the cube root of 2 1 11 + 307-3. Here a = .in3

+ 3mn ? = 2711
(v'11) 3--9 11.

Hence 3mn -- 9 11, and n = V - 3. Since these values of m and n substitu

ted in 3m *n + n3 give ✓-6 = 307–3, the root is v/ 11 +1 -3.

This method frequently enables us to simplify Cardan's formula for

cubies in what is called the " irreducible case" , said formula being

Vati'lg - p ) + 19-1 (9* -p3).
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1 . * 3- 22.1-21 = 0 . Here p = 9 , 9 = 12 .

Then x = 3 12+371--7 ) + $ 12-11-10).

Now , 1 = m * + 3mn : -12--23 + 20. 3mn : 20, n = .

-2+/- 1" are the roots . Then x = ( - 2 +1-11-2-7 – ) = - 4.

2 . 373 -- 8.7 % + 194—12 = 0 . Put r = yt .

Then y3 - 3y + 9 = 0 , where p= 1 , 9= -14 .

Then y = 1 + 11-13 ) +84-11-13)

= 1-1 + \V - 3 + N - 3

Here arm ? + 3mn" = - !! = ( ) – 14. Hence n = 1'- = 11

. : y = (1 + 1 -3 ) + ( - V - 3 ) = 3. Then - = $ + $ = .

3. ;23 - 12.1 ? + + 1.1-42=(). Put 2 = y + 4.

Then y3–77 = , where p= j , q= 3. Then y = » 3 + ° 77-3 + 33-1" , ' — 3.

Here 11 = 3 = (3 ) — 1 ) -3.

. : y = (3 + 1 -3) + (3
--- 3 ) = 3, and c = 3 + 1 = 7 .

* Vaynard in his key to Bonnycastle's Introduction, page 78 , says this can only be resolved by a table

of sines , or by infinite series. "

THEOREM 16 OF LOBATSCHEWSKY'S THEORY OF

PARALLELS .

By JOHN N. LYLE , Ph . D. , Professor of Natural Sciences , Westminster College , Fulton , Missouri

Slys Lobatschewsky in his Theorem 16 -_ " All straight lines which in a

pline go out from : point can, with reference to a given

straight line in the same plane, be divided into two
IKEIGH

classes into cutting and not- cutting . The houndary

IC

Times of the one and the other class of those lines will be

F

called parallel to the giren lime.

From the point 1 ( Fig . 1 ) let fall upon the DA
D

line B ( ' the perpendicul
ar

11), to which again draw

the per; endicular AE. In the right angle EAD either

will all all straight lines which go out from the point A

meet the line ) , as for example 1F, or someof them ,

like the perpendicul
ar

JE , will not meet the line De E Kк B

in the uncertainty whether the perpendicular 1 E is the

only line which does not neet De , we will assume it

may be possible tbat there are still other lines, for 10.1.



example 16 , which do not cut DC, how far soever they may be prolonged. In

passing over from the cutting lines, as 1F, to the not- cutting lines, ils 16 , we

innst come upon a line 111, parallel to DC , a boundary line, upon one side of

which all lines AG are such as do not meet the line De ' , while upon the other

side every straight line of cuts the line DC.

The angle IIAD between the parallel II lind the perpendicular All

is called the parallel angle (angle of purallelism ), which we will here design: te

hy II ( p ) for ID = p ."

Does Lobatschewsky class his boundary line 1 / I among the rutting or

the not-cutting lines ? Evidently among the cutting lines, for under Theorem 33 ,

referring to his equation S ' = xe , he says " We may here remark , that

s ' = ( for .- = 1 . , hence not only does the listance between tiro ) parallels de

crease ( Theorem 24 ) , but with the pralongation of the parallels towards the side

of the parallelism this at last wholly vanishes. "

Agreeably to this assumption of Lobatschewsky let y be the point in

space at which the decreasing distance between his parallel lines III an DC

wholly vanishes. According to Euclid's postulate the terminated line Dy

may be extended beyond the point y . If this is not permitted ,

Euclid's postulate 2 would be discredited in Lobatschewsky's

seometry . Assume that Euclid's postulates hold every

where in space. On the basis of that assumption we have the y

authority to locate any point is : beyond you Dy extended .

Then the point a is within the angle y.d E. From : draw at

straight line to the point A. This must be permitted , other

wise postulate 1 would be discredited in Lobatschewsky's

geometry. Since 2 is within the angle y 1f the straight line 1 :

D A D
must fall between dy and AE.

But since by Lobatschewsky's hypothesis no straight

line between Ally andi E can meet DC produced, the line 12

must fall between Ay and AD. That is, 12 must lie on both

sides of dy at the same time. Says W. K. Clifford , an en

thusiastic admirer of Lobatschewsky's Imaginary Geometry

E B

* but the way things come out of one onother is quite lovely . "

Fig. 2 .

E

SOME FALLACIES OF AN ANGLE TRISECTOR.

By LEONARD E. DICKSON , M. A. , Fellow in Mathematics, The University of Chicago.

Since 1860, Mr. L. S. Benson of New York City has labored to throw
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1

discredit upon vital parts of mathematics. He easily trisects any angle by

simple geometry and because the results following from his construction are

not in harmony with results derived from Trigonometry, he quietly . casts over

board as false all Trigonometry and with it the applied mathematics !

Ilis trisection , however , really offers an interesting fallacy especially

from a graphical standpoint. The gist of

the construction given in his circulars B

* Mathematics out of joint," etc., is as
MM

10 W Х

follows:

N
E

To trisect any apgle BSA be

tween 60 ° and 90 %, construct the right Kк

ungle LSA and a circle with any point C

А
on SA as center . Make arc I = 60

and draw CV | SI. Take IP = MO

and draw diameter El Draw chord

EDSB and diameter DF. Then are

VA is trisected by F'and E. Proof: arcs

JE SI, EI are equal, also FE = Y7),

also N7 = S = E.1. Draw chord

DVISE. Describe circle SKT' with radius = $ ( through points S and 1 .

Then are Sl = are SK , each being double the measure of Ź NUS ; similarly,

3 EST' makes KT= arc El ; ĽVIE makes Kl = arc VE

Since res SKIENDI and KI - EI = SD, then Sl = SR = DT. :

SE = ire E1D) and finally are Syrare YD . ii ares F = FENEI.

Since 33:11 II 1S0 = 3 tare + are Ell' ) = ure I.1 + 3 are EW

We find are Sl= > are Ell Thus any angle 90 is trisceted .

The step used by Mr. Benson which lacks proof is the fact that NT*

and SE intersect on the are drawn through Sand I'with radius = SC. It can be

shown by Trigonometry that this fact is true only for one particular angle 67 " :

But the error is so small that it is scarcely apparent in an ordinary sized figure,

even if rawn accurately. But with a larger figure and the favorable case of

:10 :ungle near 60) or 190 , the error is distinct. The deception is increused by

the fact that to a certain difference in the len : ths of the arcs VF and FE cor

responds much smaller distance between K , (the intersection of land are

ST ) und K , (the intersection of SE and are ST ). In another proof," Mr.

Benson attempts to prove that , ad , coincide ( in the point k of the figure)

but lands immediately in it rediculous argumento alculo

al'
arc

arc



ARITHMETIC .

Conducted by B.F.FINKEL , Kidder, Missouri . All Contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS .

35. Proposed by B. F. FINKEL , Professor of Mathematics in Kidder Instituts , Kidder , Missouri .

Between Sing- Singind Tarry-Town, I met my wortby friend , Jolin Brown.

And seven daughters, riding nags, and every one hund seven bilgs:

In every bag were thirty cats, and every cat har forty rats.

Besides a brood of nifty kittens. All but the nags were wearing mittens!

Mitters, kitteos--cats, rats - bags, nags- Brons,

How many were met between the towns ?

[From Hattoon's common trithmetics

II. Solution by T. W. PALMER, Professor of Mathematios, University, Alabama.

1 . S = No. of Browns met.

2. 8 = 8x1 = No. of nags.

3 . 112 = 16x 7 = No. of bags, (each bag and eac! Brown had 7 ) .

f . 3361) = 112x30 = No. of cats,

5 . 134100 = 3360 x 10 = No. of rats.

168000 = 3360 X 50 = No. of kittens.

16 = 8X2= No. of mittens worn by Browns.

13440 = 3360X4 = No. of mittens worn by cats .

9 . 5237600 = 13400 X4 = No . of mittens worn by rats .

672000 = 168000 x 4 = No. of mittens worn by kitteos.

T , WV. P.

1528944 = Browns + nags + hags-+ cats + rats + kittenstmittens.

Sote - fr. Horn in January Number has probably vivin correct solution , but the language of the

exarople will admit of the above interpretation .

Remark on Solution of Number 35 by COOPER D. SCHMITT , Knoxville, Tennessee.

Mr. Horn's addition is not correct to obtain line numbered i . I would sub

gest that as cats. rats and kittens have fou " legs each that four mittens be assigned

in each , this will make the answer to the problem . 764488. I can not see Mr. Mat.

toon's interpretation of the problem .

38. Proposed by J. A. CALDERHEAD
, B. Sc. , Superintendent

of Schools , Limaville, Obio .

What must be the thickness of it 36 -inch stell, in order that it may weigh i

ton ; supposing a 13-inch shell to weigh 200 pounds, when two inches Thick ?

III. Solution by P. S. BERG , Apple Creek, Okio.

1337
937 14687

solid contents of 13 - inch shell.
6 6 6

14687 146807

X 10 = solid contents of 36 - inch shell

6

146807
3637

6

319767T

6

volume of hollow within 36 -inch shell

ग3319767

6

= 31.736 , diameter of hollow within 36 - inch shell.
6
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( 36-31.736 ) + 2 = 2.132 in . thickness of shell.

This problem was solved with same result , by llon . Joriah II. Drummond, J. F. W. Scheffer , Frank Horn

J. K. Ellrood, and Cooper D. Schmitt .

39. Proposed by P. C. CULLEN, Superintendent of Schools, Brady, Nebraska .

A , B, and ( ' start from same point at same time. A north at rate of ihrer

miles per hour. B east at rate of four miles and C west at rate of tive miles per hour. B

ist end of two hours starts at such an angle is to intersect A. How long after starting

must start north -west in order tro meet A and B at common point ?

Solution by HON. JOSIAH H. DRUMMOND, LL. D. , Portland , Maine , and J. W. WATSON. Middle

Creek , Ohio

Let x be the time after B turns till he meets 1. The route of both

is a right angle triangle with base 8 ; perpendicular 3.r + 6 , and hypotenuse tir.

Ilence, 164 ° = (3.1 +62 +64, whence r = īļ or — 2 . But the — 2 value makes

them turn back and meet at point of starting. Let y = time before ( turns.

Then 7 + 2 - y = time after he turns. 3.1 + 0 = 199 = perpendicular, by = base,

and ( -y) = hypotenuse. Hence, 257 + (' 9 ' ) = 251 - y ) , whence

y = 219 hours.

fxcellent solutions of this problem were received from G. B. 11. Zerr. P. S. Berg.l. a Ellrood . Cooper

"), Schmill, and J. F. !! . Scheffer,

40. Proposed by F. P. MATZ, M. So. , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland .

Find the market price of m = 344 -stoch, in order that it may vield n =
n = 35 %

interest after deducting d = $ 50 from every S= $ 12 .

Solution by the PROPOSER.

According to the conditions of the problem , the deduction from the

the par ( $ 100) value of a share is 1000 S dollars, =$ 15 ; therefore, 100

( 1 - dxS) dollars are to yield $ i interest. In order to vield $ , interest,

17

the market -price must be P = 100 = $573 .

( )(1- dollars,

Cor. - Put m = 1 ; then P = $ !977'2, which is the correct result of this prob

lem its proposed in the December, '91, MONTHLY . - F . P. v .

41. Proposed by F. P. MATZ, M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor , Maryland.

III gains in $5 by selling a borse for $150 , what per cent. would I gain by

selling the horse for $ 120 ?

Solution by P. S. BERG, Apple Creek , Ohio, and the PROPOSER.

Since gaining $2 in $3 is gaining 10 % , the cost of the horse is $ 1074

Hence the rain required is 12 €.

PROBLEMS.

46. Proposed by T. W. PALMER, Professor of Mathematics, University of Alabama .

I borrows $.500.00 from a Building and Loan Association and agrees to pay



-.11-1,3-2,! 1

$9.50 per month
for 12 months

, the first
payment

to be made
at the end of the first

month
. What

rate of interest
does

A pay ? The Association

claims
to charge

only

per cent. (the legal rate in Alabama). How can 8 per cent. be tigured out on the

above ,

47. Proposed by F. P. MATZ , M. Sc . , Ph . D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland.

Mr. Merchant sells 20 % above cost, with weights and ineasures 12 % -short ,"

allows a discount of $j on every bill of $ 50 , and loses 5 % of his sales as “ bad debts."

Find his rate per cent of net profit, or net loss ; one cent in every dollar of sale proves

countertit, and collection -charges are 25 % .

ALGEBRA .

Conducted by J. M. COLAW, Morterey, Va . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS .

36. Proposed by J. A. CALDERHEAD, B. Sc. , Superintendent of Schools, Limaville , Ohio .

Resolve ( 1 ? + y ) (: ? .+ =" ) (y " + " ) into the sum of two squares.

I. Solution by Professor G. B. M. ZERR, A. M. , Principal of High School . Staunton, Virginia .

By Euler's theorem we bave

( x + y ^ (-4 ° + :* ) = (x^ +y ) * + ( ư : Trị) * = 1 * + B^ .

1.p ? +4 ' ) (. ? + : -) (y + z " ) = ( , 1 ° + B ) (y + z ) = ( Ay + B2)” + (.437 By) ,

= ( r ? #yzby (27y).r2 !! + (1 + 2 ) = ( Fyry !

the sum of two squares in four ways.

II . Solution by the PROPOSER

By determinants we have

(.rº + y ?) ( x3 + 2 ) (y2+2 ' ) =

+43-27 ° 2- yz" , - x * y – 222 - y2z + xyz

y + xz? + yº : - xyz, ryz - ryº – 1 : —yzº |

= (xyz- ry' —..— yz ) + ( -2y + 12 ° + 7 ° 5 ~ 242) ,

[Other forms can be similarly obtained.- EDITOR ).

Also solved by John Faught , 1. A. Gruber, J. Scheffer , an ? C , D. Schmitt.

37. Proposed by H.M. CASH. Gibson , Ohio

The area of the segment of a circle=c, and radius = ”. Find height of

Segment.
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Solution by J. F. W. SCHEFFER , A. M , Hagerstown. Maryland.

Denoting the are by 24, and the height by hi, we have for the area of

the segment pH- rºsincosH = ;?H- \rºsin28.

20

. : 24 - sin2H =
which transcendental eqnation is to be solved to

tind , then h is found by the relation , h = 2rsin } A.

We might express the area also by 7 and la directly, and we would

-kthen have the transcendental equation cos

- ( i -hi ) Erh - " ) =

( ) ,

which, however, is too inconvenient for solution.

Also solved by A. II. Bell , J. A. Cal terheat, and C. D. Schmitt .

38. Proposed by P. M. SHIELDS, Coopwood. Mississippi.

A man sold 2 horses and a mule for $ 286.90 . On the first horse he gained as

much per cent.as the horse cost dollars, and gained its much per cent. on the second

horse as the first, and he looses $ 9.10 on the mule . His net gain Wis * 86.90. What

was the cost and selling price of each ?

Solution by T. W. PALMER, M. A. , Professor of Mathematics, University of Alabama.

Let x = cost of 1st horse, y = cost of 2nd horse , and == cost of mule.

Then x + y + z = $ 286.90-896.90 = $ 200 ....(1 ).

2?
5.ry

+ = $ 86.90 + $ 9.10 = $96 .... ( 2).
100 800

8 (9600-7 )
8.2 + 5.ry = 76500, or y =

(3) .

3.7 ° + 1000r - 76500
And substituting this in ( 1 ) , we obtain :=

5.7

From these two indeterminate equations, we find 197 and ir - 6.3, and

: > 9.10 . An indefinite number of solutions is possible. But in (3 ), r = 0 satis

fies all the conditions. When r =
: 80 , y = 64, and = 56 .

..
5.ry

Also 14 = 14 , yt
96 , and =-9.111 = 41.90 .

100 800

in = 880

y=$64 = cost;

z = $56

$ 144

100

5.ry

800

-9.10 = $ 46.590)

= selling price

+

1140 solved hyld, Calderhead , ./ . Scheper. C. 1. schmitt, and 6. 11. 1. Zerr .

A solution of number 35 was received from Prof. Cooper 1 ) . Schmitt, after last

issue of MONTALY had gone to press.
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PROBLEMS.

48. Proposed by SETH PRATT, C. E. , Assyria, Michigan.

What is the interest of $ 500 for 10 years at 10 % per annum , when the inter

cals of compounding are infinitely small ?

49. Proposed by P.S. BERG, Apple Creek, Ohio.

A min having lent $6000 at 6 % interest . payable quarterly, wishes to receive

his interest in equal proportions monthly, and in advance ; how much ought he to re

ceile each month ?

GEOMETRY.

Conducted by B.F.FINKEL, Kidder , Missouri . All Contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

36. Proposed by 0. W. ANTHONY , Mexico , Missouri .

From two points, one on each of the opposite sides of a parallelogram , lines

af drawn to the opposite l'ertices. Through the points of intersection of these lines
it line is drawn.

Prove that it divides the parallelogram into two equal parts.

II. Solution by LEONARD E. DICKSON, M. A. , Fellow in Mathematics, University of Chicago.

The line in question IK ' will cut the parallelogram into two equal parts

if it is proved to pass through () , the

intersection of the diagonals. The lat A E B

ter theorem is true for any quadrilateral

(Pappus Mathematicale Collectioner,

VII , p . 139 ).

If it bexagon AB'CA'B '

has its summits of even order upon one

straight line and those of odd order

upon another, the three pairs of op
C F D

:

posite sides (AB ' and A'B, BC ' ' and

BCCI' and ( 2 ) intersect in three Fig. 1 .

points on a straight line. See Cremona for proof. But even this is only

Pascal's theorem for a hexagon inscribed in a conic, when the latter degener

ittes to a pair of straight lines .

Analytical proof for parallelogram :

0



Take as axes lines 1 to 1 B and BD through ( ). LetiB = ), B ] = .

Call / (.« ,y ') and K '(ir ,, 41 ) . Equation to it is (ox + b )(y ' - 1) = (1-11)(.r' + h ).

Equation to DE'is (.e + b ) (y ' + a ) = (y + a ) (. ' + b ). Hence the co -ordinates of Fare

20.1' + hy ' -' by + ab 2ar'

“).リー / u + y'

Hence , equation to BF is al. — b ) ( y ' - « ) = ( y - a ) (e.r? + by ' ) : equation

to ED is al.r —b )( 41 ' + a ) = (y + a )(ax.' -by ' ) .

... the co -ordinates of kare ... ,
11./ ' (.r ' + b )

"1" y '(.4 ' + b)

( 1 ?. ' thy' 11 ?,'+ by's

: -- ); of E; (20x'–hyj+al

./ 1

or Ik passes through the origin ( ) .

III . Solution by J. K. ELLWOOD , A. M. , Principal Colfax School . Pittsburg, Pennsylvania .

Let Eand F be the points taken in opposite sides of the parallelogram

IBCI), all the line rawn through

the points of intersection.
A E B

FIRST. --- The intersection , ( ), G

of the diagonals of JBCD is in the

line lill.

R

The A's ( IF and 11E are

H

similar, ils are FRD and EKB, and

с F D

Band ( 01). Hence

B0 : 00 :: 1B : (' D ; or Box ( ' li = 10XB.... ( 1 ).

FK : BK :: FD : EB; or FKX EB= BkxFp) .... ( 2 ) .

( ' 7 : EI:: F1: 17; by composition ,

(' l : ( E :: FI: .1F ; or ( 'IxAF = ( 'Ex Fl.... ).

The sides produced of the A's ( IF , IE , CIR are out by the lines

pr . rob, and OA , respectively .

( Px FDX11= ( DxF'xIP * .... ( +) .

TRX Bx (' E = ARXEBX ( '1 .... ( 5 ) .

( '0x IPx1R = ( PxAlx OR .... ( 6 ).

Multiplying equations (1),(2 ),(3 ),(4 ),(5 ),(6 ) together, we have

Box FK'X IN =BKX FIX OR .... ( ).

(By appended proof ** ) ( ) is in the line ( ikl .

SECOND). - In the similar o's 106 and 110 ), = ( 1) .

1 / 1 = 10 . G( ' =I1B, and 1 ( + IIB = 1 / + ( G .

Area trapezoid AGIIB = (46 + IIB ) xalt.

Arca trapezoid G ( DII = } (DII + ( 'G ') xalt.

Then , since 16 + Il B = DHI + C6 , these areas are equal, and the line

lill divides 1BCD into two equal parts.
PE 1).
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EXPLANATORY PROOF. Let ( Fl (septiy. 1. ) be any A , and produce

the sides to 1), 1 ", I in any stwight lines is DA.

Through ( draw CQ pitrallel to Filand

Q :

meeting P.4 , produced , in Q. The as DAF and

DQl'are similar, ils are API and QPC.

Hence F1 : 1F :: ( D : CQ, and

LII : 11 ::( Q:(' 1 . с

FDX.11: 1 f'x IP :: ( D : ( P .

FDX A7x CP = 17x IPx CD .

This is equation ( +)a bove; ( 5 ) and ( 6 ) may be similarly obtained .

It may be shown in a similar manner that, if a straight line cuts

two sides and the third side prolucel of a A , the product of any

three of the non-reljacent segments (of the sides) is equal to the product of

the other three segments. The produced side is one segment, the prolong

ment another.

CONVERSELY.

If three points divide the two sides and determine the

prolonument of the third side produced so that the product of any three non -adjacent

ements shall be equal to the product of the other three, then are these points in

the same straight line.Equation ( 7 ) is derived from the A BER . The points K, O are in the sides.

od l is in RF producid. Since in equation ( 7 ) the product of threr non-arjacent.

Sements is oquial to the productof the otherthree, the three points 1, 0, kire in

The straight line GH .

· IV . Solution by Professor G. B. M. ZERR, A. M. , Principal of High School . Staunton , Virginia .

Let E F bethe points. I, Kthe intersection of ED, FB and EC ,

FA, the intersection of the diagonals

Let CD = AB = 0 ,

10 = ME = BD = 1, CI = r, CF= i,
E

h = the perpendicular from don BD.

Then CL = fu , Lo = 3 ),

1

equation to CE + = 1,

equation to .IF . y =

(11.1)

eqnation

см
LF D

21. - 11 )

DE
11 :

equation to BF.

bil

co-ordina
tes of 1, (

1 - de blired )
co - ordinates of K.

211 - c -a2,,--

(zei - ac - ad )y- (bd — be) x = bd (0-1 ), the equation to 10 .

hland )

This iine cuts if : tthe point(20 -rd 2d

10 passes through K, and 1 ( ) and (II are the same line.

In the triangle ( 0.1 and INT. .17) = OD,LOG = _DOH,

BC ,

G

K
O
V

R

УН x

(1-0

to DE.y =

)

- )
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L0AG = LODII. .ilil = DII. Similarly ( 11 = BH .

.16+ BIT - 10 + DII.

1h ( 16+BII ) = 1 ( C'G ' + DII ).

Area AGIMD = area ( GID.

Good solutions of this.problem were ric :ited from Professor® Fm , Symmonix and comper ) Schmiti.

This problem has proved to be a very interesting one and for that reason wr.

have given it extra space. The proposition to which Prof. Ellwood has vivrsit proof

explanatory to the proposition under consideration is known as the proposition of

Meneluus. See Halsted's Elementary Synthetic Geometry, p . 117 . Edilir.

PROBLEMS.

12. Proposed by G. I. HOPKINS , Instructor in Mathematics and Physics in High School,

Manchester, New Hampshire.

If the bisectors of two angles of a triangle are equal the triangle is isosceles.

[ The erm bisector in this theorem incans the line which divides an angle into two equal parts and

terminates in the opposite sile .!

43. Proposed by J. F. W. SCHEFFER, Hagerstown, Maryland.

The consecutive sides of a quadrilateral are « , 0 , 0 , 07. Supposing its diagonala

to be equal, find them and also the area of the quadrilaterai.

CALCULUS.

Conducted by J. M. COLAW, Monterey , Va . All contributions to this department shuuld be sent to him .

SOLUTIONS OF PROBLEMS

27. Proposed by Professor G. B. M. ZERR, A. M. , Principal of High School . Staunton , Virginia.

runs around the circunference of il circular field with velocity in teet: 1

tarts from the centre with velocityam feet to citcu A. The straight line joining

their positionis always passes through the centre . find the equation toilie ('urvelle

scribed by B , the distance he runs and the time ocopied.

1. Solution by A. H. HOLMES, Brunswick , Maine, H. W. DRAUGHON . Olio . Mississippi , and the

PROPOSER .

Let I be the point of starting of the pursued . P , B, the position of

the pursuer and pursued at any time.

Let 0.1 = 1 , OP = r. ZBOA = # , = u , are OP '= x.

n



$ 1

Then us = H .... ( 1 ).
is the intrinsicquation to the

fille .

From ( 1 ) pop +
6MA 11

7. ? +
C )* = , and H =

C--)

H = sin
1

( 2 ).

B

sinA = sind, is the polar equation

А
and m (..? + y ” ) = y , is the rectangular eqnation .

The value of H from : ( ) in ( 1 ) gives

X = sin
( 1

the length for any value of r .
When r = 11 ,

sin - 1,1 =
sin - 1 = diste run .

14

t = time sin - 1

Also soived by Professors () . W '. Anthony, J. Schifer. a :21 Willian Sym mln.

28. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor , Maryland .

How far from the stage must Miss Love sit in order that she may see to bes!

cadrantage Mr. Rich deliver the valedictory oration ?

Solution by 0. W. ANTHONY , Missouri Military Academy , Mexico. Missouri, and the PROPOSER.

Let E represent the position of Miss Love's eves: DB the stage from

which Mr. Rich orates; AB, = 111 feet, the height

of the stage above Miss Love's eyes; B (', = 11

feet, the height of Mr. Rich ; and 1E, = r feet,

the required distance In order that Miss Love

DB

TUY Av Mr. Rich to bext adrvontage, the angle

BE ( 'must be in maximum , that is ,

l = tan -

А E E

-tan = a Maximum .

(" +") C )

al mitin

= ( ) .... ( 1 ) .

d . 2 + ma ? + (on + n )

Whencer = 1 [00(m + n )] feet, which is the required distance .

29. Proposed by CHARLES E. MYERS, Canton , Ohio

A hen running at the rate of n = 2 feet per second , on the circumference of it

circle, radius r = 50 feet, is observed by a hawki " == 600 feet directly above the center ,



R2

The hawk at once starts in pursuit, flying at the rate of m = j feet per second and

keeping always in a straight line with the starting point and the hen .

Determine the path followed and the distance the hawk will fly before

catching the hen .

Solution by G. B. M. ZERR, A M. , Principal of High School, Staunton, Virginia .

Let the origin be at the vertex of the cone around which the path of

the hawk winds. r = length of the hawk's path, x = the length of the projection

of this path on the plane ( x, y ), p = radius vector of this projection,

" =" . = . Then xº + * = * 3* is the equation of the cono, also no = r9

where is the angle subtended by the hen's path at the centre of the circle.

doz' dA=d.r: + dy + dz ' =

Vd.r* + dy* + dz* = Vilx + 1lz'

- *»*+ 6 6 r***) + *)"}$ 18, but p* =x* +/*= *=*. . : p = ;

( ) + 0 ) *

do

IH
0 +

JA

To

Vic +1 1
A = 12? +1

sin

Mt102 ro

sin ( ); =

sin

17.: +0?

ro

sin

A

1500 vin .

1 ' 145
27

[ pi ta'

A78

sin

17 +

( OsH = 125 sin cos.

✓145

" = 1) sin sin sid = 125 sin sinh

i port01 114.

These values of . y determine the hawk's path.

[ !

I jos

sin (9 )

mit
sin

(6 )M

= RV 145 sin
= 1; 199.406 feet approximately, the distance

se hawk flis1fore catching the len .

Sais din . Dilnormalno-rhy Prof - ** 71.FW, Scheffer ,
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PROBLEMS

38. Proposed by L. B. FILLMAN , St. Petersburg, Pennsylvania.

The diameter of the circular base of a dome is 10 = 1 feet, which is also the

distance from any point on the circumference of the bilse to any point on the opposite

side of the dome from base to apex. Find volume of dome. (See Pron). 21. --EDITOR . ]

39. Proposed by J. C. GREGG, Brazil, Indiana .

Show that the curve

id = 9a sint-ta sin H

y = -3a cosA + 4a cos • H

is symmetrical to the axes, and has double points and cusp flod the lengths of the

arcs , ( u ) between the double points, (b) between a double point and a cusp. ( C ) and the

are connecting two cusps and not passing through a double point. Rice in Johnson's

Inley . Cal. (abridged ), p . 176. ] '

MECHANICS.

Conducted by B.F.FINKEL, Kidder, Missouri . All Contributions to this department should be sent to him ,

SOLUTIONS OF PROBLEMS.

15. Proposed by F. P. MATZ, M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

Show that the eastward deviation of bodies falling from a great height is

Ant ( II - ) coso

Ea =
37

II . Solution by Professor G.B. M. ZERR, A. M. , Principal of High School Staunton, Virginia .

Let OZ be the axis of 2 , 0X, the axis ... OY , the itxis of y .

Let d = the latitude of 0.

B = an ular velocity of the earth around DO ,

A =excess of descent in vacuo over that of air,

T = time in seconds of siderial day ,

II = height of body above the earth .

Also let OX be tangent to the meridian and OY perpendicular to it , and

their positive directions respectively south and west. The velocity of the body

castward at the moment it is dropped from 2 , = B Il cosd. Now if gravity did

not alter its direction , owing to the rotation of the carth , the body would

describe a parabola and the easterly deviation would be (Bllcosøt, where

t = time of falling. But the rotation ß about OD is equivalent to B sing about



s
t

02, and ß eosd about 0.8. The former does not alter the position of 00,while

the latter turns OC in a time t through an angle B cosøt . Hence the body is

actod upon hy a westerly component, due to the change of direction of gravity ,

=g sin ( B cosøt) = B cosøt, since Bt is small. Now let y be the distance the

body is in space from the plane X2 at the moment the body begins to fall, and

then the equation of motion of the body in space is die= q ß * cost . Integra

dy --BlI cosd , we getting this , and remenubering that, as explained above,
dt

! = -BH + cosh + up t3 coso. .. Ea = ßt cosø(H- gt ? ) . But gt = H + A

Hud the centrifugal force at the equator pºp =
D

T ?

N

А

where p = radius of the earth.

274719

T' ? and B= . Substituting we get

2π osd

Ej = { 11 - } ( 17+ A ) :
T

2at coso

( H- } A )
T

BВ.2nt cos

37
(211 - A )

4nt(H - A ) coso

3T

(NOTE.--No solution has yet been received to problem 17. EDITOR. ]

PROBLEMS .

24. Proposed by Professor J. F. W. SCHEFFER, A. M. , Hagerstown, Maryland.

A sphere whose center of gravity does not coincide with its geometrical

center is placed on a rough inclined plane . State under what circumstances the

sphere will slide without rolling, roll without sliding, and neither roll nor slide .

25. Proposed by Professor GEORGE LILLEY, LL.D. , Ex -President of Washington State Agri

cultural College and School of Science , Portland, Oregon.

It is known tbat if the velocity of a certain freight train is 30 miles an hour

it can be brought to a stand still in a distance of 500 feet by setting the brakes. It

was stopped in 1200 feet by setting the brakes. Find its velocity, the forces exerted

by the brakes being the same in each case.

31
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Conducted by J. M. COLAW, Monterey, Va . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS .

18. Proposed by Professor G. B. M. ZERR, A M. , Principal of High School , Staunton, Virginia .

Decompose into the sum of two squares the number 173.735.

1. Solution by the PROPOSER .

in * + b ) (a + b ) = (1 + 1 ' ) ' + (abrab) = 1 ° + Bº .

( q ° +12 )3 = ( 21 ° + B ?) (aº +52 ) = ( AałBb )? + ( 155 B1 ) .

.. ( a ” + 1,2) 3= ala ? – 312) } ? + { $ ( 39 ” —22) ??,

{ a (1 ? + 6 ) : ? + ! bler ? + ; ) ; .

Similarly ( 4.2 + dº) } = { c (04 – 10c? dl? + 5d " ) } ? + { 01564--10 : 19.+ ( * )

( +12) | + dle ? + d ) ,

= ( + d ) (30-6 ) ? + d (e ? + ? ) ( - 1 ) } ..

Let i = t , b= 1 , c= 8, d = 3

... 173 =522 + +7 = 689 +17 .

7:35 = 10072 ? + 44103? = 126322+159872 = 21608 % +10077 ,

. : 173.735 = 30925799 + 788035 = 23579002 +2150653

= 362372 +3170755 ? = 18118602 + 26271972

= 31906292 + 69955º = 28181802 +14397472

30995802 + 5600032= 10684292 + 3007235

- 28350282 + 14654752 = 1172380 % + 29682532

= 2782340 % + 15651972 = 1835572 " +2612685 ?.

the sum of two squares in twelve ways.

II . Solution by H. W. DRAUGHON, Olio , Mississippi . and 0 W. ANTHONY . Missouri Military

Academy, Mexico, Missouri.

Since 173 x 739 = 172 x 734 x 17 x 73 = 179 x 734 x 1241 .

And 12 + 1 = 33 . +49 = 299 + 20 % . Therefore,

17 " x 735 = (17 x 739 x 35 ) 2 + ( 17 * 732 x + ) ? = ( 17x73 " x 29 ) . + ili x 739 x 20 ) .

III . Solution by COOPER D. SCHMITT, A M , Professor of Mathematics , University of Tennessee ,

Knoxville , Tennessee .

Solution by determenants,

It -1 18

0

117 01
-31

15329

17 = 73 =
17 " =

733+

3
017

5329

ta

It 1 68 171

173
= 17

17

Х

0 171 -17
681

68 171

Х173 x 73 =

1933401

- : 40 493

344-51 204 + 1361

- 136 - 204 -51 + 344

-17 63! 3
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|

Then 173 x 735
493 3401

53329 0

= (193 +340 ) (3329 )

-340 1931 5329

= (73)2 (493)- +173 )2 (340 ) " , which is one set of uswers .

Also solved by R. J. Adcock , and 1. 1. Gruber .

19. Proposed by ARTEMAS MARTIN , LL . D. , U. S. Coast and Geodetic Survey Ofice, Washing

ton , D.C

Find three positive integer pumbers whose sum is a cube, and also , the -11111

of any two diminished by the third a cube .

1. Solution by M. A. GRUBER, A. M.. War Department. Washington. D. C.

Letr, y , and s = the three positive intogers.

Then x + y + ? = 23

x + y ~ : = ),

x + 3 - y = (

+ - =

Whence .r + y + : = 1,3 + kos tom = 113:

13 to 1 + 73 3 til

2

1

This is a problem in which the sum of three cubes = ;l cube. Take

:33 +43 +353 = 63. But is the numbers are to be integers, we multiply by ?

63 +93

and obtain 63+93 + 103 = 123. = :364; = 103 + 1109) = 1015; :ind

1

= ? ( 9 ? + 103) = 756. The number of answers is intinite.

II . Solution by R J. ADCOCK, Larchland , Warren County , Illinois .

1

Let ,,, be the three numbers; then .r + y + : = 1" . .* + - = / .

+ : - y = y = + y - / = x ", by conditions

3 + 73

Therefore .r + y + 1 = 1 ? = ) ? + , * + x
= ! 1 + x )

3 = ! 1, + . ). The most general equation yet obtained by me for the sum of

three cubes = al ( ube, is found from ,

ftoli+ ilyj )...]" + [11,.3 + hyis); ] + {(..p ? - hy ) ] = 111.83 +9 )., 1*. by capamil.

ing, quating coefficients of similar terms with report to and climinating

it, 17 , and I , giving the identical equation ,

[9% * ) , y + ( - br + r ) y + xy -- 11:: - , + ) y !!

+ (951,04 — % ();=' _ borto:? )(0.17 ]" --1914,3 + isab(); -- or tro ).. ] ”.

By numbers for the letters in the above . Some of the resulting
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equations are 33 + +3 + 5 = 63 , 13 +63 + 83 = 93 , 33 + 103 + 18 = 193 ,

73 + 1 + 3 + 17 % = 203, +3 + 17 % +293 = 253 , 113 + 153 +273 = 293

113 +153

Then the three positive integer numbers are < =

113 +273

22

153 + 273
Also , 2 may be found from any equation, including the

2

algebraicsum , for the sum of three cubes = a cube, by first multiplying each

cube by 2 .

Also solied ty: 0) . Il '. Anthony, 11, W. Draughon , C. D. Schmitt, and G. B. 1. Zerr .

PROBLEMS.

27. Proposed by J. W. NICHOLSON , LL . D. , President and Professor of Mathematics, Louisiana

State University and A. and M. College , Baton Rouge, Louisiana.

Required a formula for finding tive integers the sum of whose cubes is a

I'llhe.

28. Proposed by DAVID E. SMITH , Ph. D. , Professor of Mathematics, Michigan State Normal

School, Ypsilanti, Michigan

Decomprise the product 97.673.257 into the sum of two fourth powers.

AVERAGE AND PROBABILITY .

Conducted by B.F.FINKEL, Kidder, Missouri. All Contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

13. Proposed by I. L. BEVERAGE, Monterey, Virginia .

Find the mean values of the roots of the quadratic 2. – 11.8th = (), the roots

being known to be real, but i beiny 110 known and positive .

Solution by P. S. BERG . Apple Creek, Ohio , and John Dolman , Jr. , Counselior- at-law ,

Pailadelphia , Penn , and J.MCLAW , A. M., Prinsipal of High Sch » . Məntəray , Virginia.

Solving the given equation , . = jati (ja - h ).

Therefore, if l be positive and real, h, cannot exceed $1 . If B be

the smaller of the two roots, its mean value, therefore, is



4

(1 + 2+)$ "Bab= S ." (Ju + v (ja• —b)db==+ [tab ]} " + Lex (a? — + 5)*]}a
q ?

1

63 3

The mean value of the larger root is , therefore, & a .

Also solved in a similar inanner by Professors Matz , Zerr , and Draughon .

14. Proposed by CHARLES E. MYERS, Canton, Ohio.

f of all the melons in a patch are not ripe, and í of all the melons in the

same patch are rotten , the remainder being good . If a man enters the patch on a

dark night and takes a melon at random , what is the probability that he will get a

good ne ?

Solution by H. W. DRAUGHON , Olio , Mississippi, and G. B. M. ZERR, A. M. , Principal of

High School . Staunton , Virginia.

Let 12n = the whole number of melons in the patch . Then In are not

ripe and Zn are rotten . The 3n rotten melons may be included in the 4n not

ripe melons in which case there would be 8n good melons, or the 3n rotten may

not be included in the 4n not ripe melons in which case there would be 120

- (3 , + tn ) = 5n good melons.

there cannot be less than in nor more than en good melons....

5n + 8n

the chance of a good one =
( mus") }

13

The chance of a not ripe one =

1 +421

12n

The chance of a rotten one
}

( +3 ) .

The chance of a not ripe and rotten one= 1( )=

.. ++ + = 1 as it should be.

Solutions o this problem were received from P. S. Berg. F. P. Malz, I. v . ( 'olar,

15. Proposed by F. P. MATZ , M. Sc . , Ph . D .. Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland .

Todhunter proposes : “ From a point in the circumference of a cirenlar field

iz porojectile is thrown it random with a given relocity, which is such that the

diameter of the field is equal to the greatest range of the projectile : prove the chance

of its falling within the field , is ( ' = -1-27-10, 2-1), = .236+ . " Is this result

perfertly correct as to fact ?

First Solution by the PROPOSER.

Let P be the point from which the projectile is thrown , IP = 21, and

LIPB = A . Now , if ø = the angle of elevation at which the projectile is

thrown , and ( ' = the chance for any given value of Hi then , evidently, the

required chance becomes
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B
B

C

= R .

M

NH :
( 1 ) .

A

Since the range is

PB = 2a sin20= 2a coso,

sing = (1 11 + cosa) + ( 1 --cos ) ] , =R ;,

and sino = [ (1 + cosH) -1 (1 - cos ) ],

D

For all values of sind less than

R, and yreater than R ,, the projectile

will fall into the field . The whole number

of different directions of projection is

E

proportional to the surfaces of the E

hemisphere center of which is P and Α '

radius !PB = COSH; and this surface is

S , = 20cos? A .... (2 ).

The whole number of different directions of projection producing a

l'ango greater than PB is proportional to the surface S, of the zone included

between two horizontal planes at the distances R , a cosa and Rya cosa from the

center of the base of the hemisphere; and this surface is

S , = cost , (1 - cosH )X 2na cost = 21a 'cos * A ,/ (1– cost)....(3 ) .

That is, the whole number of different directions of projection giving

a range less than PB is proportional to S , - Sz ; and, therefore, we have the

chance for any given value of 4

S.-S.,
s

= 1-1 (1 - cos ) = 1- > (2 ) sinta ....(4 ).

S S ,

1

CSP Si-, (2) win!Mn= --( * = )

= 2-1-27--1 (12-1), = 236+ , which is Todhunter's result.

Second Solution.

Obvionsly the number of favorable chances is represented by the area

of the circle ABDPD' B ' A - 0 , and the total number of chances is represented

by the area of the circle ACEA' E'C '.- P. Therefore, the required chance

is (' = 1, .23 .

For

Third Solution .

any range PM the number of firrorable chances is represented by

the area A ' of the double segment DMD'P, and the total number of chances is

represented by the area of the circle DM'D'M - P. Let L PAD ' = w ; then

POD ' = 20 , MPD' = (90 - w ), Py = PD ' = 2a sing ), and A ' = 2( Sector

JPD ' + Sector Pop'- Triangle OD'P ) = 24 ° [ 7 sinºa

- (w + sinacos @ - 267cos ? (0 ) ] . Hence the required chance becomes

2

+t7asine

.29 ; + .



Fourth Solution .

From A draw at random the chord E. put 141E ' - Y ; then

11) ' = 2 cos Y = 12, ind AE ' = + 1 cos Y = 1 ;. For any value of ¥ the number

of furoruble chances is represented by the vertoral surface PAD) ', in the total

number of chances by the sectoral surface 1'17 ''. The chance in considera

tion , therefore, becomes

-2

SProfDr R25

Fifth Solution.

Put LPAD ' = ( ), then IPD ' = ( $ 17- « ). Therefore, for any range

PD ' the projectiles falling on the circular : r D'ure within the field .

( 'onsequently the required chance becomes

( = + (57–6) sinwilo ++ 71 xin @ udio = , 182.

1

2 77

Sixth Solution .

( = 2

0

The number of furoralle chances is proportional to ? UPD) '

= 2(11 – ) , and the total number of chances is proportional to 2 ( 7 ) . Hence

the required chance becomes

247-14:27Siy
Y = , = .25.
=

Note - Since the projectiles are thrown at random , they should fall at

random ; and , therefore, the required chance sbould be ( = ;, = 25. To interpret

this result is apparently easy enough ; but to interpret Todhunter's result, or the

results (' = .297 + and ( = .182, is not so easy. In fact, the interpretation of

these three results becomes all the more remarkable when we note that their

average value Ca = 239+ , which : verre value differs but slightly from Tod

hunter's result.

This probleni was also solved by G. P. M. Zerr. J. M. Colaw , and John Dola

man , Jr .. their result agreeing with that given by Todhunter and the first solution

of Professor Matz. Professor Zerr sils this result is perfectly true is to mathematical

fact . We published all of Professor Matz's solutions for comparison . --Editor .

18. Proposed by B. F. FINKEL, A. M. , Professor of Mathematics in Kidder Institute . Kidder ,

Missouri.

1What is the average volume common to a cube and a rertangular silid one

inch square , the axis of rectangular solid being equal to anal coinciding with the

diagonal of the cube ?

Solution by Professor G. B. M. ZERR , A. M. Principai of High School . Staunton , Virginia .

Let B (' d be a section of the rectangular solid , EFG a section of



1

9 )
1

(E

А. S2

B

K

the cuve both projected upon the

same plane, perpendicular to the

diagonal of the cube. The tri

angle varies in size from abc, the

inscribed triangle of the inscribed

circle of the square, to def the

circumscribed triangle of the

circum -circle of the
square.

Before the triangle is equal in

area to abc, all the cube is com

mon to both , after the triangle is

greater in area than def, all the

rectangular solid is common to

both.

Let i = edge of cube, c=

side of square ABCD . Also sup

n

H

X
in

f
F

C

1

poser' ; for if > the section of the cube will be both a triangle

1 : 3 3

and a hexagon.

Let x = side of triangle , p = perpendicular from corner of cube to

triungle EFG . Then p =

3V 302

when x =( = alba p = ,'area abc =

2 16

! (13

.

16

CO3

Volume of pyramid common to both = $ px abor
3212

When = de = c , 6 , p = C .

..

3272

.. volume rectangular solid common to both = c ($ al 3 - ) = {c ? (av 3-20).

the constant volume common to both solids is double the two

volumes just found as we have considered but half the cube.

:: 1 ; = 2

+ } c*(ay 3—20) = ( 3 + 10111'6 -- 3207/2 } .1612

To find the averare volume common to both , thit varies, let 0X, OY

be the axis of reference, _ EOY = 0 .

This volume has sections ranging from the triangle through the quad

rilateral, pentagon, hexagon, heptagon, and back through its variations to the

square. To find this volume I shall divide its altitude into three equal parts

ind tindthe average area ofsections passing through these points of division,

and then apply the formula of approximate cubature .

For the first point of division x = ( 2 + 1).

CV3

3

1
3

( 12 + 1 ).

6For the second point of division =

0 ]= ( K = " , EU1

EI =
V3

cos A.

3
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Equation to EF is x , cos
05 ( -) +94 ,-in« + « = 6

il 3

6

I.

RT .

577

Equation to EG in . , COS
sin

6

2.17 3–30 cosø + 3 07 (3 )sin R $ 2.1" 3-36 cost - 3 sinh

0 [ / B cosH + sinh] hiſsin H --Bicost]

2r13-301 ( 3 )costa 3csin

6 [ costa , (3 ) sin ]

C 3
When ir ( V2 + 1 ) the triangle EFG is greater than the in

3

scribed triangle of circum - circle of the square IBCD. Hence three times the

average area of EST subtracted from the area EFG gives the average area of

the section required . Call this area 1o. From H= ( ) to H = H ,, illea ES7 = 5

(RT- RSEH - 3c);from A= 4 , to H= the area == EST + TBI

4

= } (RT-- RS ) (EH - 4c) + } ( RT- _C) ( x - um ). A , is determined from the

2.3-3c cosh +377 (3 )sin

equation = c.

6 [sin + (3 ) cos

Cv3

12.

a

When r = (412 + 1 ), the triangle EFG is greater than the vir :

6

cumscribed triangle of the in -circle of the square dB ( D . Hence, three times

the average area of the triangle TBM subtracted from the are : of the square

ABCD gives the average area of the section required. Call this area 113.

· Area TBM = ( c - mm ) ( c - RT). Limits of Hare, H= H. 10 A = where
1.

2rV3— 307 (3 )cosA - csin

He is found from the equation,
= jc.

6 [ cost - 1 (3 )sin ]

2

, 3 ( 21 , +34 , +33 till ) ,

1

!

where h = r ( 2-1). 1 , = area abe
3 , (3 ?

16

de = U0 :1.

2,2

pa

IBC1-7?. V' , ( 2 , 2-1) ( A . +1 ) +

872

( % , 2-1 )

81

13 (3 ) 30

+ (*)16
(272-1)( 1 , + 3 ) +

812

( 6 , 6 + 32 , 2-3 , 3-16 ).

12812

30

V = V , + V , (2,2-1)(-4 , + d3) +
82 1281 2

(61 6 + 51 3— 224 , 2-16 ) + ucy 3 , where A2 and dy are found as indicated

above.

[ NOTE. --No other solution of his problemi was received. Profesaor Zerr

worked on this problem during the bot days of last August. He said the temperature

was too high for him to make a comp solution . The problem is more difficult

than we supposed . After trying to effect a solution the true character of the problem

was revealed us . Editor . ]

1

3



PROBLEMS.

26. Proposed by J. W. WATSON , Middle Creek, Ohio.

Find the average area of all right angled triangles having a given hypotenuse.

27. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland .

Find the mean area of the dodecagonal surface formed by joining in order the

points taken at random , one in each sector of a regular dodecagon .

MISCELLANEOUS .

Conducted by J. M. COLAW , Monterey, Va.
All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

12. Proposed by F. P. MATZ , M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

If the measures of curvature and tortuosity of a curve bh constant at every

point of a curve , the curve will be a helix traced on a cylinder.

Solution by the PROPOSER.

A helix, inclination w , traced on a right circular cylinder, radius i , is

an unicursal curve, and may be defined by the equations » = ;'cosa.... (1),

y = r sinA ....(2 ), and z = rHtanw ....(3), in which is the angle through which

the generating line has resolved when the point has moved through a spacer z on

the generating line.
From ( 1 ) , ( 2 ) , and (3 ) , we have respectively

da: dir

- r' cosa.... ( +),
do Ido dhe

dy

= -1 sind.... (5 ),
do dH2

==rsin ; a (CHP)

= r cost ; a ( % )= 7

= r tanw ; a Gent
da )

- Set V [G )++ )']

d22

Q .... (6 ).
do H2

+

COS @

il? Y 1*

. ( 9 ), and

Dividing ( 4 ), ( 5 ) , and ( 6 ), by the square of ( 7 ) ,

cosA cos?
-sin cos' W

= 1).... ( 10 ).de . ( S) ,
11:

Since the reciprocal of the radius of curvature is the veilsure of the

curvature at any point of a tortuous curve, we have

7
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1 da dy d22
cos

+
( 11 ) ,р ds

which is necessarily a constant quantity for every point of the curve.

The formula for the measure of the tortuosity at any point of a tortuous

curve is , regarding T us the radius of torsion,

1

+

ал

in which
d

do ds?[PCI
)]...(1),

=)] .... (1) .

het - (- ]

du

d ?

de

da da

ds . d **

d

ds[

postavimo
ds

dix .

· (c ).

From (4) , ( 5) , and ( 6 ), by means of ( 7), we deduce

ala
COSQ ) sint .... ( 13 ,

ds
sing ... ( 1.3 ).

ds
= cosa cosH .... (14), and

Reducing ( a ), (b ) , and ( c), by means of (7 ) , (8 ) , (9 ) , ( 10 ), ( 13 ), ( 14 ) , (15 ) :

and then differentiating the results, we have respectively

a sinw COSW COSA
sinw cosa ) cosa

.. ( 16 ) , . ( 17 ) ,
2 7

and

[ cos*f ]=6....(18).ds ds

w ( H cos

cos

Transforming ( 12) by means of ( 16 ), ( 17 ) , and (18 ),

1 sin cos " (sin + cos. ) sinw ( OS )

j [t 098 t')]
? =

( 19),
T

1

which is also necessarily a constant quantity for every point of the curve .

NOTE.-- Multiplying the numerator and the denominator of the right

hand member of ( 19 ), by cosw ), we have

1 sinw

= tanw x the curvature ,

COSQ

Х

77 COSG

If w = 17 , the curvature and the tortuosity are necessarily equal. Had

We assumed

( 3

1
1

sin
0 1 30 ? ✓6

and 2 = 8 + 1 / 2, then 1 p and 1/7 would each have equaled 1x *; that is, the

curvature and the tortuosity would then have been the same for every point of

the curve . Truly , the helix is a wonderful curve ; it can easily be ariseil and

pitched so as to have the same curvature and tortuosity as any given curve ,

while the loci of the centers of curvature and tortuosity are similar helices

traceable on the same cylinder.

Also so'ved by Professor G. B. M. Zerr ,

1
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QUERIES AND INFORMATION .

RUSSIAN SCIENCE NOTES.

By Professor G. B. HALSTED , University of Texas, Austin , Texas.

The Jubilee book issued by the University Kasan in commemoration

of the Lobachevsky Centenary has already reached it very great circulation .

His compatriots are pushing the non -Euclidean geometry.

X. P. Sokolov has just issued at Kiev (University Press) a pamplet of

: 32 pages ( large 8vo .) entitled " The significance of the researches of N. I. Lo

bachevsky in geometry.

Volume IV of the second series of the Bulletin of the physico -mathe

matical society of Kasan, pp. 18-41 , contains an interesting contribution by W.

Sichstel on the fundamental theorems of spherical geometry.

Two books on America have lately been published in Russian. One is

by Witkowsky, il scientist sent by the Russian government to study geodetic

work in the United States. The other is published by : Russian , now resident

in Los Angeles, who has been more than ten years in America, and has here

amassed a fortune . He is at fervid republican, and writes under the nom -de

plane Tverski.

The well -known and justly admired writer Korolenko, ranked by the

Russians second only to Tolstoi of living authors, was, durinz 1893, in America ,

and is about to issue his impressions of travel. This book , because of the high

reputation of the author, is awaited with keen interest .

ARE LOBATSCHEWSKY'S PRINCIPLES APPLICABLE TO

MECHANICS ?

By WARREN HOLDEN, Professor of Mathematics, Pennsylvania Girard College , Philadelphia .

1. Is it expected that, when Lobatschewsky's new geometry is

generaily accepted, it will so permeate the old geometry as to modify its

practical applications? Will the problems of engineering and construction

have to be reconsidered
?

Take a single example

The builder of a railroad is very careful to keep the two rails of the

track " everywhere equidistant." Unless they were parallel in the Euclidian

sense disaster to :i passing train would reveal the fact. Would Lohatschewsky's

parallels, which always approach each other, answer for railroads ?

2. 'pop the surface of a sphere take a triangle with a given length

of sides. The greater the diameter of the sphere the nearer the surface enclos

ed by the trian, le approximates a plane,andsimultaneously the nearer the sum

of the angles of the triangle approaches'two right angles. In passing from
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surfaces, on which the angle sum is greater than two right angles, to surfaces,

if any such there be, on which the angle sum is less than two right angles, we

must come to a surface on which said sum is equal to two right angles. If this

surface be not the Euclidian plane, what is it ?

PROFESSOR SCHEFFER'S QUERY

QUERY: Can any one furnish a reason for the peculiar name of the

" devil's curve," or for the name which Professor Matz employs! J.F.W.S.

ANSWER

“ The Devil on Two Sticks " is best described as a horizontul top .

According to the Century Dictionary, these toys are turned out of hard rood .

Inclose the figure 8 with braces, { 8 } ; take a strong cord about four feet in

length , and fasten one end of this cord in the concave part of each cusp ,
of the

braces. These braces are distorted branches of " la curbe du diable ; " and they

represent the sticks, by means of which the cord is rapidly manipulated in

spinning the devil. Loop the cord around the waist of the devil; then bring the

two sticks into a vertical plane; and acquire skill in balancing the devil and get

ting him into a motion of rotation about a vertical axis, by means of the friction

of the cord . Unless you spin the devil in a lively manner , he will fall off the

chord and hurt your toes in revenge! As to the genesis and history of this

curve and its branches, all appears to be obscure ; Cramer may have given the

name " la courbe du diable , ” since this curve clearly characterizes the outline

and symmetry of the toy- " The Devil on Two Sticks. " So far as is known to

Professor William Woolsey Johnson and the writer, Cramer is the first to use

the French name of this curve. Undoubtedly Routh's Rigid Dynamics and

other standard works on Rotation -- not omitting Professor Ziwet's excellent

Treatise on Theoretical Mechaniex, would furnish very desirable theoretical

knowledge in mathematically spinning “ The Devil on Two Sticks." --F. P. MATZ.

ARTHUR CAYLEY.

By Professor G. B. HALSTED, University of Texas , Austin , Texas

How Professor Cayley touched every thin : mathematical, and touched

nothing which he did not adorn, may be illustrated by the following unpablish

ed letters , which were the first expression of discoveries that have since taken

their permanent place in our best text -books.

They are both the outcome of the sudden and fruitful interest in link:

ige , dating from Sylvester's interview with Tehebycher, when, leaving behind

him the diagram of the now celebrated Peaucellier's Cell, the illustrious Rus

sian gave in parting the characteristic advice : " Take to Kinematies, it will
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repay you ; it is more fecund than geometry ; it adds a fourth dimension to

space.

Az
Az

B3
C2

I will transcribe the letters exactly, not only because the recent death

of Tchebychev, followed in less than two months by that of Cayley, gives them

now a special pertinence, but because it is of interest to compare one with

what is given on “ tram motion" in Kempe's “ How to Draw a Straight Line, "

and the other with its reproduction by no less a master than Clifford on pages

149, 150 of his Dynamic, whence I add figure 2.

" Roberts' theorem of 3 bar motion takes the following elegant form :

Take a triangle ABC & a point () and thro' () draw lines ll to the

sides as in the figure--the 3 shaded A's are of course

similar to ABC.

Now imagine a linkage composed of the

sbaded A's and the bars AA , AAZ, BB3 , BB ,

CC , CC, pivotted to : ether at A , B, C, A ,, A3 ,

B3 , B , C , C , 0 : then however the figure is

moved, (of cource Ag, B, do not continue in the

line AB, &c. ] , the triangle ABC will remain similar B B , C C

to the shaded triangles: and if in any position of the

figure we fix the points A , B, C, then the point 0
Fig. 1 .

will be moveable in a curve, viz. we have the same curve described by () con

sidered as the vertex of 0A3Bz, where the two

radii are AA3, BB ,--hy () considered as the vertex

of 0.1 , C, &c. - and hy () considered as the vertex

of OB , C ,, &c . Cambridge 22nd, Feby. 1876 .

The porism is very pretty : it was new to me,

tho' I think it ought not to have been so .

Look at the theorem tbus. Imagine a plane, B

2 points thereof A , C'moving in fixed lines (a, Ok.
C₂

Describe the circle (AC, which consider

as a circle fixed in the plane & moveable with it .
Fig. 2.

Then the theorem is that any point B of this circle moves in a line

Az

Вз

С

В,
1

OB thro ' o.

b

In particular B may be the opposite

extremety of the diameter thro ' A : and we have

then the points A , B moving on the lines Oa, Oß at

right angles to each other. Viz. the general case of

a plane moving two points thereof on two fixed lines

is reduced to this well-known particular case .
And

the theorem comes to this, that dividing the rod AB

at pleasure into two parts AM , MB, and drawing

MC at 11. angles and itmean proportional , the
Fig. 3.

locus of C' is : right line throo, which is of course easily proved .”

Yours very sincerely , A. CAYLEY.

Cambridge, 5th May.

Bß
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EDITORIALS.

This issue of the MONTHLY was mailed March 20th .

All money ,

Persons failing to receive the MONTHLY shortly after the 25th of each

month, should notify the PUBLISHERS at once.

Our contributors will please send the material for the several depart

ments to the editor of the respective departments and thus avoid delay and

insure proper credit.

Care should be taken in sending money in payment of subscriptions.

The editors can not be responsible for money sent in any way other than by

money order, draft, express money order, or registered letter .

drafts, etc. , should be sent to B. F. FINKEL, Kidder , Missouri.

THROUGH an oversight, Dr. Matz was not crerlited with two different

solutions of problem 11 , Miscellaneous Department, nor with two different

solutions of problem 26 , Department of Calculus.

We are pleased to note Prof. P. H. PhilBRICK is recovering from the

effects of a severe attack of La Grippe.

DEPARTMENT F. - Mathematics of the University Extension Summer

Meeting of the l'niversity of Pennyslvania will be under the direction of Dr. I.

J. Schwatt of the University of Pennsylvania. The meeting will be held from

July 1st to July 27th . Classes will be formed in all departments of mathe

matics. On Monday evening July 1st , Dr. Schwatt will deliver to the students

of all departments of the summer meeting, an address on The Importance of a

Mathematical Training to Students of Various Branches of Science .

THROUGH the kindness of Dr. Halsted we have received five addresses

delivered before the Texas Academy of Science. These addresses are given by

men who are eminent in their special departments of science, and are both in

teresting and instructive.

WASHINGTON, D. C. , Feb. 18 , 1895 .

PROF. B. F. FINKEL, A. M.,

MY DEAR SIR : Enclosed you will find a money order of $ 3.00, which you

will please accept as my subscription of the AMERICAN MATHEMATICAL MONTHLY for

1895. It is worth even more than that ; and I fully agree with Prof. Matz, ( a native

of the same state and county with me), that it is almost impossible to give so much

mathematics for $ 2.00 .

With best wishes for its success, and hoping that by the end of 1895 it sliall

have beerf put on a paying basis, I remain, with pleasure, its regular devoted reader

and occasional contributor, M. A. GRIBER .

We have taken the privilege of publishing Mr. Gruber's letter in full,

as a specimen of some of the encouraging words that come to the MONTILLY

from time to time.
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I. BIOGRAPHY .

ARTHUR CAYLEY.

BY DR . ALEXANDER MACFARLANE .

T

T | RTHUR CAYLEY was horn at Richmond in Surrey, England , August

the 16th , 1821 . His father, Henry Cayley, was descended from the

Cayleys of Brompton , in Yorkshire, but was at the time il merchant of

St.Petersburg where he had married a Russian lady. In 1829 his parents took

up their permanent residence at Blackheath in England; and Arthur was there

educated at a private school for four years. At the age of 11 he was sent to

King's College School, London ; and the master of that school having observed

the promise of a mathematical genius advised the father to educate his son not

for his own business, but to enter the University of Cambridge.

In 1838 Arthur Cayley entered Trinity Colleze, Cambridge, at the

rather early age of 17. Throughout his undergraduate course he was first at

his college examinations by an enormous interval, and he finished his under

graduate career in 1842 by carrying off the two highest honors, namely, the

first place, or Senior Wrapgler , in the Mathematical Tripos, and the first

prize in the competition for the Smith Prizes. Immediately elected a Fellow of

his College, he continued to reside at Cambridge for several years, during

which time he lectured on mathematics, and also contributed papers to the

Cambridge Mathematical Journal. His first contribution to that Journal was

made, when he was an undergraduate, in 1841.

At that time it was necessary for a Fellow to take Holy Orders, or

else resign the fellowship at the end of seven years. Mr. Cayley chose the

latter alternative, and became by profession a conveyance in Lincolo's Inn ,

London. lle followed that profession for 14 years with conspienous ability
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und success, and at the sibie tine made many of his most important contribu

tions to mathematical science .

About 1861 the Lucasian professorship of mathematics at Cambridge

- the chair made illustrious by Sir Isaac Newton - fell vacant; it was filled by

( 1. G. Stokes, already eminent for his work in mathematical physics, and

Senior Wrangler the year before Cayley. However, it was folt desirable to

secure Cayley also , and for this purpose the Sadlerian professorship of mathe

maties was created , which resulted in ('ayley marrying and settling down at

Cambridge, in 1863.

The duties of the Sadlerian professor were defined as follows: " to ex

plain aud reach the principles of pure mathematics, and to apply himself to

the advancement of the science " . In carrying out the former part of the

duties Professsor Cayley did not give the same course of lecture - year itfter

year, but each year took for bis subject that of the memoir on which he was

engaged. As a consequence his students were few , for advanced work of that

kind did not pay in the great mathematical examination. How well he carried

out the second part of the duties may be inferred from the fact that the Royal

Society Catalogne of Scientific Papers enumerates 4:30 memoirs contributed by

hiin between the years 1863 and 1883, makin : a total up to the latter date of

724. As he continued active to the last, it is probable that the grand total of

his papers does not fall short of 1000. Some of his most celebrated contribu

tions are : Chapters in the Analytical Geometry of (n ) Dimensions, On the

theory of Determinants, On the theory of linear transformations, Ten Memoirs

on Quantics, Memoir on the theory of Matrices, Memoirs on Skew Surfaces,

otherwise Scrolls, On the Motion of Rotation of a solid Body, On the triple

tangent planes of surfaces of the third oruer. Several of his achievements are

elegantly referred to in a poem written by his colleague Clerk Maxwell in

1874, and addressed to the Committee of subscribers who had charge of the

( ayley Portrait Fond :

( ) wretched race of men , to space confinerl!

What honor can ye pay to him whose mind

To that which lies beyond hath penetrated ?

The symbols he hath formed shall sound his praise,

And lead him on through unimagined ways

To conquests new , in worlds not yet created .

First, ye Determinants, in order row

And massive column ranged , before him go ,

To form a phalanx for his safe protection ,

Ye powers of the nth root of -1 !

A round his head in endless cycles run ,

As unembodied spirits of direction .

And you , ye undevelopable scrolls !

Above the host wave your emblazoned rolls ,

Ruled for the record of his bright inventions.

Ye cubic surfaces ! by threes and nines

Draw round his camp your seven and twenty lines

The seal of Solomon in three dimensions .
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March on , symbolic host ! with step sublime,

Up to the flaming hounds of Space and Time!

There pause, until by Dickenson depicted ,

In two dimensions, we the form may trace

Of him whose soul, too large for vulgar space ,

in n dimensions flourished unrestricted .

2

The portrait was presented to Trinity College, and now adorns their

Hall . He is represented as seated at a desk, with quill in hand, and thinking

out intently some mathematical idea .

But mathematical science was advanced by Professor Cayley in yet

another way. By his immense learning, bis impartial judgment, and his

friendly sympathy with other workers, he was eminently qualified to act as

referee on mathematical papers contributed to the various societies. Of this

kind of work he did a large amount,and of his kindliness to young investigators

I can speak from personal experience. Several papers which I read before the

Royal Society of Edinburgh were referred to him ,and he recommended their

publication. Some time after I attended a meeting of the Mathematical

Society of London, but the friend who would have introduced me could not be

present. Professor Cayley was present, and on finding out who I was, gave

me a cordial handshake, and referred in the kindest terms to the papers he had

read. His was a cosmopolitan spirit, delighting only in the truth , and friendly

to all seekers after the truth .

Among Cayley's papers there are several on a " Question in the

Theory of Probabilities " . The question was propounded by Boole, and he

applied to its solution the general method of " The Laws of Thought" . It was

afterwards discussed by Wilbraham , Cayley and others in the Philosophical

Magazine. My attention was drawn to the question when writing the Princi

ples of the .llgebra of Logic, and I ventured to contribute my idea of the ques

tion to the Educational Times. On mentioning the matter to Professor

Kelland, he intimated pretty plainly that the discussion had been closed by

Professor Cayley, and that it was temerity on my part to write anything on

the subject. But the great mathematician did not think so ; he wrote me ::

letter discussing the question and my particular way of viewing it , as well as

the fundamental ideas in which I differed from Boole.

In 1882 he received a flattering invitation from the trustees of the

Johns Hopkins University to deliver a course of lectures on some subject in

advanced mathematics. He chose as his subject the Elliptic and Abelian func

tions; and the impression wbich his presence crented has been well described

hy Dr. Matz in his brief notice in the January number of the Monthly .

Next
ycar he was president of the British Association at the South

port meeting. In his address he spoke of the foundations of mathematics, re

viewed the more important theories, traced the connection of pure with applied

mathematics, and gave an outline of the vast extent of Modern Methematics.

He regarded the complex number a + bi as the fundamental quantity

of mathematical analysis, and considered that with such a basis, algebra was it

complete and bounded science, in which no further imaginary symbols could
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on

spring up It is the more remarkable that he held such a view , when we con

sider that early in his career he made a notable contribution to space analysis.

Starting from Rodrigues 'formulae for the rotation of a solid body, he arrived

at the quaternion formula, and was anticipated by Hamilton only by a few

months. But Cayley took a Cartesian view of analysis to the last, as is evident

from the chapter which he contributed to Tait's Treatise on Quaternions . His

aim there is to give an analytical theory of quaternions.
Hamilton's arm

the other hand was to give a quaternionic theory of analysis. The difference

is brought out still more strikingly in a paper printed in the last number of the

Proceedings of the Royal Society of Edinburgh.

In 1889 the Cambridge University Press commenced the re-publication

of his mathematical papers in a collected form . It was calculated that they

would occupy 10 quarto volumes ; 7 volumes have already appeared; and it is

believed that 12 volumes will be required. No mathematician has ever had his

works printed in a more handsome manner . In addition he is the author of a

separate work on Elliptic Functions.

Space fails to enumerate the honors which he received from l'niversi

ties and Scientific Academies both of the Old and of the New World .

may mention specally, that from the Royal Society he received a Royal Medal

and a Copley Medal; from the Mathematical Society of London the tirst De

Morgan Medal; and at the instance of the President and Members of the

French Academy he was made an Officer of the Legion of Honour.

On the 26th of January he died at Cambridge. His body was laid to

rest in Mill Road Cemetery in the presence of official representatives from

foreign countries and many of the most illustrious philosophers of England .

His spirit still speaks to us from his works, and will continue to speak to many

succeeding generations.

But we

II. BIOGRAPHY.

ARTHUR CAYLEY .

BY DR . GEORGE BRUCE HALSTEI) .

On January 26th , 189.) , iifter long suffering. passed away Professor

Cayley, one of the very wreatest masters ever known to the world of pure

mathematics.

Of the great quaternion of Senior Wranglers of 1810 Leslie Ellis,

1841 Stokes, 1842 Cavley, 1813 Couch Adams, the second alone now remains.
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Arthur Cayley was born on August 16th , 1921. His ancestor Roger

cle Cailli was a great lord in the reign of Henry II . His grandfather and

father were both merchants in St. Petersburg. His father married a Russian ,

and though born in England, Cayley's mother tongue was Russian, and his

features halla Russian ( :1st. Like so many Russians, he spoke most European

langnal.c's well.

Can there be anything in what has so often been cited as fact, that in

the Russian race alone the brain of the woman equals that of the man in size

and weight :

Arthur Cayley was a pupil of King's College School, London, and

entered Trinity College, Cambridge, already a well-equipped mathematician, at

the age of 17. In 1842 he took the two highest honors in the Cniversity of

Cambridge, he was Senior Wrangler and First Smith's Prizeman. At that

time, more than half a century ago, the Senior Wrangler wits almost always as

a matter of course a Jobniau , so a Trinity Senior Wrangler was apt to be an

ohject of curiosity. One of his college mates describes him at that date as a

crooked little man , in no respect : beauty, and not in the least a beau. On the

day of his triumph , when he was to receive his hard-earned honors in the

Senate House, some of his friends combined their energies to dress him , ani

put him to rights properly, so that his appearance might not be altogether un

worthy of his exploits and his College. He was already a man of much varied

information , and that on some subjects the very opposite of scientific; for in

stance he was well up in all the current novels, an uncommon thing at Cam

bridge, where novel -reading then was not one of the popular weaknesses .

His Jolinian competitor for first place was a fearfully hard student, and had

once worked twenty hours a day for a week together at a College examination.

But now he almost broke down from over exertion just as the time of trial was

coming on , and actually carried a supply of other and other stimulants into the

cxamination, in case of accidents. Nevertheless he made a good fight of it ,

and having great pace,as well as style in addition to his knowledge, beat Cayley

a little on the bookwork, but was beaten two hundred marks in problems,

which decided the contest.

One of the low bookwork papers to which three hours were allotted

happening to be rather shorter than usual, the man from St. John's, either is

a bit of bravado to frighten his opponent, or because baving done all that

could be done he had no reason for waiting longer, came out at the expiration

of two hours, having floored the paper in that time. His early exit did not

escape notice, and the same evening a Trinity Senior Soph rushed up in great

fear to the room of his friend, on whom the hopes of the College depended.

“ Cayley! Cayley ! they tell me S— floored the paper this afternoon in two

hours. Is it so ? ” The mathematician , who was refreshin himself after the

fatigues of the day with the innocent and economical luxury of a footbath,

looked up at the querist from his tub with the equanimity of a Diogenes, and

replied : " Likely enough he did . I floored it myself in two hours and a half” .

The examination for the Smith's Prizes which took place immediatly after the
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result of the Mathematical Tripos was declared , had a similar result; Cayley

beat his opponent, but with nothing to spare. The matter was very different

the next year, when Couch Adams, the discoverer of Neptune, won not only

easily , but had three thousand marks to the Second Wrangler's fourteen

hundred, so that there was more numerical difference between them than be

tween the Second Wrangler and the spoon , or last man . But this was pro

duced by a singular case of fright or stampede which occurred at this ex:uminal

tion. The man who would have been second , like Adams a Johnian, took

fright when four of the six days were over , and actually ran away, not only

from the examination but out of Cambridge, and was not discovered by his

friends or family till some time after. Even as it wils , and without the last

two days, he came out vinth in the list of wranzlers. But even if Cayley had

been beaten for first place, he might still have been equally as eminent is now :

for has not Cambridge that other tremendous tetrad , Sylvester, Wm . Thomson,

Clerk Maxwell, Clifford, all Second Wranglers!

In 1841 Cayley published his first paper, thus commencing the as

tounding series of over 800 memoirs with which he so enriched his science

The collected edition of bis works now being published by the l'niversity Press

will extend to ten or more quarto volumes, a scientific monument equally

unique in amount, range, and quality.

After his election to a Fellowship, which, as he was unwilling to take

Holy Orders, could be only temporary, he studied conveyancing in London ,

and at Lincoln's Inn first met his greatest and lifelong friend and fellow - genius

Sylvester , for they had never met at Cambridge, where Sylvester wils Second

Wrangler in 1837.

He practised as a convey:incer for 14 years, but during this time bis

real occupation was pure mathematics, and in those years some of his most

notable discoveries were made. The law was always drudgery to him . Thes

superabundant verbiage of legal forms was always distasteful to him . Ile

once remarked that “ the object of law was to say a thing in the greatest num

ber of words, of mathematies to say it in the fewest."

Cayley was a very gentle , sweet character. Sylvester told me that he

never saw him angry but once , and that was when a messenger broke in on one

of their interviews with a mass of legal documents, new business for Curley,

In an access of disgust, Cayley dashed the documents upon the floor.

In 1863 Lady Sadler '; various trusts were consolidated , and a

Sadlerian Professorship of Pure Mathematics was created in the University of

Canıbridge, especially for Cayley. As chairman of the Association for Pro

moting the Iligher Education of Women he did most to raise Newnham Collem

to its present influential position.

In Cambridge he was accustomed to give the small classes of advanceri

students who were prepared to follow him no mere routine course , but, like

the best German professors since Jacobi, the latest and highest work on which

he was at the time engaged .

As early its 15.52 he was a fellow of the Royal Society. In 1835 he

new
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joined Sylvester and Stokes in starting the Quarterly Journal of Pure and

Applied Mathematics. In 1882 he delivered a special course of lectures at the

Johus Hopkins University, where Sylvester was still professor. Baltimore

was then the apex not only of the Western Continent, but of the world , for

Salmon soon after said that if European mathematicians hail to elect them

selves a bead, it would be Cayley. In 1963 he married and settled permanently

in Cambridge.

Cayley was assuredly the most learned and erudite of mathematicians.

Of him it might be said , he knew everything, and he was the very last man

who ever will know everything. I bave heard Sylvester say that when he

wished to know anything he simply asked Cayley, for to Sylvester it was not only

often irksome to study what has been done by others, but impossible, since the

very beginning of such study was sure to start in him a train of original

thought and research which absorbed him irresistably. This wideness of

knowledge made ( ayley invaluable as a mathematical referee.
To the Royal

Society, the Mathematical
Society, the Royal Astronomical

Society , the Cam

bridge Philosophical
Society he was long the principal adviser as to the merits

of mathematical
papers presented for publication. Cayley's erudition gave his

originality always the most fertile fields.

In 18+ 1 the wonderful George Boole, the creator of algorithmic logic.

made use of a simple case of what we would now call invarimur in linear sub

stitutions. Then Cayley set himself the problem to determine " priori what

functions of the coefficients of il given equation possess this property. He

called such functions hyperdeterminants, until Sylvester the mathematical

Adam , who names the creatures , called thein invariants. Substitutions and

invariance are now the heart of the very latest analytie mathematies, and have

received an extraordinary transformation and development at the hands of

Sophus Lie.

Acain , the idea that any metrical property in geometry could be

looked upon as a projective relation in a particular configuration began to

occur in the French school. For example Laguerre in 1853 so expresses an

angle. But in 1859 in his sixth memoir on Quantics Cayley published his

solution of the general problem he had set himself of finding a general theory

of projective metrics of which ordinary metrics should be a special case ; thus

breaking down the distinction between pure positional or descriptive geometry

and the ordinary metrical geometry by merging all into projective geometry.

Remembering that von Staudt had founded cross - ratio on a pure

projective basis in his theory of the Wurf, entirely without using measurement

in the ordinary sense (direct comparison as to size by congruence ), Klein saw

that Cayley's theory of projective measurement leads directly to the three

possible cases of geometry, Euclidean and non - Euclidean , which he called

parabolic, elliptic, hyperbolic. The hyperbolic is the pow well-known non

Euclidean geometry of Lobachevsky and Bolyai . Thus Cayley's doctrine of

“ the absolute ” , already greatly admired , was given additional importance, and

its creation will ever rank as one of the very greatest of his achievements.
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1

As a third epoch making production of his fertile and tireless genius

We may mention the theory of matrices, on which multiple algebra is based .

In this, as in the theory of invariants , Sylvester Wils his most brilliant co

adjutor. Cayley was ir devoted admirer of Enclic . In his great address as

President of the British Association , speaking of Greek mathematics he sits:

“ But the earliest extant writings are those of Euclid ( B. C. 285 ) .

There is hardly anything in mathematics more beautiful than his

wondrous fifth book ; and he has also in the seventh , eighth , ninth , and tenth

books fully and ably developed the first principles of the theory of numbers,

including the theory of incogmensurables" . In the same address he says: “ It

is well known that Euclid's twelfth axiom , even in Playfir's form of it , las

been considered as needing demonstration ; and that Lobachevsky constructed it

perfectly consistent theory, wherein this axiom was assumed not to hold good,

or say a system of non- Euclidean plane geometry. There is a like system of

non -Euclidean solid geometry. Riemann's view was that having in intellert , at

more general notion of space ( in fact a notion of non-Euclidean space ), we

learn by experience that space (the physical space of our experience), is , if not

exactly, at least approximately, Euclidean space . But suppose the physical

space of our experience to be thus only approximately Euclidean space, what

is the consequence which follows! Not that the propositions of geometry are

only approximately true, but that they remain absolutely true in regard to

that Euclidean space which has been so long regarded as being the physical

Space of our experience.

The three geometries (spherical, Euclidean , and Lobachevsky's) should

be regarded as members of a system – viz ., they are the geometries of a plane

(two-dimensional) space of constant positive curvature, zero curvature, and

constant negative curvature respectively ; or again they are the plane geome

tries corresponding to three different notions of distance ; in this point of view

they are Klein's elliptic, parabolic, and hyperbolic geometries respectively. "

But here this imperfect sketch must stop. Enough that his life

furthered in the highest degree the aim of his university, in the words of his

mother's compatriot Lobachevsky, “ not only to enlighten the spirit with

knowledge, but also to inculcate virtues, to implant a desire for glory, a feel

ing of nobility, justice, and honor, of strict and sacred honesty, that would

resist all cases of temptation, apart from any fear of punishment.
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SOME NOTES ON THE THEORY OF PROBABILITY.

By Professor G. B. M. ZERR. A. M. , Principal of High School, Staunton, Virginia

i

Of the three memoirs written by Prevost and Lhuilier, the first en

titled, “ Sur les Probabilites, " was read November 12th , 1795 and occupies

pages 117-142 of the mathematical portion of the volume, “ Memoires de

l'Acad. .... Berlin. This important Memoir deals with the following venera

bole problem :

An urn contains m balls some of which are white and the rest black,

but the number of each is unknown. Suppose p white balls and y black balls

have been drawn and not replaced ; required the probability that out of the

next r + x drawings r . shall give white balls and black balls.

This problem suggests the discussion of the more general problem :

From an unknown number of balls each equally likely to be any of n colors

1 , +1 , + az + .. tan balls are drawn and turn out a , of the first

color, 11, of the second, ag of the third ,.... n of the nth . If b , + be +b;

t .... + bo more balls are drawn find the probability that b , are of the first

color, b , of the second, ...., 0 , of the nth . The problem will not be altered ,

if we suppose the balls arranges along a straight line of length unity on n .

differant portions of the line. Call the first portion In - 1, the sum of the first

the sum of the first three, X1-3,.... the sum of the first

(1-1), # 1, then we get for the required chance the following definite integral:

thin S - 11-2yją +0,(2, —x. Ja ,the

S --(1–47) :(',—X,)",

1

and second, In- ,

ihn

SSS

an thn

( 23-33 ) a :-)
7

'dir ,drzd.xz....dan -1

( 12 - X3 )4:.... :).,.-1 d.r ,dx , d.x , ....dxn -1

2. + ha + b3 + .... thim , th, as the " ; + h:

11 , the la , +1, +1 + ... + n + n - 1

lv +1 , +13 + ... + 1 + 1 , + b, + by + ....+ hi n - 1

When n = 2,

same result as given in the
1%, +1, 1" , +1, " + b? 1 + a , +1

Ik ho ini " , " , + a , + h , th, +1

memoir above referred to.

When n = 3 ,
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B2 + b , +63 1" , +1, " :+2 3 + his " + " : + 413 +2

p=

ki bo B3 1" 1" " 3 " , +0 : +43+6, th. + + +

la , +1, +13+2

1, then the chance that all are of the

a , +2, + az + h ,+62 +63 +2

Let

first color is pa

14 , +1 , + be + ba ina +1 , +1 , + h3
1 . I that all are

" ,

10.3+ ), the thing

of the second color.
d. that all are of the third color.

V3 =

3

2, +5,+5, +5, +3, 4, + ,

14
1, that is, + b2 are of the first color

bi + b , z " ,

and bg of the third .

2, +2,+2 , +2, …, +2,+2,
1, that 13 are of the first color and

ba + b , 1.3

1 , +1 , of the third and so on for any combination.

When 11 , = ) , 12 = 3 , 113 = 2 , 1 , = b . = ) = 1 .

Then
P = Pi

4

91

-
2

91
P :

9

65

The. .

+55 65 1.) . )

chance that there are none of the second color is po = , + 1'3 + 7's +p's
01

These numerical results are the same as those obtained by an algebraio

solution of the same problem given by the late Professor Wolstenholme.

NON-EUCLIDEAN GEOMETRY: HISTORICAL AND

EXPOSITORY

By GEORGE BRUCE HALSTED. A. M. , ( Princeton ); Ph. D. , (Johns Hopkins) ; Member of the London

Mathematical Society; and Professor of Mathematics in the University of Texas, Austin, Texas .

(Continued from the March Number. 1

PROPOSITION XVI. By any quadrilateral AB ( ' , of which the timer

angles together are equal to, or greater, or less than four right angles, is vstal,

lished respectively the hypothesis of right angle, or obtusi omgle, or acute amglr.
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C

Proof. Join 1C. The three angles of the triangle ABC (fig. 14. )

will not be together equal to , or greater, or less than

two right angles, without the three angles of the trian
A B

gle Abt being themselves also togetlier respectively

equal to, or greater, or less than two right angles, Jest D

obviously (by the preceding) from one of those tri
H

IM
angles be established one hypothesis, and another from

the other , against the fifth , sixth , and seventh proposi F. 1.4 .

tions of this work .

This holding good : If the four angles together of the premised quad

rilateral are equal to four right angles, it follows that the three angles together

of either of the just mentioned triangles will be equal to’two richt angles, and

therefore (from the preceding) the hypothesis of right iingle will be established .

But if indeed the four angles of this quadrilateral be together greater,

or less than four right angles, similarly the three angles together of those tri

angles should be respectively either at the same time greater, or at the same

time less than two right angles. Wherefore from these triangles would be

established respectively (from the precedin :) either the hypothesis of obtuso

angle, or the hypothesis of acute angle.

Therefore by any quadrilateral, of which the four angles together are

equal to , or greater, or less than four right angles, is established respectively

the hypothesis of right angle, or obtuse angle, or acute angle. Quod erat

demonstrandum .

COROLLARY. Hence : any two opposite sides of the premised quad

rilateral being produced toward the same parts, as suppose AD to ll, and BC

to J ; the two external angles HDC, O'D) will be (Eu. I. 13.) either equal to,

or less, or greater than the two internal and opposite angles together at the

points 1. and B, according as is true the hypothesis of right angle, or obtuse

angle, or acute angle.

[To be continued . ]

SOME SUGGESTIONS ABOUT VARIATION.

By ERIC DOOLITTLE, Professor of Mathematics , State University of Iowa , Iowa City , Iowa .

I think that in all of our Algebras the fundamental definitions of

variation being in the idea of the ratio of two values of two changing quanti

ties ; the questions are first stated in the form of Proportions, and finally re

duced to simple equations for solution.

It seems to me that this method is more cumbersome than necessary ,

especially in regard to the fundamental definitions, which thus involve such

complex ideas that the student has a good deal of difficulty to grasp and apply
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them ; at least that has been my experience with yowg students. I have there

fore given the definitions in the form of equations in the first place, which

seems to considerably simplify the theorems and their application.

Assuming the student to know what variables and constants are, the

presentation of the subject might be somewhat as follows.

( 1 ) . If x,y ,z,0 ....are varying quantities, then " is said to be il fimction

of
X ,Y,, ....when any change in the value of any or all of these variables

produces a change in the value of . Thus n will vary when i,,""'....Viry

(2 ) . y is said to vary x x , if y always equals m times r , where his con

stant , whatever be the value of x . This is the simplest kind of varittion , * :ita1

is sometimes expressed by saying “ y varies directly as r . " This if it triin

go m miles an hour, the distance (y) varies directly as the number of bours ( ),

since y = nir.

(3 ) . y is said to vary inversely as . ', if y always equals m times the

inverse of r ; 1bat is , if y = m (14r). Thus in the last illustration,if it require

hours for a train to go m miles, then the speed in miles per hour (v ) varies in

217

versely as r , since y=

.

(+) . y is said to vary directly as x ,1,2,1 .... if y always eqnals in times

the product ruan.... where, as before, m is constant.

( 5 ) . Finally, y may be said to vary directly as certain quantities, and in

versely as certain others, if y always equals m times the continued product of

the former and the inverse of each of the latter. Thus y varies directly as 2 "

1

and a + r , and inversely as » ir if y = mxzº ( a +2 )

( 6 ). The equations arising from the last four definitions may be called

the Statement of the variation , and the first step toward the solution of any

problem iv variation is to write this statement. We then substitute in it such

values as are known , and solve for what is required. If there are several

different conditions in the problem , we make the statement for each separately.

and solve the resulting simultaneous equations.

Numerous examples and illustrations of these principles should of

course be given, and the proof of the more elementary theorems should follow .

It will be seen that they are almost self evident by this method of treating the

subject.

For instance , " If y varies as ir, and ir varies as 2, then y varies as 3 " :

" If y varies as a, and y ' varies as r ', then yy varies as irr ' " ;

" If y varies as zx, then e varies as yrs, and : varies as yér"etc.

" If y is a function of two variables only, r and s ; and if y

varies as r when : is constant but when r is constant y varies as 2 , then varies

with 2 and 2 at once ; that is y = mra."

If the above definitions he admitted, the following proof of the last

* The distinction between variation in general and the simplest possible kind os it , is here introduced to

suurd ag unst the supposition that all variation is of this simplest possible kiud. This danger is pointed

out by Dr. Chrystal on page 27 part 1 of lis Algebru.
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theorem may take the place of the longer one usually given:

" Since y varies with x , multiplying c alone will multiply y by the

same factor; and similarly, multiplying z alone will multiply y ; hence multi

plying both x and 2 will twice multiply y , once by each of the respective

factors. Hence x and 2 must enter as factors of the value of y, and since there

are no other variable factors, y equals a constant expression times dz . That is

y = mxz. "

I suppose this subject of variation is pretty generally omitted by

Preparatory and High School classes in Algebra. It seems to me to furnish an

excellent opportunity to emphasize the difference between constant and

variable quantities; a distinction the student usually meets here for the first

time. I think it repays a few days careful work , by the introduction it thus

gives to Analytic Geometry and the Calculus. Besides, by a few obvious

applications to Astronomy and Physics, it can be made of interest to the pupil.

Such an oasis, after travelling in the desert of Radicals and Imagin

aries, is very welcome.

TRUE PROPOSITIONS NOT INVALIDATED BY DEFECTIVE

PROOFS.

By Professor John N. Lyle, Ph. D. , Westminster College , Fulton , Missouri.

A bad cause may be brilliantly advocated and a good one poorly de

fended . A false proposition may be supported by plausible arguments and a

true one by defective and even erroneous proofs. The true proposition is not

thereby shown to be false or unworthy of acceptance.

John Playfair's demonstration of the angle -suin of a rectilineal triangle

may be satisfactory and yet the proposition that the anzle -sum is two

richt angles may be rigorously true and its contradictory absolutely false.

Legendre's demonstration that the angle-sum can not be less than two

right angles is said by Professor Halsted to be disgraceful. ” Even if this be

admitted, it does not follow that the proposition itself should be doubted or

rejected.

Discreditiog Legendre's demonstration furnishes no legitimate warrant

for postulating the truth of the hypothesis that the angle sum can be less than

two right angles.

The proofs that the angle-sum can be neither greater nor less than two

right angles given in the pamphlet --Euclid and the Anti- Euclidians-- may fall

below the standard required by rigid geometrical science, but this does not jus

lify the acceptance as true of the assumption that the angle-sum is greater or

Iruss than two right angles.

Lobatschewsky's theorem that the angle sum can not be greater than
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two right angles is manifestly in conflict with the doctrine of those metageome

ters who maintain that the xpaer in which we dwell has constant, positive curv

ature and that the angle -suni of the rectilineal triangle drawn therein is greater

than two right angles .

If it is maintained that the conclusions of Lobatschewsky, Riemann and

Euclid are consistent with their respective premises, the question arises which

of these systems is true. If any one does not really know which is right, con

fession of one's ignorance may be good for the soul, but can hardly be received

as satisfactory evidence that the agnostic is in possession of geometrical science .

The hypothesis that Lobatschewsky, Euclid and Riem : nn all three tell

the truth is confronted with the difficulty that they contradict each other.

Professor Halsted teaches as sound geometry the views of each of these

three writers. I can not accept this teaching. If the Euclidian doctrine is true,

according to logical law that which contradicts it must be false . This procedure

of Professor Halsted antagonized the logical laws of non - contradiction and ex

cluded Middle whether he is aware of it or not.

A TRISECTOR OF ANGLES .

By M. A. GRUBER , A. M. , War Dapartment, Washington , D.O.

A

Description . A , B, and C are centers and joints. G is a slide

moving along the rule A E. The joint C

is fixed to the slide so that the center C

moves in the line AC. FC is a rule finely D

and accurately graduated from B to F,
F

and fixed to the slide G by the joint ('. H

. AD is a fine and accurately graduated

rule fixed to the rule A E hy the joint A

AB is a small rule jointed at 1 and B.
C

Line AB equals line BC , both re

maining constant.

The edges of the rules for use A GE

those radiating from the centers.

Cre. It is desired to trisect the LDAC.

Place the center 1 of the trisector upon the vertex 1 of the angle, so

that the edge AC'of the rule AE coincides with the side ll' of the angle.

Then move the rule AD until the edge coincides with the side AD of the

angle. Now move the slide G until Bll on the rule FC equals ull on the

rule AD . Then draw a line along edge of rule AB .

ZB.1 ( = $ DAC Bisect LDAB and the trisection is complete.

ale
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. :

1

Prof. Bl = 1B and BI = 111 by construction.

LIB.1= LB.I ( ' + LICHE BIC . But IB.1 = LILIB .

ZILA ( = Z111B + ZBA( = 37.B.10.

Within reasonable limits of length of the rules Fland 11), angles up

to 120 can be trisected.

listory. Last February four years ago , I was experimenting with

triangles. I bad drawn a rt. A whose acute angles were 60 and 39 : By join

ing the vertex of the rt.-- with the middle of the hypothenuse, I noticed that

the rt.. was trisected . To devise an instrument for the trisection of any angle

then engaged my mind for a few weeks, and the above device was the result.

I communicated my discovery to several mathematicians and inquired

as to its practicability. The replies were not encouraging. One reason given

was that an instrument with several joints and a slide, was not suficiently

accurate . The suggestion was also made that it would not pay to set it

patented, as the trisecting of angles entered to a very limited extent in the

mechanical applications.

Thinking that the readers of the AMERICAN MATHEMATICAL MONTHLY

might be interested in this device, though it may be but a mathematical

curiosity, I have given the foregoing brief sketch of it .

LAGI

DIAGRAM FOR THE LAWS OF THE FALLING BODIES.

By Rev. A. L. GRIDLEY , Pastor of the Congregational Church , Kidder, Missouri .

>

Let the distance a body would fall in one second be represented by

one of the small triangles in diagram as al . During the first second it would

fall through the firstspace, or triangle at the apex . During the second second it

would pass through three, as that is the number of triangles in the second

space which is indicated by the figures at the right. During the two second it

would pass tbrough 3 + 1 triangles = +q , or 2 xa .

To illustrate further. How far would a body

fall during the 9thsecond of its descent !

Opposite the figure 9 on the left are 17 triangles

so it would pass throngh 17 times the distance it did

during the first second or 17. How for would it fall
3

during the ninth second without increment!

15

Leave off the right hand triangle and there
M

would remain 18 so it would fall 18a.

5

19

What would be the velocity at, say , the end of 6 )

the Sth second ! It would be the distance it would fall 7

113

during the 9th second without increment, or the trian 8

gle at right hand side, = 16a .

15

9
M17

3

41

111
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How far would it fill in , say , 9 seconds. Of course 92 ( I or the sum

of all the triangles in the first nine spaces.

With what velocity must a body be projecte: " pward in order to

rise during 10 seconds ! Opposite 10 are 19 triangels so the initial velocity

should be 19 .

By a little thought any rule or problem in falling bodies can be

contril out upon the diagram and it is unnecessary to commit any rule to

memory as it can be produced at any moment from the diagram . Even the

recollection will usually be sufficient to solve an ordinary problem as it has

done with the inventor of the diagram -- the writer -- for thirty -five or forty

vcars.

ERNATUM . - Owing to the extravagance of the compositor a needless the
Wits in .

serted in the title of this paper . - PUBLISHERS.

ARITHMETIC .

Conducted by B.F.FINKEL , Kidder, Missouri. All Contributions to this department should de sent to him .

SOLUTIONS OF PROBLEMS.

38. Proposed by J. A. CALDERHEAD, B. Sc . , Superintendent of Schools , Limaville . Ohio .

What must be the thickness of a 36 -inch shell, in order that it may weigh i

ton , supposing a 13 -inch shell to weigh 200 pounds, when two inches thick .

IV . Solution by the PROPOSER .

200 : 2000 :: 13 -93 : 363- ?; whence r = 31. it inches.

(36-31.7 +) - ) = 2.18 inches = thickness of :36 - inch shell.

39. Proposed by P. C. CULLEN, Superintendent of Schools , Brady , Nebraska .

A. B , and ( ' start from same point at same time. A north at rate of themiles

per hour, B east at rate of four miles and C west at rate of five miles per hour. Bat

end of two hours starts at such an angle as to intersect 1 . How long after starting

must C start north -west in order to meet d and Bät common point?

II. Solution by Professor H. W. DRAUGHON , Olio , Mississippi.

While B travels & miles east, al travels 6 miles north . The rest of

w's distance north , and the distance B travels after turning, are in the ratio of

Since B's latter distance is on the hypothenuse of a right triangle,

whose base is Smiles and perpendicular, I's distance, we have from Geometry ,

(hypothenuse +5)(hypothenuse - 8 ) = ( hypothenuse +6) = ;'s (hypothenusa + 8 )" :

whence , by division , we get hypothenuse -S = (hypothenusets .

hypothenuse = 28 miles ; and the perpendicular, = l's distance north ,
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= 1 (284): -9 = 27 miles . Now ( ' ' s route forms with l's route a right tri

angle whose perpendicular is 273. The sum of the hypothenuse and base = ( ' ' s:

ddi-tanecə of I's distance = 27 * * 5 = 4.5 miles. Also , from Geometry, the

difference between the hypothenuse and base = ( 273)' = 459 = 1659 miles.

Base = 54454-16 ) = 1733 miles. ( ' ' s time in base is therefore ,

1483 + = 1 hours = 2 hours 53 minutes 3 seconds.

42. Proposed by F. P. MATZ , M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

If m = ? et. be the interest on J = 100et. for p = 40 days, find the

yearly rate per cent.

1. Solution by P. S. BERG, Apple Creek , Ohio .

cent = the interest on 100 cents for 40 days at 19% .

2 = 18. Hence, Is is the yearly rate per cent.

II . Solution by COOPER D. SCHMITT , Professor of Mathematics , Vanderbilt University, Knox

ville, Tennessee.

is the interest on
If . is the interest on y cents for p days, then

Гр

300 .
I conts for 1 day, and is the interest on Jl cents for 360 days.

?

310mm 36000m

Hence the per cent will be of 100 = jo. If m = ?, p = 40 ,

P

7 :2000

and 1 = 100, the rate is = 15 .
100 x 10

Solutions of this problem were received Iron Professors Vald and 7:17.

43. Proposed by B F. BURLESON , Oneida Castle , New York .

il, in a scuffle, seized on ; of a parcel of sugar plums; B caight of

it out of his hands, and laid hold on more : D) ran off with all i bad left ,

except which Efterwards secured slvly for himself; then 1 and (' jointly

set opon B, who, in the conflict, let fall he had , which were equally picke

up by Dund E, who lay perda. B then kicked clown ( ''s hat, and to work

they all went new , for what it contained ; of which, A got . B , and D.

and ( and Ecqual shares of what was left of that stock . D then stuck of

what.1 and Blast acquired, out of their hands; they, with difficulty, recovered

of it in equal -hares again , but the other three carried off apiece of the

same. I'pon this, they called a truce , and agreed that the į of the whole, left

byl at tirst, should be equally divided among them .
llow much of the prize,

after this distribution, remained with each of the competitors !

I Solution by A. L. FOOTE, C. E. , Middleburg , Connecticut.

First , it has j ; second , 1 has ; - ( + ) of = i. B has of = 1,

and ( has ; , of ; = }; third , A has 3–445 + 1'330) = (), B has , ( ", } , D of

= , and E, of = ; 8 % ; fourth, A has 0 , B has of = 1. ( hasj, D bas

= 568, and E has ei tih = , ; fifth , it has of j = 2 B has +

G of } ) = a Chas :-(25 + is + 3j) = '2' , D has 8+ (; of } ) = 5 , and E

hasi sixth , 1 has 25 - of ,'.) = s'n , B has - of ': ) = 2 , ( ' has

12 D ) has 38 + 3 = ! , and E has ,' su ; seventh, A has x'i +236 =
B has

?

ti's

5 1

1280 ,
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10719
10 1520

18tai = , C'has d'eu, D has li - 11 = 37, and E has ; eight. A

has 5. - 618 + 15= 3320 , B has 3 * + - 211s + i's = 347 , ( ' has i'? '. tinent

15 D has 381 +102 : + s = 4 *3*2 , and E has 16.0+ , tis =

1962's, or reducing these fractions to a common denominator, we have the

following: 1
B 4,8.17.5 C 21.4.38 D9.8.5 26 E 3,5.902 the sum of

which is 505 1 as it should be.

20699
2 1 50 401 216040 , 2 1 500,

2 15010

Excellent solutions of this problem were received from G, B. M. Zerr, E. W. Vorrull, and P. S. Berg

ERRATUM - In the solution of problem 42 , Professor Cooper D. Schmitt's address

should read, Professor of Mathematics, University of Tenn. etc.

PROBLEMS.

48. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

Fifty thousand days preceding Thursday, March 7 , 189.5 , was what date and

what day of the week !

49. Proposed by J. A. CALDERHEAD , B. Sc . , Superintendent of Schools , Limaville , Ohio .

I have a garden in the form of an equilateral triangle, whose sides are 200

feet. At each corner stands a tower: the height of the first is 30 feet, the second is

40 feet, and the third is 50 feet. At what distance from the base of each tower

must a ladder be placed, that it may just reach the top of each ? And what is the

length of the ladder, the garden being a horizontal plane?

{From Greenleret's Vilimal Arithmetir.]

Give a solution simple enough to be presented to a class in arithmetic .

ALGEBRA .

Conducted by J. M. COLAW, Mortoroy, Vs. All contributions to this dopartment should be sent to him .

SOLUTIONS OF PROBLEMS.

39. Proposed by ARTEMAS MARTIN, LL . D. , U. S. Coast aud Geodetic Survey Office, Washing

ton , D. C.

Find ', . , and r from the equations

ni + y + + + , * + 7 + 3 = 112.... ( 1) ,

int + topt + 7 + 3 + 1r ? = ;352 . ( 2 ) ,

ret + y + + imet + .7 ° + 7 ° + ır ? = 294 . . ( :) ) ,

y + 5+ + opt + 4 + 3+ tr = :36 + .... ( + ).

I. Solution by A. H. BELL, Hillsboro , Illinois , P. S. BERG Apple Creek , Ohio , D. G. DUR

RANCE , Jr. , Camden . N.Y. , COOPER D. SCHMITT , A.M. , University of Tennessee, and H.C.WILKES ,

Murraysville , West Virginia .
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Adding the four equations and dividing the result by : , we readily

obtain , t + y + " + 2 + + + y + + + 10 = 38 +. From this subtract each

putation in order and we obtain 22.11n4 = 272 , y + y4 = ?, ?? + = + = 90), + .c.4

= y0 , all of which are bi-quadraties. Solving we find, r = # t or +1 -17,

y = Il or + , -2, 3 = £ 3 or II –10 , r = # ? or EV- .

II. Solution by LEONARD E. DICKSON, M. A .. University of Chicago .

(2 )- ( 1 ) gives opt + 20 ' - y - y = 270 ( 5 )

(3 ) – ( 1) gives 294 +17 ? — ; * — 3 °= 182

(4 ) - ( 1 ) gives it +902 - . - = 252 ( 7 )

( 5 ) - (6 ) gives 24 +3+ -y - yº
- ° == 88 (8 )

( 5 ) - ( 7 ) gives 2+ + 7 °-y - yº = 18 ( 9 )

( 1 ) - ( 9) gives 2y + 2y + ++ 2 = 94

( 10 ) – (8 ) gives 3y + 34 ° = 6 ( 11 )

.. y= + 1 or E1 - 2.

From : ( S) and ( 11 ) , 21 + = 90 . . : = 3 or Fi - 10.

From ( 99 ) and ( 11 ) , + + 7 = 20 . . : = 2 or -5.

From ( 5 ) and (11), w + + 10 ° = 272. .. w = t or l ' - 17.

Hence there are 4 + = 256 sets of values as solutions.

Also solved by B. F. Burleson, H. W. Draughon ,.), II. Drum'noni, J. K. Ell10001, J. d. Gruber . J. F' . I.

Scheller. F. P. Jatz, and G B. N. Zerr .

40. Proposed by B. F BURLESON, Oneida Castle, New York.

Find hy quadratics all the possible values for r and y in the equations

17.3 + y = ) = 35, .... (1 ) , and 2 ? + y = a = 13.... (2 ) .

I. Solution by the PROPOSER.

From equation ( 1 ) y = i (5-0,3) .... ( 3 ). From equation ( 2 )

y = 1 (1-7 ).... ( + ). Equating ( 3 ) and (4 ) and clearing from radicals we

obtain , 2.1 -30.7 * — 25.43+ 3a’x'-- (a3 – ) = )....(5 ). Substituting numerical

for literal values in ( 5 ) , it becomes, 2.7.6 – 39.c* — 70.73 +507.2 ? --972 = 1)....(6 ).

Factoring ( 6 ), (.c ? – 5.2 +6)(. ? — 2r - 45)( 2xcº + 1 + 0 + 36) = 0).... ( 7 ). Thus far

finding the six roots of equation (6 ), it is resolved into finding the roots of the

three quadratic equations ? -52 = -6 .... (8 ), r'- 2x = 4 }.... (9), and 2x +

1 +0 = -36 .... (10). Resolving equation ( S ) for the two values of x in it , and

then substituting these values severally in (3 ) or (4 ) for the corresponding

values of y, we get , x= 2 or 3 , and y= 3 or 2. In the same way we find from

eq . ( 9 ), r = 1 + 5 } = 3.345208+ and y = 1-15 = -1.345208 + , or r = 1

1 5 } = - 1.345208+, and y = 1 + 1/ 5 } = 3.345208 + . From eq . ( 10) we obtain

the imaginary roots, x = -34 + 1v - 23, and y = -31-11-23, * = - 34- }

| --23 and y = -3 } + 4V - 23. Thus x and y have six values each and no

more, all of which we have found by quadratics.

II . Solution by J. K. ELLWOOD, A. M. , Colfax- School, Pittsburg, Pennsylvania, and J. W.

WATSON, Middle Creek. Ohio.

Let x+ y=p, xy = 8 . Then the equations become, ap - sp = b, a + 28 = p ".

Eliminating s, p3 – 3ap + 21 = 0 , or på — 39p + 70 = 0. It seems the literal

solution can not be completed by using quadratics. But multiplying p3—39
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we

7

+ 70=0 by P, p * – 395 = —70p. Adding to both sides 25p : +49, have

pi - 14p + 49 = 25pº — 70p + 49, whence p ? —7 = + (52—7) and p = 2, 5, or -7 ;

hence s = 6 , –44,or 18. [Or, from p3 – 39p + 70 = 0, we have ( p — 5) (p : +5p— 11)

= 0 . :: p= 5, 2, or - 7, 8 = 6 , -41, or 18. ]

. : x + y= 5 , xy = 6 , s . x= 3 or 2 , y= 2 or 3.

x+ y= 2, xy = -4 ), .. x = { (25 / 22), y = { (2,22).

x + y= -7, xy= 18, .. x = { ( - 7EV -23, y = } ( - 7 + 1 -23 ).

There are six values for x and six values for y admissible .

III. Comment by H. W.DRAUGHON, Olio, Mississippi.

The problem can not be solved by quadratics as may be shown thus:

The resulting literal equation p3 – 3ap + 21 = () can not be solved by quadratics,

and therefore the given equations can not be solved by quadratics. Cubics of

this class can be apparently solved by quadratics, when they have one com

menstirable root. Let r be one root of the equation p } = 3ap - 25, for instance.

Subtracting **p from both members gives p3 - » p = (31—7 °)p — 26. Obviously

both members of this equation can be divided exactly by p - r, giving a quad

ratic equation , but before this subtraction can be made we must find r , which

can not be done by quadratics. If we substitute the definite values for 1 and 1

we readily complete the solution .

Also solved by A. II. Bell. P. S. Bery. G. Durrance, Jr., II. IV', Dranghon , F. P. Jatz , li , B. Zerr ,

J. F. W '. Scheffer , C. D, Schmill. and II . C. Wilkes.

C
H
E

To

This

PROBLEMS .

11

50. Proposed by LEONARD E. DICKSON , M. A. , Fellow in Mathematics, University of Chicago .

M27T

Given h = 11'- 1. tan , m being an arbitrary integer, find the

simplest real relation between a and b .

51. Proposed by J. W. NICHOLSON , LL. D. , President and Professor of Mathematics , Louisiana

State University and A. and M. College , Baton Rouge , Louisiana.

Solve the equation : + 3m ., + 5 1 = 1 .
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GEOMETRY.

Conducted by B.F.FINKEL , Kidder, Missouri. All Contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

BВ

37. Proposed by B. F. BURLESON , Oneida Castle, New York .

Inscribe in a semi -circle ( 1 ) , a rectangle having a given area ; (2 ) , a rectangle

having the maximum area .

Solution by ALFRED HUME, C. E. , D. Sc.. Professor of Mathematics, University of Mississippi ,

and S. N. COLLIER, University of Mississippi.

( 1 ) . Let ABC be the given semi-circle with center () ; and let S be a square

of given area with side a .

To inscribe in ABC'a rectangle equivalent

to S.
GA S

a

Construction :-ALA, the left -hand ex

H
ΕΑ

tremity of the semi- circumferen
ce

, draw a

tangent AD making it equal to a . Draw ( D. With ( ) as center and OD as

radius describe an are cutting 0 A produced at E. Through E draw a line

making an angle of 45 ° with € 0 , intersecting the circumferen
ce

at B.

Through B draw a parallel to A0 cutting the circumferen
ce

at G. Through

B and G draw perpendicul
ars

to A0 meeting the bounding diameter at F and

II respectively . Then FBG II is the rectangle required .

Proof :-OD = ' (ADP+ OR ) = ; ' (a ” + R ) , denoting ( A by R.

Bat OD = 0E = 0F + FE = 0F + FB... vla ? + R ') = () F + FB.

Squaring, a ' + R² = ( F2 +2.0 E.FB + FB ?. But OF ? + FB2 = R ..

. : u = 2.OF. FB. 2.0F is the base of the rectangle ard FB is its altitude.

Also, q ' =given area .
. : the rectangle is equivalent to the given area.

(2). Let ABC be a given semi- circle with center ( ). To inscribe in ABC

a maximum rectangle.

Construction :-Draw the radius OD B

H
Kк

making an angle of 45 ° with oC. With D as

one vertex construct the rectangle DEFG .

DEFG is the rectangle required.

PR

Proof :-Let LMKH be any other in

scribed rectangle; OB the radius perpendicular

M
0AF

GC

to (C.

Compare rectangles PG and NM , the halves of the rectangles EG and IIJ .

Rectangle PM is common to the two.Rect. RG > rect . NR; for DG ( = DP )

> RP, and DR>KR .

Since ZRKD > LRDK, the former being measured by one-half of

an are greater than 90° and the latter by one-half an arc less than 90 °.

It follows that EDGF is the rectangle required .

L
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1

3

A. L. Foote furnished a neat algebraic solution ; G. B. M. Zerr, P. S. Berg,

Cooper D. Schmitt solved the problem by the calculus, and C. D. M. Showalter gave a

good geometrical solution . Space forbids further consideration of this problem .

38. Proposed by LEONARD E. DICKSON, M. A. , Fellow in Mathematics , University of Chicago.

Give a strictly geometric proof of my fundamental theorem of the In

scription of Regular Polygons, viz : Suppose a circle of unit radius divided at

the points 4 , 4, , A ,,A3, ....An, ... into 2p + 1 equal parts and the diameter

10) drawn. Then, if the chords 04,0A ,, .... 01, be drawn, we have

01,-01, + 0.13-0.1,+04 ; - .... Ě0An= 1.

Solution by Professor G. B. M. ZERR . A. M. , Principal of High School , Staunton, Virginia .

For plainness we will solve this rpoblem in full for the 13 -gon. A

general solution is as easy , but not as clearly understood .

Let 046,0.13,014, & c. = a ,,a ,,a ,, & c.

4,1; = 1 ; A. = 16A , = & c = c, d , 18 = A51, = 4 : 19 = & c. = d .

Now by Ptolemy's Theorem : -- The rectangle contained by the diagonals

of a quadrilateral inscribed in a circle &c . , we easily get the following relations:

ca, +03 ) = da , cae tag ) =da , c(0,0+1,2) = dı ,

clag + a ) = dag ca, + a , ) = dlag cau + (13) = da ,

cling tas) = dat l cas tajo ) = da, ca ;2-11, ) = da ,

clas + ar ) = dus c(a , ta = dazu i cil2 - 1113 ) = da ,

ca : +0 ,) = dag

Hence d ( , + az + a ; +1 , + a ,+1 +0,3 ) - (ag + an + 08 + 18 + 20 +0,2)

= c (0 , -043) + (ag+0 . ) + (as +08 ) + (alf + 4x ) + ( 119 + , ) + (a ,, +1,2) + ( al,2-4 , )

4- ( Q , + az) -- ( 3 + az) - (as ta ,) - (a , + ( ,) - (a ,+1) - (0 + 113) :

. : ( d + 2c) { ( 4 , + lla tila +118 + (110) +119)

- (01 tilz +11; + a , til, taitins) =0.

. : (12 +114 + 06 + 0g tayo + 012

= 1 , +13 +0; + ala + a , + au + 113

Generally (12 + a + 16 + .... tap

= ll , tils +11 + .

In the above, () can be any point be

tween 0.17 and 04, 7 .

In the problem ( 4 = 11 , = 2, 196 = 0 ,

111 = 116 , 11, = ll4, " 1 = 113, ( z = (lu , 15 = llo.

(12 + 1 , + 46 = l , + ( 3 + 15 + 1, but

16 = 0,41,45 = ( 1,, Q. = ( Az, az = 0.14,

" , = () 15, , = () A6.

0.1 , -01, + 0.13-01,+04;

-0.1 = 1, P , even .

For 15 - gon. 0.1 ,-0.1 , + 0.13-0.14 + 0A;-04, +0.11 = 1, p , odlu.

.. 0.1 , -0.1, + 04 ,-0.11+04,-....IOA, = 1, as p is odd or even.

39. Proposed by J. K. ELLWOOD , Principal of Colfax Schools , Pittsburg, Pennsylvania.

If on the three sides of any plane triangle equilateral triangles be described ,

the lines joining the centres of these equilateral triangles form an equilateral

triangle.

A
g

+ lapt

Ag

G

Ba
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D

0

A

1. Solution by F. E. MILLER , Ph.D. , Professor ofMathematics, Otterbein University , Westerville,

Ohio ; Professor J. F. W. SCHEFFER, A, M. , Hagerstown, Maryland; JOHN T. FAIRCHILD , Ada, Ohio ;

J. C. CORBIN , Pine Bluff, Arkansas; and the PROPOSER .

Let ABC' be any plane A , 0, 0) ,, and () , the centres of the equilateral

A's constructed . About these s's pass circum

ferences. They will intersect in a point, P.

Let P be the intersection of the 2

circles, AFC and CEB . Join AP, CP and

BP. Since APCF is inscribed, LF + LAPC

= 180º. But _F = 60 ° . .. LAPC = 120 °.
H

Similarly , Z CPB = 120 ° . . : LAPB = 120 ° ;

and LAPB + ZD = 180 ° . . :: APBD is in

scribed , and P is in the circumference of Plik :

DAB. ( Q. E. D. ) E

Lines that join the centres of inter

secting circles bisect the common chords and

the intercepted arcs.
. : arc IP = ļ are AP;

and arc PK = 4 arc PC... arc IIPK = arc

1PC. But arc APC measures the angle F = 60 ° at circumferen
ce ; therefore

its half IIK measures an equal angle at the centre .

20, = 2F = 60°. Similarly, 20 , may be shown = 7 - E, and 20

= D. But equiangular A's are also equilateral
... 00,9, is equilateral.

Q. E. D.

II. Solution by Professyr G. B. M ZERR, A. M , Principal of High School , Staunton , Virginia , and

Professor J. F. W. SCHEFF
ER

, A. M. , Hagerst
own, Marylan

d.

Let (), 0 , 0 , ( Fig. in Solution I. ) be the centres of the equilateral

triangles on the sides BA,BC ,AC respectively , of the triangle ABC. Let

Ararea ABC.

Then 2.0AB = LOBA = 2 (), BC = 20), CB = < 0),CA = 20,1('= 30 °.

7

OB = 0 / =
, 0 , B = 0), ('= 0 , ('= 0 ,-1 =

1 3

. : 00 ,

ca

+
3

2bc

cos. (60° + 4 )

3

-

3

2
72

+

3 3

1 1
3

bc cos . A +

3
3

be sin . 1

= Vāca

(a ? +82 + c2 +13A) = 0,0, = 0,0

. : 00 : 0 , is equilateral.

Excellent solutions of this problem were also received from Professors F.P. Mutz and 61. 1. Itopkine.



122

PROBLEMS.

44 Proposed by I. J. SCHWATT, Ph . D.. Professor of Mathematies, University of Pennsylvania,

Philadelphia , Pennsylvania.

(1 ). If from the middle point M of the side BC of the triangle ABC a

parallel to the bisector AF of the external angle to ABC is drawn to meet AB at K ,

the point K divides then the side AB in KA

= }(4B + AC') and KB = } (AB - 1C ).

( 2 ). I K is joined to the extremity D of the diameter perpendicular to BC

then is KD perpendicular to AB.

45. Proposed by B. F. BURLESON , Oneida Castle, New York.

Determine the radius of a circle circumscribing three tangent circles of

radii = 15 , b= 17 , and c = 19 .

CALCULUS.

Conducted by J. M. COLAW, Morterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

30. Proposed by E. W. NICHOLS, Professor of Mathematics in the Virginia Military Institute,

Lexington, Virginia.

Given the cardioid r = a ( 1 - сos A ) ; find the area of its circumscribing square

formed by tangents making angles of 450 with its axis .

I. Solution by Professor G. B M. ZERR. A. M. , Principal of High School, Staunton, Virginia.

Let OPRSQ be the cardioid . Draw PQ through the cusp perpen

dicular to the initial line AC . From

the property of the cardioid the

angle APO, made by the tangent and

B

radius vector at P = L POA . But

LAOP = n . .. LOPA = LOAP E

= ... the tangents BA, DA at
R

the points P , Q are inclined at an

angle of 45 ° to the axis and are per

.
pendicular

to each other . Draw the

H
@

radii vectors OR , OS, making the

LROP = USOQ=j7, and draw the

tangents CB, CD at the points R, S.

Then < ROP = . SOQ=j1, 20PB
Q

= ZOQD = 7, ZORB = ZOSD

= .

. : ZROP + 20PB + LORB
D

= < SUQ + LOQD + LOSD = 1 .

_ B= L D = 1 , an ABCD is the required square.

S



123

Now OR = (1 - сos 7 ) = q1 + 3 ), 00 = ( 1 - сos ) = u .

OE = IR sin ORB = ( Rsin 75 ° =
" (2+ , 3 ) , 1 + 1 3_5 + 3,3

22

a

OF = ( Q sin ( QF = ( Q sin 15

AB = 0E + OF =
3 (3+ , 3 )

tv2

27 ( 2 + 3 )

Area square = ABP=
q ?. A solution without the use of

10

Caleulus.

II. Solution by Cadet A. R. GATEWOOD , Virginia Military Institute, Lexington, Virginia; and

COOPER D. SCHMITT, A. M., University of Tennessee, Knoxville, Tennessee .

A

2,i sin

dr dr
2

Tan Y

do do
a sinteos24.de

= a sing, .. tan Y =

11 sina

.. Y
2

= tan ... y=;. = ++ = +*=

Now when tangents make angles of 45 ° each with the initial line,

$ = 13.5 , 0 ' = 225 °. . A=90®, A ' = 150%, LROII=30 ° .

When H = 30 °, O A = ( P = a . When H = 150 ° , RO = \ (1 - cos150 ) = ( (1+ *

( JI = RII = R0 sin30° =ļu( 1 +1) , 110 = R0) cos30° 1,3a (1+ " ).

Now CA - CIT+ 70 + 01 =+ (1+", )+ vo(1+ "<%) +a= r{3+ v3).

ABCD = BA?= ? CA? = [* 4 (3+ v3)] * =; 7 ( 2 + 1 ( 3 ) a ”, which is the

area of the circumscribed square.

III. Solution by F. P. MATZ, Ph. D., New Windsor College. New Windsor, Maryland; ALFRED

HUME, C. E. , University of Mississippi,"P.O., Mississippi;and J.SCHEPPER,A.M.,Hagerstown,

Maryland.

-

Since the sides of the circumscribing square are to intersect the axis at

angles of 45 °, we have from Todhunter's Differential Calenlus, p . 304, Art.

278 , that

tan Y
dy_sipHdr / 14) + rcosA

dx cos (dr / dll) - rsin '

sin Hasin )+a( 1 - cos)cosA

1 )

-a 1 -

From (1) we have, respectively :

tanja= + 1. . : 6= 37, 37, 87, etc. , and tan39= -1. . : H= 7, , 6A, etc.

cost(asing)–a(1 - cush)sind = £ 1...(1).
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IN

1

1G

D

Titken in the order of their magnitude, these values of H represent the angular

position of whe points 1, B, ( , D, E ,

ind F , with respect to the origin of

polar co - ordinates and the axis of the

cardioid If any tangents to the car

dioid be drawn through these points,

such tanzents make angles of 45 ° with

the axis NP. When the origin of

В.
А

E

polar co -ordinates is at (), the radius

l'ectors of the points already specified

becomes respectively :
N Q

( 4 = }(2-3) , OB = a ,

O ( = } (3 + 1. Sa, = } ( + , 3 ) a ,

(f=11 , and OF = } (2-3) . Hн

Consequently the area of the

reqnired circumscribing square

= (IV) = (Oll + OII ' ) 2

= ;'z (3+ , 3 ) 'a , = 1/ (2+ ,3 )a .... ( 2 );

Р.

and of this square, the diagonal MP

= >(3+ , 3 )a . Since the diagonal Il' = (3+, 3 )« , the area of the square the

center of the inscribed circle of which is at G ' = (MI) = (3-3) ' q ",

= il (2-13)aº ....( 2 ).

Represent the area of the larger square by A and that of the smaller

square by 4 ' ; then from the results given , 1 : 1 ' : :( 2+ , 3 ) :(2-18 ) :: 00 :0F.

IV . Second Solution by Professors F. P. MATZ ; and C. E. WHITE, Trafalgar, Indiana.

The pedal equation of the cardioid in consideration, is p ' = > } / 24 ; that

is , for the points B, C , D, and E, we have respectively: pb = a / 1/ 2,

po = fa , ' (26 + 15 / ' 3 ), pp = fav (26 + 157 3 ), and pe = a / , 2. In order that the

quadrilateral circumscribing the cardioid may be a square, we must have

pa + pp = pe + pe; and this condition is fulfilled . Hence the required area

becomes A = (P8 + pD)? = ( potpr) = { } (2+ , 3 ) « .... ( 1 ),

while the area of the smaller square becomes

A ' = (pa- pre= (pe -p ): = 1 /(2–13) ....(2).

NOTE - By using the equation p = 2a sin’d , in which d= $ , a third

solution can be made. Sufficient data are given in the problem to enable us to

make a fourth solution , without having recourse to the differential calculus.

Also solved by 0. W. Anthony, II. W. Draughon , and J. B. Faught. We regret that Professor Faught *

solution was mislaid and could not be considered in selecting papers for publication .

.

PROBLEMS.

41. Proposed by F.P. MATZ, M. Sc. , Ph.D. Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

The closed portion of the curve known as " The Cocked Hat," equation
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* + y + dacy -20+ 3.7° -4ay + at = 1 ) ,

revolves around the axis of y. Find the companulate volume generated. If the same

portion of the curve revolve around the axis of x , find the fusiform volume generated.

Also, determine the area of this closed portion of the curve .

41. Proposed by F. M. SHIELDS, Coopwood, Mississippi.

A railroad turn - table 100 feet long is balanced upon a pivot in the center of

2 circular track 100 feet in diameter. How far does a man walk who starts at one

end of the table and walks, at a uniform rate, the entire length of the table in the

save time that the table makes two revolutions, if the table starts to turn at the

same time the man starts to walk ?

MECHANICS .

Conducted by B.F.FINKEL, Kidder, Missouri. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

16. Proposed by A. H. BELL, Hillsboro, Illinois.

An iron bar 20 feet long and weighing 2,000 lbs, leans against a wall at angles

of 30 , 45 , and 800 . Determine the pressure upon the floor, and that upon the wall.

I. Solution by F. P. MATZ, M. Sc. , Ph.D.. Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

Let Pp = the pressure upon the floor, and Pr = the pressure upon the

wall, then, if o be the angle the bar makes with ths vertical wall, we have from

Woodlx Analytical Mechanice, the equations:

Pr = - = - 2000 lbs; that is, the floor sustains the whole weight of the

bar, and I'v = } Iltana....( 1) .

According to the conditions of the problem , we deduce from ( 1 ) the

following results:

For A - 1 , we have Pir = 17.45.305++ lbs;

= 109,
176.327696+ " ;

== 30 ° , 577.350266 +

1000.000000+

60 , = 1732.050800 +

* = 5671;280256+

899 = 5728.996052 +

VOTE . - Ilow the last two results, and all succeeding results to the limit of the

madrant, are to be interpreted, is a question on which Professor De l’olson Wood

can interest the readers of ile MONTHLY.

II. Solution by EDMOND FISH , Hillsboro . Illinois .

It must be assumed that the bar is prevented from sliding down by

some lateral resistance, either the roughness of the floor, or some object, its in

9

-45
0

hi = SO ,

.

1

1

1



126

rod or plank laid between the foot of the bir :und in opposite wall. Now let il

rope be passed from the foot of the bar over it pulley. What weight attached

to the rope will relieve the floor of all pressure

By the Law of Virtual Velocities, Power and Weight are inversely

proportioned to their rates of movement in the direction required. In the

present case these rates are obviously equal, and the power must cqual the

weight. Hence the pressure on the floor will be 2000 194. for all positions of

tbe bar.

For the pressure on the wall, suppose the bar incline: 30 from the

vertical. Its whole weight may be considereil concentrated in its center of

gravity. Its tendency to move is in an are whose radius is 10 . But only the

vertical part of this movement is effective, and this part is expressed by sin :30)

This supposed movement of the center of the bar implies al movement

of the upper end in an arc whose radius is 20 .
But W are concerned only

with the horizontal part of this movement in this is expressed by cos:30 .

Hence, by the law before quoted , Power ( lbs) :Weight:: 2003:39 :sin 31) .

( Tirice cos 30 because R is double ).

2000 x sin 30

. : Weight or pressure on wall= = 1000 x tan 30 .

2 cos 30

In general the pressure on the wall equals half the weight of the bar

multiplied by the tangent of the inclination .

At 30º A is 577 , Ibs.

At 15° d is 1000 lbs.

At SOA is 5671 Ibs.

This problem was also solved by P. S. Berg andil, F. 11. Scheffer .

17. Proposed by WILLIAM HOOVER, A. M. , Ph. D. , Professor of Mathematics and Astronomy,

Ohio University. Athens, Ohio .

Find the law of density of strings collected into a heap at the edge of a table

with the end of the string julse over the edge , so that equal masses mas always pass

over in equal units of times.

Solution by F. P. MATZ . M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor , Maryland.

A pulverized solid, if piled up , will settle by the force

of gravity to a certain inclination, according to the smallness and

smoothness of its particles. Now , a string is practically a cylindric solid

of great length , xwall cross sections, and indefinite flexibility and compresibil.

ity. In passing over the edge of the table, the string will pile into an appuri

mite right circular cone . A stream of pulverized solid --an impalpable parler,

like precipitated B.SO.- is practically : string of indefinitely small molecular

attraction; and such a string will pile into a right circular cone.

Let AO = 11, CI = m1, LCA0 = w , and 8 , = the initial density of the

first string-cone formed . Pass a pound ( W ) of string uniformly over the edge

of the table ; then from the cone 10B - C, we have

11 , = M , g = V , 0 , , jaris , gtanw , .... ( 1).

Pass similarly a second pound of string; then will be formed the cone
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thecylinder
+

I'OB ' - C ' ,and the cone 10B - C will be compressed into the cone 10B - 1.

The volume of the compressed string -cone,

10B - 1, becomes

W , = 1,9 = V ,8,9, = 11 !r , tanw , -m ,)019 ....(2).

Equating the right-hand members of ( 1 )

and (2) , we have

ni tan 6 , 1 " , tan ,

)
tanwi - in

0 , ....(3 ).

The values of 0 , .... On, as determined em

pirically for determinate conditions, immediately

lead to the required law of density.

18. Proposed by ALFRED HUME, C. E., D. Sc., Professor of Mathematics , University of Mississippi ,

University, Mississippi.

An elleptic paraboloid whose equations is
2 : bas its axis

1

vertical and vertex downward . If u be the co -efficient of friction, prove that a

heavy particle will rest at any point of the surface below its intersection with

22

= u ?.

• ; = (-;tilltaniw , - ,Jo....., ,= Chi

Solution by the PROPOSER.

If Mis the weight of the particle, Mand Tits normal and tangential

components, W ' = N : +1?. Also, when the particle is on the point of

sliding, T = u.V. Hence, W ? = (1 + mº).N . Again , il cost = 1 , H being the

angle between the normal and the Z-axis.

IF

ada

Sow A= Fix,y , z) = ( being the equationCOS

V
+ t

of the surface, and the differential-e efficients being partial.

14.1.2

+
(HT

Fraf Pdf
-2. Substituting, cos 8=

Ilir

V

This, in the fourth equation above, gives, after squaring,

++
(12

4 IV 2

47"

++

Substituting this value of 1 ? in the third equation.

.

+

+ = 112 .and reducing we get
le

This is the relation between the 2 and y co - ordinates of overy point of

the surface at which the friction is limiting; in other words, these points lie on

the cyliuxtrical surface of which this is the equation . Consequently, their locus
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is the curve of intersection of the paraboloid and the cylinder.
This curve

divides the given surface into two parts. The particle will be in equilibrium at

any point of the lower and at no point of the upper.

Two excellent solutions of this problern were received from F. P. .11143 , itnd one fruik 6. 8. 1. Zerr .

PROBLEMS.

1
26. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland.

If an elastic sphere be electrified in such a manner that the initial internal

pressure remains constant, determine an expressions for the rutio of the electrical densities

when the volume of the sphere has been increitsei tu ( 1 + 1) times its initial volume.

40

DIOPHANTINE ANALYSIS.

Conducted by J. M. COLAW, Monterey, Va. All contributions to this dopartmont should be sent to bim .

SOLUTIONS OF PROBLEMS.

20. Proposed by G. B. M. ZERR, A. M. , Principal of High School, Staunton. Virginia .

Find two integral numbers, whose sum , difference, and difference of their

squares shall be a squille', cube,'ind fourth power .

I. Solution by J. H. DRUMMOND; H. C. WILKES; and M. A. GRUBER .

Let ir and y = the two integral numbers. Any number to be a square,

a cube , and a fourth power , must also be a twelfth power.

Then x+y=( !!

x - y = 12

-y = a ' :71: = (ab) !

Whence x=}(@ !! +812 ) , and y = }( !! —812).

In order that r and y be integral , al ? and 61 must be both old or

hoth even .

Put ( 19 = 31! = 241,140,625 and 712 = 31: = 531441. Then = 122,336 ,

033 and y = 121,804,592. Put ai! = 612 = 2,176,782,336 and 71 = 212 = 106.

Then = 1,088,393,216 and y = 1,088,389,120.

The lowest values of r and y are found by putting

x+y=a ' ? = 312 = 531441 ,

r-y=hi ? = 11 ! = 1 .

Whence x=265721 and y = 265720.

Many answers can be obtained but the work will be tedious,
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II. Solution by the PROPOSER .

m (m - 1) m (m - 1 )

Let, 2 "+ -- + .... + **7--2 + y ", and many +
2 2

mm - 1)(m - 2)

2. - 343 +
2.3

mm - 1 ) (m - 2 )

. +
2.3

y " -- +mry - be the numbers.

Then ( 1 + y ) ", (.1 - y )" , ( 2 - y ?) " , is their sum , their difference, and

the difference of their squares. m must be divisible by 2, 33, and 4 ; this is the

case when m = 12. Then the oumbers are x12 + 66x1" ya + .. + 66.cºy ! " + ya,and

12,11y + 220.c "y3 + .... + 22023y® + 12ay !! and ( x + y ) ?, (.1 - y ) " ?, ( r ? -y )' ?

is their sum , their difference, and the difference of their squares.

Let z = 2, y= 1 , then the numbers are 26.5721 , 265720.
Their sum

= (3 )1: = 531441 = (729 )? = (81 ) 3 = (27) * . Their difference = 1 = (1 ) = (1)3 = (1) *.

Difference of their squares = 531441 = (729) * = (81)3 = > ( 27 ) *.

Many other numbers can be found satisfying the conditions.

Also solved by II, W. Draughon , and J. F. W. Schefer .

21. Proposed by P. P. MATZ, M. So., Ph. D., Professor of Mathomatics and Astronomy in New

Windsor College, New Windsor, Maryland.

Find ( 1) pine positive integrul numbers in arithmetical progression the sum of

whose squares is a square number; and ( 2) tind nineintegral square numbers whose sum

is a square number.

2

1. Solution by H. W. DRAUGHON , Olio, Mississippi.

( 1 ) . Let, 2 + 4y, 2 + 3y , x + 2y, r + 4,3,2-4,1-2y ,x - 3y, and 7-4y be the

numbers. Then we are to make the sum of their squares, 9x2 + 60yº = 0 .

Let us assume, 9.72 + 60y2 = (3.1 + 6m )? = 9.c ? +36mx+36ın" ; then ,

607-36m

-m . In order that x may be integral put, y = 3pm ... (1 ).
36m 311

Then, ir = 15pm-m = (15p ? — 1)m .... (2). p and can have any positive, in

tegral values that will make --> ty.

Let us make, p= 1 and 1 = 1 ; then , z= 14, y=3, and the numbers are,

2, 3 , , 11 , 14, 17 , 20 , 23, and 26. The sum of their squares is (48 ) 2 .

Again, let , p= 2, and m = 1 ; then , z=59, y = 12, and the numbers are,

11 , 23 , 35, 47 , 59, 71 , 83, 95 , and 107. The sum of the squares of this set is

(183) An infinite number of sets can be thus obtained from (2 ) .

( 2 ) . In the Mathematical Mexsenger, Vol. 7, No. 5. page 47, I find the

following formula for n square numbers whose sam is a square:

$ + p q = (p + 2 ) , in which S = pe= the sum of n - 1 square numbers.

Here, n = 9. Let us assume, S= (3) + (4 ) + ( 5 ) ' + (8 ) + ( 9 ) + ( 10 ) + (11 ) ! +

( 12) = 560= 10 x 56. Let us make p = 56 and q= 10 ; then , we have,

8+ (23) * = (33) Any other factors of 560 may be taken . Whenfactors give

fractional results we clear of fractions .

II. Solution by R. J. ADCOCK, Larobland, Illinois.
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a , atu', a + 2x, a + 3.x,....0+ (12— 1).“, is an arithmetical progression of

terms, their sum of squares is 11 + (a + x ) + ( a1 + 2.r) ? + (a + 3.r ) . + & c ....

+ [a + (11-1).r ) = S = na + (nº – n )ax + (2,1 -30 ° +1 ).r ? by method of differ

ence . This sum is made = a rational square by the method given in Encyclo

pedia Britannica, Vol. I , Algebra article 121 , 9th edition. When n is square

number na " + (nº - nar + ] (213 - 31 ° + n ). " = ( 11bu + hr)

2hni - ( - n )

= 192+ 2ahnr + ] (213 - 31 ? + » )... Then 2 = = > for a= 1 ,

( 2013 - 31.2 + n ) -22

w = , h = 14 . The algebraic value of x in expressions for $ after clearing

denominatives gives a general solution , the numerical , gives

2 ° + 5 ° + 8 ° + 11 ° + 14 ° + 17 % +202 +232 + 26 ° = +8 ?.

Also solved by F, P. Hatz. (i. B. J. Derr.:1. H. Drumununi. ( '. 1). Schwill, J. Scheffer, and N. .1 . Gruber

PROBLEMS.

30. Proposed by COOPER D. SCHMITT, Knoxville, Tennessee.

A and B are two integers, A consisting of 2 m figures each being 1. and B

consisting of m figures each being t . Prove that A + B + 1 is a square.

31. Proposed by M. A. GRUBER , War Department. Washington, D. O.

How many scalere triangles, of integral sides, can be formed with an alti

tude of 12 ? How many isosceles triangles

AVERAGE AND PROBABILITY.

Conducted by B.F.FINKEL, Kidder, Missouri. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

17. Proposed by A. L. FOOTE, No. 80 , Broad St. New York.

A person 30 years of age has an annuity for 10 years, the present worth of

which is $ 1000, provided he lives but ten years; for, if he dies, the annuity ceases

What is the annuity worth, on the assumption that 75 out of every 438.5 persons die

annually, between the ages 30 and 40 years ?

Solution by B. F. FINKEL , A! M. , Professor of Mathematics and Physics, Kidder Institute ,

Kidder, Missouri.

Let S= the annuity, the present value, P, of which , for 10, = 1 , years

is $ 100.



131

R "-1S.

Then P=

R - 1 (h -), whence s =

PR "

R - 1

where R = 1 + r. If

WeWe assume r = .0 tind S = $ 119.0294 nearly.

The limit of B's life is +385 + 15 = 38 , years, = 1. .. the probability

1-1 1-2

that B will be living at the end of 1 year is ; at the end of two years,
2 1

1-3

at the end of three years,

7
; etc.

The present worth of S, = $ 149.20207, due in 1 , 2 , 33 , + , ete ., years is

S

etc. , to
The present worth of S'due at the end of any

R ! R3

year multiplied by the probability of B's living to the end of that year is the

actual value of S.

SIZ - 1) , 1-2) +
(1-3) $ 17-11)

+ + : .. ( 1 ) .
RI TR? TR3

S - 1 ) $ (1-2) S (1-3) 1 - n )

+ + . ( 2 ) , by multiplying ( 1 ) by
R TR ? TR3 IR IR " ;-)

1 .

R

SN - n )

..

$ ($-= -)

SI - 1 )

RY TRI

1

SI 7 1 1 1 .
11

R 'R Rīj

1

Si 1 - n . 1

R ?R Rn

R- 11

R
2

-774-7 " -R [ - ]+

17 ") -1 (1-7 )

1 1
1

S ' 1- ( - )

R TR "

TR") - R (1-1/ R ") , = $911.881029
.

No solutions of this problem were received from our contributors .

18. Proposed by H. W. DRAUGHON, Clinton , Louisiana.

The probability that I will speak the truth is twice the probability that B

will. in an independent statement, speak the truth : but, if A exeris his influence,the

probability is that B will agree with him in any statement. What is the probability

of the truth of their concurrent trstimony, the chances being equal that it may or

may not be interested in the matter ?

Solution by P. E. PHILBRICK , C. E. , Lake Charles , Louisiana.

1. Suppose that A is not interested in the matter. Let I = the probabil

ity of the truth of any one of B's statements.
Then 2.r = the probability of the

truth of any one of A's statements . The event did occur if both witnesses tell

the truth the probability
of which is r X 20 = 2x ”.
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p = S2, +42-01-21)
0
( 7

The event did not occur if both witnesses testify falsely the probability

of which is ( 1 - x ) (1-2x ). Hence the probability of the occurrence of the

event supposing r to be known is , p' =

2.2+ ( 1 - x ) (1-2 )

Now as the veracity of i may vary from ( ) to 1.x ' , may vary from "

to } , and, therefore, the required probability is

일

dr = 4

= 64 S
2,1 ? + (1-7)( 1--2.x )

Let Ir - 3 = y, then x = ( y + 3 ), d.x = sily and the limits of y are 1 and -3.

Hence, p = :

+ y + 3 ) dy 64

S ( 1

1+ +

y° +7 +7 „: )!!!

1 1

= [3y + 2log- \, * +7 ) + " ] = 1 –Flog.2 + tan

tii

2 . Suppose that A is interested in the matter. In this case B's testi

mony agrees with that of I, and I's alone is to be considered. The prob

ability of the truth of A's testimoney is P = 2a in which r. may vary from 0

to . Hence , the required probability is P =SP +S = [» ]:= 1

Since the chances are equal that A may be or may not be interested

in the matter, the probability required is equal to the half sum of the preceed

og results, or P's = {(1- Blog,2 + tan ', 7)
+7

tan

+17

1

PROBLEMS .

28. Propssed by G. I. HOPKINS , Instructor in Mathematics and Physics in High School , Man

chester, N. H.

John and llenry passed in to their teacher a written exercise in geometry.

On glancing over the two papers , the teacher noticed a striking resemblance in the

hand writing. Ou closer inspection, be found the two diagrams precisely alike each

employing the same nine letters, the points being designated by the same letters in

both . The teacher at once suspected that Henry bad asked and received assistance

from John , but refraines from saying anything until he had examined the papers

thoroughly. On further inspection of John's paper he discovered two mistakes: then

turning to Henry's paper he discovered the same two mistakes in his . The next

morning John denied that he had written that exercise for Henry but acknowledged

that he had done so once before. When asked by the teacher, however, to pick out

his paper from a number of others , the autographs all being concealed , he picked out

the paper to which Henry's name was signed. Henry was absent from school that

morning, and has not yet returned . What is the probability that John did not write

Henry's exercise for him ?
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MISCELLANEOUS .

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

6

15. Proposed by SAMUEL HART WRIGHT, M. D. , M. A. , Ph . D. , Penn Yan, Yates County,

New York

Required the illuminated area of the Moon's dise when through its first

quarter, or 60 -of longitude east of the Sun, the Earth and Moon being at their mean

distances.

Solution by F. P. MATZ. M. Sc.; Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland .

Represent the centers of the sun , earth , and moon, by S , E , and M,

respectively; also, represent the mean distances of

the moon and sun from the earth , respectively, by

EM = 1 = 1, and SE - nd = 395.40 . Let L MESE

V = 60 °; _ SME ' = 0 ; and MS = , (n + 1-2n

cos Y ), = d , ( n ° -1 + 1) = 394.90 ; then , by well

known principles of Trigonometry, we
deduce

S

msin Y
= 60 ° 7'33" .223.

[(n - 1) ” +27 ( 1 - сos Y

M

JP

=sin "( 17),

Put A, = , the apparent area of the semi

circle UP.V'at a unit's distance, A' = the apparent area of this semi-circle at

a distance EM = 1 ; then, since the apparent diameter of the moon varies in

versely as the distance and the apparent area of the moon's disc varies as the

square of the distance, we we have A'=Ad . The phase, or illuminated

area , VP'V'PN at a distance EM = d , we represent by P ; and the apparent

area of the semi-ellipse NPN ' at a distance EM = d , by E ; then , according to

obvious principles and deductions already made, we obtain the formula,

P = A ' - E = A ' ( 1 - cosp ) = A ( 1 - cos ) / dº ,

A (n - 1) -n(1 - сos Y )[ (1 + cos Y )-2 )

1

d " (1-1)" +27 ( 1 - сos Y )- v n 1)n + V )]

=A( 1 –.4981517) d = ļof.5018483 = .2509241 + ; that is , about one-forth of

the apparent dise of the moon is then illuminated .

NOTE.- An easy trigonometrical operation gives the formula,

$ - ¥ +tan [671) co
cot 1 y ] }
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1

Y+ tan

- [( - 1)/(1+cosV)] ,

= 1-137 + tan - ' 8 : 1 , 3) ] = 607'33" .223 .

It must be observed that a reversed crescent of the same size is illumi

nated when the “ Waning Moon " is two -thirds through her last quarter.

PROBLEMS.

28. Proposed by • IAGO " - ( The late DR. JAMES MATTESON, DeKalb Center, Illinois.)

If 9 gentlemen , or 15 ladies, will eat 17 apples in 5 hours, and 15 gentlemen

and 15 ladies can eat 47 apples of a similar size in 12 hours, the apples growing uni

formly: how many boys will eat up 360 apples in 60 hours, admitting that 120 boys

can eat the same number as 18 gentlemen ind 26 ladies ? F. P. Matz .

29. Proposed by ALEXANDER MACFARLANE, M. A. , D. So. , LL.D. , Cornell University, Ithaca.

New York .

A rectangular room has the four walls , the floor, and the ceiling covered with

mirrors: it candle is policeed inside the room : find a formula which will express all the

inningosi

10

EDITORIALS.

Professor Milton L. Comstock , Professor of Mathematics, Knox

College, Galesburg, Illinois, says, I have read the MONTHLY from the beginning

and I am willing to bear testimony as to its excellence.

In future numbers of the MONTHLY, some valuable contributions on

important Mathematical subjects may he looked for from Dr. G. A. Miller, of

the l'niversily of Michigan, and Dr. W '. B. Smith of the Tulane University of

Louisiana.

Professor F. P. Matz , of the Department of Mathematics and Astron

omy in New Windsor College, New Windsor, Maryland , has just received

oticial notice of his unanimous election as member of the London Mathemati

cil Society, having been proposed for membership, by Professor J. J. Sylves

Dr. Matz, was also elected member of the American Mathematica
l

Society

at its meeting in February, having been proposed for election by Professor

Willian W. Johnson , of the l'nited States Naval Academy and endorsed by

Professor Simon Newcomb. We congratulate Dr. Matz on these merited

recognitions.

Professor J. E. Oliver, Professor of Mathematics in Cornell Universi

ty , died , on the 27th of March , 1895 , after an illness of ten weeks.
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1

!

On Monday, April 8th, 1 95 , Dr. Alexander Macfarlane, was married

to Miss Helen Martha Swearingen , of San Antoneio, Texas. Dr. Macfarlane

and his wife will make their home in Ithaca, New York . The MONTHLY

family wishes them a long and happy life .

BOOKS AND PERIODICALS.

A College Algebra. By J. M. Taylor, A. M., Second edition, 1892.

8vo. cloth , 318 pp. Price, $ 1.50. Boston and Chicago: Allyn & Bacon .

The first part of this Algebra embraces an outline of those fundamental

principles of the science that are usually required for admission to a college or scien

tjfic school. The subject of Equivalent Equations and Equivalent Systems of Equa

tions are fully treated . In the Second Part, the author has given a full discussion of

the Theory of Limits which is followedľby one of its most ini portant appplications,

Differentiation . Pages 266-317 are given to the Theory of Equations. The subjects

treated in this book are presented with the utmost clearness and simplicity.
Teach

ers of Higher algebra should examine this work . It is neatly printed and well bound

in substantial cloth . B. FF .

Theorems in the Calculus of Enlargement; and 1 Methoil for ('ulou

lating Simultaneously all the Roots of an Equation. By Emory McClintock .

Reprinted from the American Journal of Mathematics, vol. XVII , X ) s. 1 and 2 .

Dr. McClintock read his paper on Theorems in the Calculus of Enlarge

ment" before the American Mathematical Society, August 14 , 1894, where it was re

ceived with much appreciation. The paper on " A Method for Calculating Simul

taneously all the Roots of an Equation " was read before the American Mathematical

Society, August 14 and October 27 , 1894. This paper presents new results in the

main line of analysis which should be immediately incorporated in our text-books.

Any one interested in these papers should write to Dr. McClintock, Columbia College ,

B.F.F.

The Review of Reviews: An International Illustrated Monthly Mag

azine. Edited by Albert Shaw. Price, $ 2.50 per year. Single Number, 25

The Review of Reviews Co. New York City,

In the Review of Reviews for April the editor discusses recent political events,

especially the doings of the Fifty -third Congress , the appointment of delegates to an

international monetary conference , the election of U. S. scnators by various state

legislatures, the deadlock in Delaware, the constitutional convention in Utah, the

arguments before the Supreme Court on the constitutionality of the income tax, the

change in the administration of the Post Office Department, and other incidents of

the month under review . Persons who can only afford to take one of the leading

Literary Magazines of the World and desire to know what is going on all over the

world should subscribe for The Review of Reviews. B.F.F.

The Cosmopolitan : an Illustrated Monthly Magazine.

N. Y. , for a copy .

Edited by
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John Brisben Walker and Arthur Sherburne Hardy.
Price, $ 1.50 per year.

Single Namber, 15 cents .

The following are some of the leading articles in the April Number: The

Nymph of the Altitudes , hy Mrs. Robert P. Purter: The Litte Returning, by Gertrude

Hall: English Wood - Notes, by James Lane Allen ; The Krakatoa Eruption , by Jean T.

l'anGestel; and The story of a Thousand, by Albion W. Tourgee. The description

of Krakatoa Eruption, by an eyewitness, is full of thrilling interest from begin

ning to end . The Cosmopolitan is one of the very best Magazines published in

America , iind its price is so reasonable that it is easily within the reach of all . You

might be charged more than 15 cents for such a Number but could it contain better

materal? See our offer in the December No. of the MONTHLY. B.F.F.

The Mathematical Gazette : a Terminal Journal for Students and

Teachers. Edited by E. M. Langley, M. A., Published by Macmillan & Co. ,

London and New York . No. 4 , February, 1895, 4to , pp. 25-36 . Price, One

Shilling Net. Subscription for 1895, 7s , 6d.

The February Number contains an excellent paper on “ Mathematics for

Astronomy and Navagation ", by T. Wilson . The paper on “ Algebra in Schools ", by

G. Heppel , offers some good suggestions. The paper suggests that a should be

considered as bring one ind not two values. Without offering a criticism to this

statement, we believe it it is best to consider ju as having always two values ,

though both values may not be admissable in the same equation . B.F.F.

The Huthentiral Magazine: a Journal of Elementary and Higher

Mathematics . Ellited :und Published by Artemas Martin , M.A.,Ph.D .,LL.D.,

Washington, D. ( . Terms: $ 1.00 in advance for Four Numbers.

The January, 1895 , Number contains the following papers : About Cube

Numbers Whose Sum is a Cube, by Dr. Martin ; The l'nited States Bond Problem ,

by Theodore L. DeLand : On the Celebrated Cattle Problem of Archimedes, by A. H.

Bell . The solutions of six problems are published and ten new problems are pro

posed for solution . The appearance and typographical execution of this Number is ,

as usual, first class, B.F.F.
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BIOGRAPHY.

LOBACHEVSKY.

BY DR. GEORGE BRUCE HALSTED .

This is ex

ICOLAI IVANOVICH LOBACHEVSKY was born November 3, 1793,

which , according to the old style calender still used in Russia, is there

written October 22 , 1793. His father was an architect.

jolicitly stated in the edition of Lobachevsky's works published by the Imperial

University of Kasan , so that C. S. Peirce is wrong when in his review of my

translation of Vasiliev's Address on Lobachevsky , in the Nation of April 4th ,

1895 , he criticises Ch . Rumelin for this statement. Rumelin is right. Lo

bachevsky was born in the town of Makariev about 40 miles above Nizhni

Novgorod on the Volga.

His father died in 1797 , and his mother soon after removed to Kisan,

where she succeeded in getting her two sons admitted free to the Gymnasium .

Lobachevsky entered in November 1802. On February 14th, 1807, after

standling his examination , he was admitted as a free student to the University

of Kasan, the statues creating which had only been signed November 5th, 1804.

Lobachevsky's wildness, disobedience and contempt for orders drew down upon

him the severe disapproval of the University authorities; once he was threaten

ed with exclusion from the University , and it was only due to the protection of

Bartels, the professor of mathematics, that he was permitted to finish his

course.

Toward Bartels Lobachevsky retained to the end of his life the keen

est feeling of regard and gratitude.

He studied practical astronomy with Littrow, under whose direction

he made observations on the comet of 1811. July 10th , 1811 he received the
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master's degree, and then began teaching as assistant to Bartels. In 1814 he

was made adjunct professor of mathematics, and in 1816 full professor. On

May 3rd, 1827 , when only 33 years old , he was made Rector, and occupied

during 19 years the first place in the l'niversity of Kasan . In 1846 he was

appointed assistant Curator of the district of Kasan, and went to live in a

village which belonged to him , Belovoljskaya Slobolka, sixty versts from

Kasan up the Volga, where the forest of nut trees planted by him still rem : ins.

Toward the end of his life he became blind , but continued his scientific activity

and his complete conviction of the profound importance of his non - Euclidean

geometry. His last work “ Pangeometrie " was produced after his blindness

In 1856 be died.

The researches of Lobachevsky on the systematic interpretation of

geometry began before 1823 , for in that year he presented to Magnetsky, then

Rector, with the idea of having it printed at the charge of the crown , a man

ual of geometry, written in the " classic " form .

It is a great pity that this most interesting manuscript is lost. From

the detailed judgement of Fus on it we cannot gather that Lobachevsky ex

pressed in this manual any oriz inal views on the theory of parallels. This

point will be of still greater interest in the future, for I am at present engaged

in translating from the Hungarian or Magyar language important documents

recently obtained in regard to the two Bolyais, and with them a letter, hitherto

unknown and not even yet published, from John Bolyai, the scientific twin of

Lobachevsky, in which he announces to his father in 1823 the discovery of the

non-Euclide.in geometry.

Though Lobachevsky's " Geometric Researches on the Theory of

Parallels, " published in 1840 , of which my English translaton is now in its

fourth edition and has been beantifully reproduced in Japan, remains even to

day the simplest introduction to the subject which has ever appeared ; yet in it

Lobachersky has not reached that final breadth of view given first in John

Bolyas's " Science Absolute of Space," but also attained in Lohachevsky's last

work Pungeometrie, which name he explicitly uses as expressive of this final

view .

There is one point, incomprehensible to his contemporaries, which we

can appreciate now as showing the marvellous precision and keenness of

Lobachevsky's logic and mathematical perception.

As early as 1834 he mad the distinction in regard to functions, which

nearly half a century later Weierstrass and P. du Bois -Reymond forced upon

the attention of the mathematical world , namely the distinction between con

tiouity an l differentiability. Lobachevsky said, “ The function is 'postepennost"

[ what we now cali continuoux] when the increment in it is diminished to zero

together with the increment of the variable 2. The function is 'peprerivnost'

[ what we now call differentiable) when the ratio of these two increments, as

they diminish , goes over insensibly into a new function, that will be, conse

quently, a differential co -efficient. ” C. S. Peirce says of this, “ Who in Russia

in 1834 could possibly see anysense in the contention of Lobachevsky that it

1
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was one thing for a curved line to be continuous, and quite another for it to

have definite tangents ? The mathematicians of Western Europe did not be

come aware of the distinction until nearly 1850 , when Weierstrass suggested

that a line might be wavy, and these waves carry smaller waves, and those

still smaller waves, and so on an infinitun. Down to this day there is but one

text-book on the differential Calculus ( that of Camille Jordan , in its second

edition) which introduces the distinction. All of Lobachevsky's writings are

marked by the same high - strung logic.”

The solar corona , one of the most remarkable phenomena in nature,

was not enough noticed to receive a rame until 1851 . But it was carefully

observed by Lobachevsky at the eclipse of July 8 , 1842 , and by him minutely

described These things are mentioned to show that Lobachevsky was

modern scientists of the very sounilest sort, whose only misfortune was to be

half-a-century ahead of the world . But as soon as the world reached him it

did an :ple justice to his influence and his memory . In my Bibliography of

non -Euclidean Geometry in the American Journal of Mathematics 1878, re

produced by Vastchenko -Zacharchenko in his Introduction to the Elements of

Euclid in 1880, and again reprinted in 1886 at the end of the second volume of

the collected geometric works of Lobachevsky ( Edition of the Imperial Uni

versity of Kasan ), I gave more than a hundred and seventy five works, and in

less than ten years, 1887 , the number had grown to over three hundred, and

now is so enormously great that the task of a new edition of my Bibliography

overwhelms me.

The most distinguished men of the generation just passed, Grassmann,

Riemann, Helmholtz, Clifford , Cayley ; the ablest of living mathematicians,

Lie, Klein , Sylvester, Sir R. Ball , Poircare have won some of their choicest

honors in the domain of the non -Euclidean geometry. Its day of probation is

safely passed, and one might better square the circle and invent perpetual

motion than make the slightest objection to the non- Euclidean geometry.

And now in bringing to a close this m - agre notice of a wonderful

genius, let me say that no attempt has here been made to give an intimate

picture of the man himself, because that has already been done to perfection

in the magnificent Address of Lobachevsky's worthy successor at Kasan , Pro

fessor A. Vasiliev . Of this L. E. Dickson, of the University of Chicago, him

self agenius, speaks as follows: " From every one devoted to mathematics

or philosophy, or indeed to the highest advance of human thought in any

form , this address will call forth the deepest admiration for Lobachevsky,

now l'ecognized as one of the greatest intellectual revolutionizers the world

It will arouse a deeper enthusiasm for scientific achievement and

widen the horizon of every reader. "

1

!
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THE " CATTLE PROBLEM ." BY ARCHIMEDIES 251 B. C.

By A. H. BELL, Hillsboro, Illinois.

Compute, O stranger ! the number of of cattle of Helios, which once

grazed on the plains of Sicily , divided according to their color, to wit :

Black Bulls Black Bulls

1st White Bulls + + Yellow Bulls.

2 3

2nd Black Bulls = } and } of the Dappled Bulls + the Yellow .

3rd Dappled Bulls = $ and 4 of the White Bulls + the Yellow Bulls.

4th The White cows = į and of the Black Herd,Bulls and Cows = Herd .

5th The Black cows= 1 and } of the Dappled Herd.

6th The Dappled cows= } and } of the Yellow Herd .

7th The Yellow cows = $ and į of the White Herd.

He who can answer the above is no novice in numbers. Nevertheless

he is not yet skilled in wise calculations ! but come consider also all the follow

ing uumerical relations between the Oxen of the Sun.

8th If the White Bulls were combined in one total , with the Black

Bulls they would be in a figure equal in depth and breadth and the far stretch

ing plains of Thrinacia would be covered by the figure ( square) formed by

them .

9th Should the Yellow and Dappled Bulls be collected in one place,

they would stand, if they ranged themselves one after another completing the

form of an equilateral triangle . If thou discover the solution of this at the

same time; if thou grasp it with thy brain ; and give correctly all the numbers;

O Stranger ! go and exult as conqueror; be assured that thou art by all means

proved to have abundant of knowledge in this science .—This is translated by

T. L. Heath, author of Diophantos, Cambridge, England , 1889 .

The first known answer to the Celebrated Cattle Problem by Arch

imedes 251 B. C. was computed by the Hillsboro, Illinois, Mathematical Club ,

1889 to 1893. Edmund Fish , Geo . H. Richards,and A. H. Bell.

The numbers satisfying all of the 9 corditions as given are the very

smallest that will meet the requirements and critical tests that are also given .

Mathematicians have heretofore obtained the 8th condition which requires the

White and Black Bulls to equal a square number, and is 79 450 446 596 004

= 0 number ; the 9th condition that the Dappled and Yellow Bulls should

equal a triangular number is not fullfilled by the corresponding number, 51 ,

285 802 909 803, which is designated by B. We seek a square multiplier

which call x? let Bir ?
» ( n + 1)

= the expression for a triangular number
2

which gives 8 Bx2+ 1 = (2n + 1)* = y' and we at once get , $ B = 1' ( * — 1 ) . The

square root of SB by continued fractions will give r , and then we have
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X ? =
34 555 906 334 559 370 306 303 802 963 617 + 68 829 periods of

3's+252 058 980 100.

White Balls 1 596 510 804 671 144 531 435 526 194 370 +68 834 periods of

3's +385 150 3+1 800.

Black Bulls 1 148 971 387 728 289 999 712 359 821 824 + 68 834 periods of

3's+ 899 825 178 600

Dappled Bulls 1 133 192 754 438 638 077 119 555 879 202 +68 834 periods of

3's +921175 894 000

Yellow Bulls 639 034 648 230 902 865 008 559 676 183 + 68 834 periods of

3's +635 296 026 300

White Cows 1 109 829 892 373 319 039 723 960 215 824 +68 834 periods of

3's +914 059 564 000

Black Cows 753 594 142 054 542 639 814 +29 119 589 +68 834 periods of

3's+ 238 562 645 400

Dappled Cows 5+ 1 460 894 571 456 678 023 619 942 106 + 65 834 periods of

3's + 608 963 318 000

Yellow Cows 837 676 882 418 524 438 692 221 981 107 +68 834 periods of

3's +116 422 113 700

Total 7 760 271 406 486 818 269 530 232 833 209 + 68 834 periods of

3's +719 455 081 800

W. and B. Bulls 2 747 452 192 399 434 531 147 886 016 194 + 68 834 periods of

3's +254 973 520 4001

Root of above
1 656 949 665 133 506 668 +34 41+ periods of

3's + 357 460 163 020

D. & Y. = 0 = 1772 227 402 669 540 942 128 115 555 385 +68 834 periods of

3'5 + 536 471 920 300

Root of Sa + 1
3 765 31+ 502 347 205 88++ 34 +14 periods of

3's + 363 134 961 201

These enormons numbers using 2005 + 5 figures will make numbers

one -half mile long. In the computations to this problem difficulties are en

countered at every step, wonderfull discoveries in the properties of vast

numbers are disclosed at every turn . A new summation of continued fractions

with many novel ways used to obtain the exact figures shown can be had of

A. H. Bell, Hillsboro, Illinois .
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REMARKS ON SUBSTITUTION GROUPS.

By G. A. MILLER, Ph . D. , Professor of Mathematics University of Michigan, Ann Arbor, Michigan .

Introductory. " The mathematics of the twenty - first century may be very

different from our own ; perhaps the school boy will begin algebra with the

theory of substitution groups as he inight now but for inherited habits . " *

These words imply two important features of substitution groups,

viz ., their extensive application and their rudimentary character, for a begin

ners' algebra must in all times possess these features. To these we may per

haps add a third , viz . , their usefulness for unification ; for we can scarcely ex

pect that much will be added to the beginners' algebra except what tends to

show the unity of subjects which otherwise appear distinct and thus to simplify

the acquisition of a knowledge of them . The last one of these features is es

pecially prominent in substitution groups and on this account it seems proba

ble that they will increase in favor with the progress of thon_ht towards ab

straction and generalization.

The theory of substitution groups does not concern itself with metri

cal properties nor is it a part of the science of quantity in ihe ordinary sense .

It chiefly investigates correspondencies by means of which we may apply re

sults with respect to one subject to another without going through the work of

investigating each seperately. It tends therefore to save thought and thus be

comes a new in - irument in the hands of the student by means of which he can

work not only faster but also with less exertion than he could without employ

ing it . With these general statements in regard to the scope and features of our

subject we proceed to some special consideration of its nature and a few im

portant applications. In doing this we shall not presuppose any knowledge of

the subject on the part of the reader.

If we take the four numbers 1 , -1,1-1, -1-1 and multiply any

one by itself or by another one of them we obtain no new numbers; thus

-1-1-1-1= -1, -1-1-1= , -1

-V- 1XV- 1 = 1 , -1x - 1 = 1 , etc.

We therefore say that these four numbers form a group with respect

to multiplication. If we take 1 and operate upon it by itself we obtain no new

number 1 therefore forms a subgrompt of the given group. If we take – 1 in

a similar way we obtain the subgroup 1 , -1 since (-1 ) ² = 1, ( - 1) = -1 , ete .

By taking either , - 1 or -V- 1 in this way we will obtain the entire group,

since ( 1 - 1 ) " = - 1 , (1 - 1)3 = - ; ' - 1,(1-1)4 = 1, ( V -1)" = V - 1, etc. We

say therefore that the above group is generated by either v- 1 or -1 ' - 1 and

that 1 , -1 generate the subgroups 1 and (1,-1) respectively.

*From Professor Simon Vowcomb's address lelivered before the New York Mathematical Society at its

annual meeting, December 24 , 1993, and published in the Bulletin of this socie : y , vol. III . , Vo . 4 .

+ The terms gro : p and subgroup are only relative. If a subgroup is considered by itself it is called a .

group and a group may in turn by a subgroup of a larger group.
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We may now consider the corresponding substitution group

1 , ac.bd, abcd, adch. Ok

Where ac.bd means that c is substituted for a and a for c , then it for hand

for d; abcd means that b is substituted for a, c for b, d for c and a for d . 1

means that all the letters are replaced by themselves, or, what amounts to the

same, that the letters all remain unchanged.

For example, if we operate upon a + 21 + 30 + td with ac.bd we obtain

c + 20 + 30 + 4 and if we operate upon the same expression with abed and adoh

we obtain b + 2c + 3d + 4a, d+2a+36+ 4c respectively. From these definitions it

follows directly that 1 , ac.bd generate the subgroups 1 and ( 1.ac.bd) respect

ively , for if we perform the operation indicated by these symbols any number

of times and in any order we obtain a result which is equivalent to the opera

tion indicated by one of the symbols in these subgroups. This is the necessary

and sufficient condition that a given aggregate of symbols may be a group or

subgroup . Since abcd2 * = ac,bil, abcd3 = ndch, abcd " = 1, abcd5 = ahod, etc. , it

follows that the above group is generated by either of the substitutions abell or

adch .

In the study of substitution groups it is very important to be familiar

with quite a number of such groups. We therefore shall give all the gronps

of the different numbers of letters not exceeding four. It is evident that the

only substitution group of two letters is

1 , ab .

The following are the only two that involve three letters :

1 abc ab
1 abc

achach ac

bc

ac

The following seven are those that involve four letters :

1 abc abcd ab.cd
1 abc ab.cd

ach adc ab ac.bd
ach ac.bd

abd acbd ad ad.hc abd ad.bc

adh adbc bc
adh

acd abdcbd
acd

adc acdlcd
adc

bed bdc 2

bde
bic

1 ab.cd abcd ac 1 ab.cd
1 abcd ac.bd

ac.bd adco bd
adch

ad.be 3

ac.bd 1 ac.br/

bd

1

ac.bd

ad.bc

1 ас

1

In general

* This means that the operation indicated by abcd is to be parformed twise in succession,

abed = r abcd.abcd....aded , the oneration abcd being performed x times in succession. If we npernte once

tipon @ +2 +36 +40 with abcd we chtain b +2c +34 +40 , on operating again we obtain € +20 +34 +49; the last

result would have been obtained by operating with ac.od upon the first expression.
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The largest group of any given number of letters contains all the substi

tutions which correspond to the permutations of these letters. The number of

substitutions in this group is therefore n ! and all the other groups of the same

number of letters are subgroups of it. The second group, with respect to size

contains all the substitutions which correspond to an even number of inter

changes of letters, the number of substitutions in this group is n ! = 2 .

( To be continued .]

11
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NON-EUCLIDEAN GEOMETRY: HISTORICAL AND

EXPOSITORY .

.

By GEORGE BRUCE BALSTED, A. M. , (Princaton ), Ph. D. , (Johns Hopkins) ; Member of the London

Mathematioal Society; and Professor of Mathematics in the University of Texas , Austin, Texas .

[ Continued from the April Sumber. )

PROPOSITION XVII. In the hypothesis of acute angle, we can find a per

pendicular and an oblique to the same straight which never meet.

More literally: If the straight AII stands ( fig. 15. ) at right angles to

any one certain straight AB honoever small : I say that in the hypothesis of

acute angle it cannot hold good, that every straight BD, making with AB any

acute angle you choose, toward the parts of this AH, will at length mert this

AH produced at a finite, or terminated distance.

Proor. Join IIB. The angle ABII will be acute (Eu. I. 17) , be

cause of the right angle at the point A. Now (Eu . I. 23 ) a

certain IID can be drawn toward the parts of the point B,
K

which not cutting the angle AHB makes with this HB an

acute angle equal to this acute angle ABH. Then from the

point B is let fall to HD the perpendicular BD, which falls

toward the parts of the aforesaid acute angle at the point H.

Since therefore the side IIB is opposite in the triangle IIDB

to the right angle at D, and likewise in the triangle BAH to A B

the right angle at A ; and again in those two triangles cqual

angles are adjacent to this side HB, which are in the first Fig.15 .

triangle indeed the angle BHD, and in the latter the angle IIBA ; also (E ^ . I. 26 )

the remaining angle IIBD in the former triangle will be equal to the remain

ing angle BH A in the latter triangle. Wherefore the entire angle DBL

will be equal to the entire angle AHD. Now however, neither of the

aforesaid equal angles will be obtuse, lest we meet ( from the preceding propo

sition) in one case the now rejected hypothesis of obtuse angle. Nor will
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either be right, lest we meet (from the same preceding) in one case accordingly

the hypothesis of right angle, which (P.V. ) will leave no place for the hypothe

sis of acute angle. Therefore each one of those angles will be acute. This

being the case ; that the straight BD produced cannot meet in a certain point

K this AHproduced toward the same parts, is demonstrated thus ; because in

the triangle KDII, besides the right angle at D, is present the obtuse angle at

H , since the angle AHD in the aforesaid hypothesis of acute angle is proved

acute. But this is absurd, against Eu . I. 17. Therefore it cannot hold good

in this hypothesis, that any BD, making with one straight AB as small as you

choose, any acute angle towards the parts of this All, will at length at a finite,

or terminated distance, meet this AH produced . Quad erat demonstrandum .

The same otherwise and more easily . Two perpendiculars AKBM

stand on one certain small at will straight AB ( fig. 16 ) .

From any point M of this BM let fall the perendicular

MII, and join BH . It follows that the angle BIM КХ

will be acute. In the hypothesis of acute angle, the

angle BMH is also (from the preceding proposition )

acute. Therefore the perpendicular BDX, let fall

from the point B to this HM, will cut (by Eu . I. 17)

this II M in some intermediate point D. Therefore the

angle XBA will be acute . But it follows (from the A A

same Eu, I. 17 ) that those two straights AHK , BDX

howsoever produced cannot mutually meet (anyhow at a Fig.16 .

finite,or terminated distance) on account of the right angles at the points II and

D. Therefore in the hypothesis of acute angle it cannot hold good, that any

BD, making with one however small straight AB any acute angle toward the

parts of this All, perpendicular to this same AB, will at length meet (at a

finite, or terminated distance ) this All produced. Quad erat propositum .

SCHOLION 1. And this is, what I promised in the Scholia after prop

osition XIII , that the hypothesis of acute angle ( wbich alone is able now to

stand against that general Postutatum of Euclid) will certainly be destroyed by

the sole admission of a general meeting of two straights toward those parts,

toward which any straight, as small as you choose, meeting them , makes two

internal anglez less than two right angles; and so indeed, even if either of

those angles is to be supposed right.

SCHOLION 11. But again in a better place , after proposition XXV, I

will show that the hypothesis of acute angle will be equally destroyed , provid

ed that any one acute angle as small as you choose can be designated, under

which if any straight meets another, this produced must (at a finite, or term

inated distance) finally meet any perpendicular erected upon this meeting

straight at whatever finite distance.

PROPOSITION XVIII, From any triangle ABC, of which ( fig. 17. ) the

angle at the point B is inscribed in any semicircle, of which the diameter is

AC, is established the hypothesis of right angle, or obtuse angle, or acute angle,

according as indeed the angle at the point B was right, or ohtuse, or acute.

#
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Proof. From the center D join DB. The angles at the base AB

will be (Eu. I. 5 ) equal, and likewise at the base BC , in

the triangles ADB ,CDB. Wherefore in the trianzle

B

IBC the two angles at the base AC will be together equal

to the whole angle BC. Therefore the three angles of

the triangle ABC will be together equal to, or greater, or

A

less than two right angles according as the angle at the
D C

point B was right, or obtuse, or acute . Therefore from

any triangle ABC, of which the angle at the point B is in

scribed in any semicircle , whose diameter is AC, is estab Fig. 17 .

lished ( P.XV ) the hypothesis of right angle, or obtuse angle , or acute angle,

according as indeed the angle at the point B is right, or obtuse, or acute.

Quod erat demonstrandum .

[To be continged ]

P

AN ATTEMPT TO DEMONSTRATE THE 11th AXIOM OF

PLAYFAIR'S EUCLID .

By WARREN HOLDEN, Profossor of Mathematics. Girard Collogo , Philadelphia, Pennsylvania.

· Through a given point one line, and only one, can be drawn parallel

to a giren line."

1st . Two lines perpendicular to a third never intersect, how far soever

they be produced. Halsted's Lobatschewsky's Geometry. Page 12. Art. 4.

2 . Parallel straight lines are such as are in the same plane, and which,

being produced ever so far both ways, do not meet.

3d . Paralles are everywhere equidistant. From A draw AD perpen

dicular to BC, and through A draw IIAE per

pendicular to AD. AE and DC being perpen

dicular to the same line AD are parallel ( 1st
H N

and 2d ). From any point F let fall the per

pendicular FG upon BC. Lay off DM equal

to DG, an erect the perpendicular MN . Fold BM D G

over the part of the figure to the right of AD

upon AD as an axis until it falls upon the part

to the left . Since A, D , G and Mare right angles, and since DMequals DG

by construction, AF must fall upon AN, and GFupon MN. The point f' is

found upon ANand MN, at their intersection N. Therefore GF equals MN .

Since F is any point, the parallels are everywhere equidistant .

4th . Through a given point one line, and only one, can be drawn parallel
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to a given line. Draw A D perpendicular to BC, and through A draw AE

perpendicular to AD. Then (1st and 2d) AE

and DC are parallel ; and the perpendicular FG

equals AD, by (3d) . Now suppose another

line AH parallel to BC. Then HG equals AD

or its equal FG . When HG equals FG , All

and AF coincide. Therefore, through a given BD G

point one line, and only one, can be drawn par

allel to a given line .

The above demonstration may be made without the use of the word

parallel. Thus: Through a given point oue line , and only one , can be drawn

equidistant from a given line .

With the figure drawn as in No. 3, begin the demonstration with tho

words : From any point Flet fall the perpendicular &c. , to prove the lines

equidistant. Then with the same figure as in No. 4 , and substituting the word

equidistant for parallel , we have the demonstration .

CRADLE -ROCKING BY ELLEPTIC FUNCTIONS.

By F. P. MATZ , M. Sc . , Ph. D. , New Windsor, Maryland.

11

After adopting the gravitution -unit of force, the equation of motiou

of the pendulum may be written (h* + :*)( W / 9)(d’H / dt ) = – Wh sin4....(1).

Briefly making ( h + k2 h ) l and grl = nº, we ohtain from ( 1 )

$ (do , dt)? = u ? (vers xx– versa ) ....(2), in which, according to

Sir William Thomson (Lord Kelvin) , n is the angular xpeel of the pendulum ,

Divide semicircularly the pendulum -bobs, turn downward the convex sides of

these divisions centrally joined by a rectilinear axis of inappreciable Jength ,

and let the pendulum -rod bisect this rectilinear axis. In the position specified ,

these divisions constitute the rochers of an old -fashione i cradle; and this cradle

we regard as placed upon a perfectly rouzh horizontal plane. Detaching the

pendulum rod from the point of suspension, we have to consider the rucking,

or the rolling oscillations on a horizontal plane, of a material body resting on at

semicircular base. Let r = the radius of the equal semicircular rockers. Con

sider the line joining the points of tangency of the rockers with the horizontal

plane, as the instantaneous axis of rotation; then ,after obvious transformations,

( 2 ) beconies ( -COSH + he + 2 )( 8 dt) = yl (versix - vers )....(3 ).
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( 40) = ( * * *+ ? "

[(7-11) 2 +2:2 ]cos } H + [(a + h )' +2 ? ]sinº }

44h (sin ţa - sinº } H )

>

[ (rak )? + h2 ]cos } + [(r + h )2 + k ? ]sinºLH

4 [suº3x-(1 - sin^3a tan* 40

>

[ (2 - ) )" + k ? ] + [(r + kel? + ? ]tan } A

4gh cos" atana- tan :)

. (4) .

In order to transform (1 ) , put tan , H = tanza cosø ; then differentiating,

etc. ,

tan , sino

C ) * = + ( 1 +110°
facross

sinjacos,asino

1 - sinºlasino

: 696 )* = 1.* * [

[ ( r - ho ) 2 + K " }cosa+ (1 - sin : 0) {(r + h )? + K " ]sinºla

gh ( 1 - sinº asin )

(5 ) .

Put ?
[(r + Wa + k ] sinºa

[(r + h )2 + k ]sin ? ) a + [ (r - h ) + k ? ]cos? } (x

(1) ,

and x'2
[ (r- ) )? + ]cos , a

[(a + h ) +K2]sina a + [! r - ) ? +22]cos a

. (c) ;

then will + = 1 . Make u = 1 ' (
gr), and represent the denominators of

(6) and ( c) by M ; then ( 5) may be written

( 1 - x'sindo

ndt =

C )

M

hr
(1-sin*gesin %) /(1–x*sin ,] .... 6( ).

According to the Jacobian system of notation as modified by Guder

mann ( Theorie der Modular Functionen ), we have ø=am U , and sinja = usn A.

Since dnº A + x ?sn ? A = 1, we obtain dn ? A = 1 – u'sn A = 1 - x ?

(sin ja / ha ) = cos ? ļa ; also ,

sna = ({(• +5)*+ 2*\sin }« +[(»–-2 )*+2:#]cosº
cos ”}«)....(d),

[ (r + 7 ) + k ? )

and en A = (1-4), =
2cos} a (hr)

1 [(r + h ) + k ? ]

( e).

..ndt = 2

sn Adn A

enA

1
nºcn ? Asn’U

1-4? sn ? Asn3 U

dU.... ( 7 ) ,

and nt = 2( (sn AdnA XcnA) U – II ( U , A ) ] .... (8), while tan ; A = tan acn U.
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II . LOGICAL DEDUCTIONS FROM THE HYPOTHESIS THAT

THE ANGLE SUM IS LESS THAN TWO RIGHT ANGLES.

By JOHN N. LYLE, Ph. D. , Professor of Natural Soience in Westminster Collega, Fulton , Missouri.

Erect the perpendiculars AB and CD to the straight line AC at the

points A and C , On AB lay off AE - AC and draw a straight line from

C to E.

By construction the triangle ACE is
C

isosceles. Hence, the angle AEC = ACE.
-H

By hypothesis the angle sum of every

triangle and, hence, of ACE is supposed to be

less than two right angles. In accordance

A E B

with this assumption let the angle sum of the

triangle ACE be equal to two right angles - n .

Construct DCH=a . Then CAE + ACE + AEC = CAE + ACI

Subtract CAE + ACE from both members. Then A EC = ECII.

But AEC and ECII are alternate angles. Hence, CII is parallel to

AB in the Euclidian sense , that is, it will not meet AB however far both lines

may be produced. Euclid . Book I. Proposition XXVII .

Therefore, when the angle sum is assumed in any instance to be equal

10 CAE + ACII, the line ClI can not consistently with that hypothesis meet

AB.

If, however, the angle sum is ass'ime I to be greater than CAE + ACII,

it is consistent with this hypothesis to suppose that the line CII may meet 1B .

For if we make this supposition a triangle will be formed whose angle sum is

yreater than CAE + AC'Il.

Further, it is inconsistant with the hypothesis to suppose that the line

ClI can not meet AB. For to deny that Cll can meet AB is to dry that it

triangle whose angle rum is greater than CAE + AC'll can be formed, which is

10 deny the hypothesis.

But the decinction that Cil may meet AB contradicts the conclusion

that C'll can not meet AB . Therefore, the hypothesis that the angle sum may

he greater than CAE +ACI is inconsistant with the hypothesis that the

angle sum in any instance is equal to CAE + ACII.

That is, the hypothesis that the angle sum is a variable less than two

right angles approaching two right angles as a limit is contradictory and hence

absurd.

If the hypothesis that the angle sum is less than two right angles is

false, sound science requires that the logical deductions from the hypothesis

should likewise be false

One deduction is that the lines A B and Cll making angles with AC

whose sum is less than two right angles do not meet. This contradicts Euclid's

axiom 12.
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B

Another deduction is that the alternate angles AEC and ECD are not

equal although the perpendiculars AB and CD tu C are parallel to each

other and can not meet.

Another deduction is that throngh the same point two straight lines

may be drawn parallel to the same straight line. This contradicts the state

ment known as Playfair's axiom .

Still another of these reductions is that if one side of a triangle be

produced the exterior angle is greater than the sum of the two interior and

opposite angles.

Lay off EE, = ( 'E and draw a straight line from ( to Eq.

By hypothesis ECE, + EE, C+ ('EE

<2 right angles. But AEC + CEE, = 2 right
D

-H
angles. Hence ECE, + EE, C + CEE, < AEC

HA

+ CEE ,, and ECE, + EE,CCAEC.

Add EAC + ACE to both members of

this inequality. Then E, AC + ACE, + AE , C
ΤΑ Ε E,

< EAC + ACE + AEC. That is , the angle

sum of ACE, is less than that of ACE.

Let the angle sum of ACE, = 2 right angles - 1. But the angle sum

of ACE=2 right angles-a .

Hence, b > 0 .

Construct DCII, = h .

Then CAE , + ACE , + A E , C = CAE, + ACH , in which ACH ,CACH.

Subtract CAE , + ACE, from both members. Then AE , C = E , CII .

But AE, C and E, C1 , are alternate angles. Hence, CII, is parallel

to AB in the Euclidian sense , that is , it will not meet AB however far both

lines may be produced . Euclid. Book I. Proposition XXVII.

Therefore, when the angle sum is assumed in any instance to be equal

to CAF, + 1CII,, the line CHI can not consistently with that hypothesis

meet AB.

The angle sum of 1C'E'is assumed to be CAE + ACII, that is, greater

than CAE, ŁACH .

If greater, the line Ch, may consistently with the hypothesis meet

AB.

But the deduction that CH , may meet AB contradicts the conclusion

already reached that CII, can not meet AB .

Therefore, the hypothesis that the angle sum may be greater than

CAE, + AC?H, is inconsistent with the hypothesis that the angle sum in any

instance is equal to CAE, + ACII,. That is, the hypothesis that the angle

sum is a variable less than two right angles approaching two right angles as a

limit in value is a contradiction and is therefore false.
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Lot us proceed with our investigation. Construct the successive

isosceles triangles CE, E., ( E, E3 ,&c .

Let us consider the series of triangles 4 Eg (', A E , C ,& c . From the

hypothesis that the angle sum is less than two right angles, the conclusion is

reached by a process used above in this article that the angle sum of each tri

angle is less than that of the preceeding triangles in the series.

Draw the lines ( ' ll,, ( ' Ilz , & c., mak

ing CAB + ACII, equal to the angle sum of

the triangle A E , C , and ( AB + :ICII , cqnal
-H

to the angle sum of the triangle Eg ( . & c. H.

It then follows that Doll, < De'll, and

D ( H , < D ( 'llz, & c.
A E E

These results contradict

B
EqEuclid .

They seem also to be inconsistent with each

other, for they apparently teach that the lines ( 'II, CII,,CH ,, ('713 , & c ., both

do and do not meet AB. Furthermore the inconsistency is interminable in

asmuch as the series DCII,DO'll,,DOULD (' llz. & c., is non -terminating.

Lobatschewsky in enunciating his doctrine of " Imaginary Geomotry

expressly calls his triangle rectilineal." The logical, geometrical and meta

physical difficulties that follow the denial of the Euclidian itxiom 12 and the

Euclidian angle sum are so great , however, that non Enclidian writers are now

maintaining that Lobatschewsky's triangle can not be drawn in : Evelidien

plane and that it is not in filet rectilineal. Since this homeless , outcast trian

gle is unable to find a local habitation " in the space of the Alexandrian

geometer, the non -Euclidians have excogitated : space especially to contain it

called by them “ pseudo spherical.” Helmboltz in his Lecture “ On the origin

and significance of geometrical axioms“ refers to a " pseudo spherical surfaces

as " sadelle-shaped ." He says that the Italian Mathematician E. Beltrami in

vestigated its properties and gave it the name psendo spherical. Liter on in

his Lecture he dexterously pisses from the phrase! --" pseudo spherical surface "

to pseudo spherical space. " This performance is plainly pseudologica ). Sur

face manifestly is not identical with space . Surfaces may be located in space

but should not be confounded with space. Beltrami contributes to modern

geometrical literature the expression “ psendospherical surface. ” Helmholtz

treats it as identical with pseudo spherical space " by psendo logical reasoning

and pseudo philosophical speculation .

1

1
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ARITHMETIC.

Conducted by B.F.FINKEL, Kiddor, Missouri. All contributions to this dopartment should be sent to him .

SOLUTIONS OF PROBLEMS.

44. Proposed by F. P. MATZ, M. So., Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor. Maryland.

A , B , and C together bought a ship. A paid for the a / bth, =th , part of

the ship . B paid for the m / nth , = { th , part of the ship. C paid $ M , = $ 2000. How

many dollars did A, and B, pay ?

I. Solution by E. R. ROBBINS, Master of Mathematios in Lawrencoville Schools , Lawrenceville,

N. J. , COOPER D. SCHMITT, Professor of Mathematics, University of Tennessee, Knoxville, Tennesse ,

and the PROPOSER.

Since C paid for the [1- (a rbtmx 1 )] th part of the ship, the

amount A paid must be

2

1

A = (21 -
Man

an

-)of $ M ,=( radi

1

all -min ) ---1)

of $ M, = $ 2500 ;

and, consequently, the amount B paid must be

B=

= (senese
-) of $M ,= (

xml-arl)- m )- an mid =a7m)-1) of $M,=86750

Nore. --The generalized expression for the cost of the ship becomes

1

S =

(in -)of 8.1 , = (0-in ) - un
m - art) of $ M ,= 811230. 1

II. Solution by G. B. M. ZERR, A. M. , Principal of High School, Staunton, Virginia, and W. I

TAYLOR , Instructor in Mathematics, Berea , Ohio.

+ } = 1971= % .13 ; 16-17 = 1 , C''s share . 4t= 2000, as = ; of $ 200 = $ 250.

1s = 10x $ 250 = 82500, what A , pays. H = 27 * $ 250 = $6750, what B , pays.

III. Solution by J. F. W. SCHEFFER, A. M. , Hagerstown, Maryland.

( ' pays for the 1
- + " ) part of the ship ; hence, the price of the

)] . A's share = ő I- a7b +mon)

ship is M:
[1-6

+ $ 2500 .
22

in

B's =

M

1- (ab +mn)

$6750.
22

Also soired by P. S. Berg.
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45. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, Now Windsor, Maryland.

In running a mile , A can give B a = 20 yards ; B can give ch= 88 yards .

How may yards can A give C?

1. mi .88

I Solution by P. S BERG, Apple Creek, Ohio.

1 mi. si mi., distance B runs while A runs a mile.

1 mi. - o mi. = il mi . , distance C'runs while B runs a mile. & 1 x 18 = 19 & imi.

distance Cruns while A runs a mile .

Hence 1 mi - 1968 mi = mi 107 yards, the distance A can

give c .

107

1760

II. Solution by E. L. SHERWOOD , Houston, Mississippi .

A runs a mile while B runs 1740 yards. Bruns a mile while C runs

1672 yards or C runs 47 % of B's distance . So A runs 1760 yards; B,

1740 yards, and C, 1973 of 1740 yards or 1653 yards.

Whence A can allow C 1760 yards- 1653 yards or 107 yards.

This problem was also solved by Cooper D. Schmitt , W. 1. Taylor , G. B. M. Zerr , J. F. W. Scheffer

E. R. Robbins, and the Proposer.

PROBLEMS.

50. Proposed by F. P. MATZ, M. Sc . , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

If A walk to the city and ride back , he will require m = 5 ; hours; but if he

walk both ways, he will require n = 7 hours. How many hours will he require to

ride both ways?

51. Proposed by F. P. MATZ. M. Sc. , Ph. D. , Professor of Mathematics and Astronomy , in New

Windsor College, New Windsor, Maryland.

A banker, in discounting a note due in m = 4 months at r = 3 % per annum ,

charges (=$ 121 more than the true discount. What is the face of the note dis.

counted ?

.
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ALGEBRA.

Oonducted by J. M. COLAW, Monterey . Va . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS

41. Proposed by A. H. BELL, Hillsboro . Illinois .

In a right-angled triangl there are given , ihe bisectors of the cute angles.

F.equired the triangle.

1. Solution by F. P. MATZ, M. Sc.. Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor. Maryland, and D. G. DORRANCE, Jr. , Camden. N. Y.

Represent the half-angles by ex and (45 — « ); then easily is deduced

tan 2x = 1 cos(45— (X ) / 191 (OSA ....

. ( 1 ) .

tana + tanºu + [( 2 2-1 ) / tana - 1 = 1).... (2 );

that is . (tanar - Q ) (tana - Q . ) (tana- ( 3 ) = 1)....(3 ).

Hence three sets of values of the sides of the required right triangle are

possible. Numeralizing mand win ( 2 ) , we deduce Q. Qo , and Qs from (3 ):

then a is known. Consequently the three sides, h= 111 cosa , p = 1 cos(4. — a ),

and h = 11 cos asec20x, are known.

II . Solution by G. B. M. ZERR, A. M. , Principal of High School , Staunton , Virginia .

Let B ( ' = 1, 1 ( ' = nr, AB = m , A11 = ll, BE=).

Then mº - n = 1 .... ( 1 ).

mini + na = 2m.rcos
2,112,2.72

. ( 2 ) , А

2mor ?
1 , + mb = 2m.reos } B=

1
( 3 ). E

B D C( 2 ) = ( 3 ) gives = 109 .... (+) .
( 1 + 1) ,

Eliminating n between ( 1 ) and ( t ) ,

m® –

202 20 ?
2012

++
7,2

m +
+ 1 = 0 .

Let" - Then 7,6 + 26- (1 + 2,2 ) - (4 + 2,2") 3- (1-29 ")

m ? +2( 1 + 42) m +44+ 1 = 1 ).

To give a more complete solution of this equation might be interesting

but well- nigh impossible unless we use numerical results . Such a solution ,

however, is as unsatisfactory as the problem itself.
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Let u : = 1344. Then 3m = 5 or m = j, n = f , x = 3 .

i mr=5, n.c=4, x= 3. Let u = 4 . Then m = 1.332, n = .8799,

x = .936– . i . inx = 1.246 , nx = .8235, x = .936 , when a = 2, b= 1 .

Let a = 40, b = 50 , u = 1 , Then m = 1.2532, n = .7553 , r = 47.40.2 + .

. : mx = 59.4107 + , nr = 35.8067 + , I = 47.4072 + .

Let a = h = e, then u = 1, m = i 2 , n = 1 , 1 = ( 2 + 72) .
2

1

( 2 + 72) , nr = x =
( 2 + 2 ).

1
2

=0 ....( b + tangtan
a
) (4 –tan A – Atan

III. Solution by B F. BURLESON, Oneida Castle, New York

Let AB (' he the triangle , right angled at ('. Put AD = 1 = 40 , anot

BE = h = .50), the lines bisecting the acute angles A and B. Put < = AB , y = 10 ,

and : = BC . Put 0 + A = the 2 CAD and 6- A= the L ( BE . We have, by

Trigonometry ,

= h cos( -A), .... ( 1),

y = a cos( $ + A ), ....( 2),

y=2 tan (26-24 ).... (3 ),

Eliminating from ( 1 ) , ( 2 ) , and ( 3 ), we obtain by development

16

.. ( 4 )
(4 ) . This is true because o = 221 ;

| -tan A + 2tan

Clearing ( 1 ) of fractions, resolving factors, and substituting for

tand = 22 ! its equal , ? -1 , observing that coto = , 2 + 1 , we get ( +1)

tan A ++ (1-0) (V2 + 1 ) + [ 2 (1-1)] : tanºA + 2 (b + ^ )(1 2 + 1) - (b +mtanA

= (1-1)( / 2-1)....(5 ). Dividing (5 ) by 1+ and substituting the numerical

values of a and b, we get

tan ?A- 190468 tan’H + 3.828427125 tanA = .268245951375 . Hence, by Horner's

Method of Detached Coefficients, tan A = .0693633 , and the auxiliary angle

H = 33-58'43". By substituting in ( 1 ) and ( 2) , we determine that y = 35.807338

und 2 = 47.407325 . . : 1 = 1 (1 ? + : - ) = 59.410604.

This problem was also solved by J. 17. Bell, I, F. W '. Scheffer'. and II . C. Wilker.

42. Proposed by ALEXANDER MACFARLANE, A. M. , D.So , LL . D. , Cornell University , Ithaca ,

New York .

Theraitre polectors and q candidates for r seats. Eaclı elector has 1 votes,

and lie may distribiite i hem as he pleases among the candidates.
Find in how many

different ways the voting may result, that is , the number of possible states of the

poll.

Solution by G. B. M. ZERR, Staunton , Virginia , and F. P.MATZ , New Windsor, Maryland.

The number of different ways of voting for r seats out of q candidates,

when each elector casts r votes for r different persons, is

962-1)(9–2)(9-3).... (9-1 + 1

1.2.3.4
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If pn, then , since there can be but n different ways of voting, n will

be the number of different ways the voting may result.

If n , then sincè p persons can prepare only p states of the poll, p

will be the number of different ways the voting may result.

Also solved by II C. Whitaker .

GEOMETRY .

Condusted by B.F. FINKEL, Kidder, Missouri . All contributions to this department should be sent to him .

SOLUTIONS OF
PROBLEMS.

40. Proposed by J. C. CORBIN , Pine Bluff, Arkansas.

If R , , ? , 91 g,and rz be, respectively, the radii of the circumscribed, inscribed ,

und escribed circles of a A , prove r , tr , + r3 - r = + R .

Solution by M. A. GRUBER . War
Department, Washington, D.C.

abc
From any A whose sides are a , b , and c , we obtain R =

44

7 =

S-a
7 ' and

138--6

ii 1 + 1 , + 73-7 = +

+

293 — as ? - hx ? - 08 ? + abe

A

**[ 25— (a + b + c) ] + abe _ abe abc

But = 4R.
A . : " +1 +73 = 4R .

1'1
r

We might appropriately add a few other combinations of these radii.

1 1 1 1

abc( 1 ) + +
; (2) rr , r, '' 3 = A : (3) Rrr,,!'z =re 13

4

Solutions of this problem were received from G. I. Hopkins, E. W. Morrell, P. S.

Bery, G. B. M. Zerr, F. P. Matz, Cooper D. Schmitt, P. H. Philbrick, J. F. W. Scheffer,

John B. Faught, and the Proposer. H. C. Whitaker did not solve the problem but re

ferred to Chauvenet's Geometry and Hallowell's Geometrical Analysis, p . 225 .

41. Proposed by F. P. MATZ, M. So.. Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College , New Windsor, Maryland.

Find the length (X) of a rectangular parallellopiped b= 5ft . , and h=3ft . ,

which can be diagonally inscribed in a similar parallelopiped L = 83ft., B=64ft, and

H = 50ft.
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D

D

1

Solution by B. F. BURLESON . Oneida, Castle, New York, and the PROPOSER.

Let r = 17 ,, = .1E, : = P , 1),, and 1 = 1) , Pi = the required length of

the inscribed rectangular

parallelopiped ; then , ob

niously, 2 + y = h2 .... (1 ),

( 1 - r) ? + ( B- 412

F
A

+ (11- 2) = ....(2 ) , E

( L - 1 ) = y ( B - ) )..... (3 ),

and hy [( L - 1 )
B

+ 1B - y ) ' ) = 1:.... (4 ). P.

From ( 3 ) and ( 1 ) ,

Hy ' – + By3

+ 1-47, +12) P.

+ 12y = ( 1,2-7,9 7,9

... ( 5 ) ; and this with co 1

efficients numerically ex

pressure, becomes
Р

Hy * - 2564 + 10SS

+ 3200 = 171000 ..... (6 ).

Therefore, by llorners

Method of 1pprorimation , we have from ( 6 ), y =t ; whence r = 3. Briefly

putting the now known ( L - 1 ) : + ( B - 1 ) , = 1 2 = 10000, we have from (2 ) and

(+ ) , respectively, ... + (11-3) = 12....( 7), and l = hm ..... ( 8 ). Therefore ,

7-(11 ? + . ")/2 + 211W = 1,0 ... 19 ) ; that is , 14-1250072 + 300001 = 90000

.... ( 10 ).

Whence 1 = 110.617130324415 feet.

Find the

Cor.-- Make I1= 1 ) , and l = 1 ) ; then the problem becomes :

length of a rectangle of giren width inscribed diagonally in a giren rectangle.

After performing obvious operations, we obtain

14— ( B? +2) , + 1.2 ) /2 + +BULI= ( B? – 7,2 + L2)) .... ( 11 ) ; or with the coeffi

cients numerically expressed, we have the equation,

14 - 1103572 + 1062407 = 274000....(12) .

Therefore 1 = 100 feet, which is the length of the diagonally -inscribed

rectangle required .

1. H. Hell its1017.3 ' et as a result,

42. Proposed by G I. HOPKINS , Instructor in Mathematics and Physics in High School , Man

chester, New Hampshire .

If the bisectors of two angles of a triangle are equal the triangle is isosceles.

Solution by the PROPOSER.

LeL1F and BD bisect the angles of the triangle ABC', and let AF = BD .

Draw DE Make Ľ PD0 = _PDF, and LQEN = LQFD.

Draw 117 perpendicular to AF and BK'perpendicular to BD .

Draw Fll through () and DK through N.



158

A

R
i

P
> K

ADFB= L DOB, having two angles and included side of one cte.

BH = B0 . :: BP is perpendicular to OF,

for a line which bisects the vertical angle of an

А
isosceles triangle is perpendicular to the base .

Similarly AD = AN, and AQ is perpendicular to

ND. A's DPR and FQR are right-an : led at

Pand Q...
LRDP = L QFR. HA's AHF

and KBD are equal, since they are right-angled at

B and A, and have a leg and acijacent acute angle F

of one equal respectively
to a leg and adjacent В

acute angle of the other.

. : AII = KB. B K ’ is parallel to I / F, and All is parallel to KD,

being perpendicular to the same line. 7. KBN = L 1101, and LKVB

= _HAO, being exterior interior angles
... _ I1 = 2K .

. : A's KNB and HA O are equal, having two angles and included

side etc.
. : AO = NB . : AN = ( B . AD = BF. ADP and

BDFare equal, having three sides respectively equal.

. :: DAF = DBF, and ... 21 = 2B
.: A ('= B ( being op

posite equal angles.

As this problem is one that has frequentiv been discussed and is of internt

to mathematicians we shall publishi, in the ſune MONTHLY, two or three more of the

many excellent solutions we have received . A query from Dr. George Lilley

says, “ It is said that Mr. I. Todhunter. proposed the above problem , and that : !

direct or a priori proof bas not been discovered for it . What is lhe a priori

proof ?—ED.

Q. E. D.

PROBLEMS.

46. Proposed by GEORGE E. BROCKWAY, Boston, Massachusetts .

If an equilateral triangle is iuscribed in a circle , the sum of the squares of

the lines joining any point in the circumference to the three vertices of the triangle

is constant.

47. Proposed by J. C. GREGG, Superintendent of Schools, Brazil, Indiana.

Given two points A and B and a circle whose center is 0 : show that the

rectangle containedby OB and the perpendicular from B on the polar of A is equal

to the rectangle contained by OB and the perpendicular from A on the polar of B.
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CALCULUS .

Conducted by J. M. COLAW, Morterey , V& . All contributions to this department should be sent to him.

SOLUTIONS OF PROBLEMS.

31. Proposed by E. B. ESCOTT , Ann Arbor, Michigan.

Throngh a point ( on the produced diameter AB of a semicircle draw a

secant ORR ', so that the quadrilateral ABRR ' inscribed in the semicircle shall be a

maximum . Prove that in this case , the projection of RR ' on AB is equal in length

1. the radius of the circle . [ Williamson's Difl'. Culculus, 7th edition . p . 189, Ex . 25. ]

I Solution by JOHN B. FAUGHT, A B. , Instructor in Mathematics . Indiana University, Bloom

ington, Indiana .

Let 00 = p ; then the equation of the circle is p ? — 2ppeos + p ' - 7 ° = 0 .

The roots of which are 2 , = pcosA + , (, 2 - p ? sin ?A) = ( R ' and

pe = prosA - 1 (7 ? -p sin’H = OR .

A01R ' = () 1.OR" sinH = ( p + r )

[peosH + 1 ( ? -- pºsin AsinA. R

AOBR = 1B.ORsinA = (P - 1 )

(peost - (p —p'sin ?AlsinA.

" Α

0
BE CD

Qd. ABRR ' = 2p[rsinHcosA

+ sin ^I ( ° - ° sin ? ] .

17/Qd) _ " (1-2sinº 4 ) ( ,.? - psin? A ) + cos ( ? — 2p ?sin A ) =0, for a

JA 1 ' ( ? —p'sin ? A)

maximum or minimum .

Reducing we have 4pºsin'A — ( p ? + , *)sin ? H +37 ? = ().

. : sint= ! (; ? + p ?) + 1, (74-- " p ?+ p + ) which must be a maximum
.

P

from the nature of the problem .

ED = OR COSA – ORcosH = ( , -22)cos4 = 2(1.72 –psinºH) cosa

= 1 4772 - p’sin ?H )(1 - sin’H = Vfp? — 41 p ? + r. )sin ? A + 4p ?sin'H

= 1 ( 47 " -37 ? ) = r .

II.
Solution by F. P. MATZ, M. Sc . Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor. Maryland,andJ. F.W.SCHEFFER, A. M.. Hagerstown, Maryland.

Let CB = r, ('0 = 21,11 rec, Ľ COR = # , CR ' ( = $ ; then LACR

= ($ + M) , _OCR = ( $ _ A ), OR ' = » sin ( $ + A ) , sin 4,OR= r sin ($— A) sinh, and
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a

15

CA

sing = csinA .... (1). The area of the quadrilateral is

A = $ {A0 + OR'— BOX OR ]sina, = arſcosH + V (1 — c *sin H)]sinH....(2), which

is to be a maximum .

Differentiatiog, etc., we have
R

dA 1-2sinº
( 1 - sinº H ) R

08
+

= ( .... (83 ) .1-2c2sin ” H ✓ ( 1 - o'sin )

4cºcos +A— 4 (02 — 1 )cosºA — 1 = ()....(cr ), O PA
BE

C D

or 4c sin * A - 4 (0 +1)sin A + 3 = 1 .... ( B ).

From (a), cos? A = $c-?! [((? — 1)' + ( ? ] + ( ? – 1) .... (t ) .

From ( 1 ), cos 6 = [( ? -11 ° + c ] - ((? - 1) | .... (5 ) .

The projection of RR'on 1B is P = OR' – OR)cost = rcosøcosa ....(6 ).

Substituting the square roots of (t ) and (5 ) in ( 6 ), etc., we hawe P = r.

III. Solution by G. B. M. ZERR, A. M. , Principal of High School . Staunton , Virginia .

Let () be the origin , Ox, Oy the axes,, ( ' the centre of the circle ,

0 ( =I, BC = A (' = r, tan ROB = m .

Then equation to circle is li— , ) ? + 1 ° = 12 ,

and equation to line ( RR ' is y = mr.

Y R
By substitution we get

(.1- a ) +2 = ? .
R

a

ał , (72 + 2m - ' m )

РА
1 + m ? BE C D

matmi (7 +229 , -... )

y= **** .
1 + m ?

Now area ( R ' A - area ORB = max. . : 0.4 RD - OBXRE =max.

ma +m7 ( + 277-07 )

. : $(a +r)
1 + m "

- $ (a − 7 )

WI- (r + , ..,.- )

1 + 1 ,

mar + ma, (7 +rm-(11 )

1 + m

Reducing the first differential coefficient we get

po ? + rºmº – 2aW * = r (1.,2-1), ( r ? +/-1 ...

Squaring and reducing we easily get m * 7.2 +2(2013 – ,? ). ,. = 3 ; ?.

. :: mé=> [2/ (a*—a* r* + r4)–20 * + * ), as the only admissible value

The projection of RR ' on AB = ED = 0D - 08 = 2, ( * + »*m ?—-•, -)

1 + m

for the above value of ma.

When a = r , mº= 1 . . : ROB = 45 .

Also solved by Alfred Hume, C. E, White, and H , W. Draughon ,

.. =

--){ma ***)

---) { my )

= mix .

= max .
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MECHANICS.

1

Conducted by B.F.FINKEL, Kidder, Missouri. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

1

!

17. Proposed by WILLIAM HOOVER, A. M. , Ph. D. , Professor of Mathematics and Astronomy,

Ohio University, Athens , Ohio .

Find the law of density of strings collected into a heap at the edge of a table

with the end of the string just over the edge, so that equal masses may always pass

over in equal units of time.

II . Solution by the PROPOSER.

Let r = the length of string which depends from the edge of the table

at the end of the time t from the beginning of motion , h = the density of the

string at a unit's distance from the end , and assume that the density varies as

the nth power of the distance from the end. The mass of the depending length

thr" dix an + ), and if u = the mass passing over the edge in a

n + 1

unit of time, and g = the accelerati
on of gravity, we have for the equation of

k

motion, (dit In +1
Egat

dt

dik hi

) guan 1 .... (2 ),

It

is then = Sakit

2 + 1

or ,

dt ... (3 ).

dax

h (azu to ' = ga
gani.....

Multiplying both members of (3) by 2 (200 +1 ) and integrating,

(in :) "

dt

da 12
+1 22n + 3

.. ( 4 ) , or , dt *

29

2n +3

..... ( 5) .
24

at 2n +3

ac

Equation ( 5 ) gives
dt ?

9

2n +3 ... (6),

de

whence
dt

9
t .... (7 ).

2n + 3

ht1

di )

in
n

dir d

From ( 7 ) , gat = a (2n + 3 ) G ....( ).
dt dt In +1

dr

Integrating (8) and dividing by r,
= a ( 2n +3).... (9 ).

' n + 1 dt

1

Equation ( 9 ) gives 20 + 1 = a (n + 1) (2n + 3 ) = a .... ( 10 ),

+ 1 +1

since the mass of string passes over at the uniform rate a.

Equation ( 10) gives 2n? + 5n = -2, or n= -1, or n= -2.

b
e
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19. Proposed by H. C. WHITAKER, B. Sc. , M. E. , Professor of Mathematios, Manual Training

School, Philadelphia, Pennsylvania .

" There was an old woman tossed up in a basket,

Ninety times as high as the moon . "

What was her initial velocity, the resistance of the air being neglected ?

Solution by ALFRED HUME, C. E. , D. So. , Professor of Mathematics, University of Mississippi,

University, Mississippi, and J. C. NAGLE, M.A. , C.E., Professor of Civil Engineering, A and M. College,

College Station, Texas.

If g is the acceleration of gravity at the earth , R the surface of the earth's mean

radius, and x the distance of the body from the center of the earth at the time

d . al

t , the equation of motion is
dt ?

Integrating, Caf)

2a ?

cgtc .
=

dir

= 0 when x = 542 ; R.

Taking the moon's distance as 60.3R, dt

and Chile - -

2R
9

1

5427R5427
R

,

When r= R, the velocity (the initial velocity required )

= 2Rg

1 53991

5427R )=
2713.5

Rg, which is 6.9+ miles per second.

1

Also solved by P. S. Berg , E. W. Morrell , H. W. Draughon , G. B. M. Zerr , F. P , Matz, and the Proposer .

NOTE . — Professor Hoover sent a fine solution of problem 18 , but it came to

late for insertion in April MONTHLY . - EDITOR .

PROBLEMS.

27. Proposed by G. B. M. ZERR . A. M. , Principal of High School, Staunton. Virginia.

One thousand balls , each having a mass of 10 grams , and each moving with

a velocity of 10 kilometers per second , are confined in a certain space with elastic

walls . Into the same space are now introduced one thousand balls each of 100 grams

mass , and moving with a velocity each of 10 kilometers per second; collisions take

place , and finally, after a number of encounters, the average kinetic energy of each

of the two thousand balls is the same . Show that this is 2.75 ( 10) 11 in the centimeter

gram.system .

28. Proposed by 0. W. ANTHONY, Mexico, Missouri.

A movable finite wire carrying a current os electricity is perpendicular to and

on one side of an infinite wire also carrying a current . Invertigate the motion of the

movable wire .
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!

DIOPHANTIN
E

ANALYSIS.

Oonducted by J. M. COLAW, Monterey, Va . All contributions to this department should be sent to him.

SOLUTIONS OF PROBLEMS.

21. Proposed by F. P. MATZ, M. Sc., Ph. D. , Professor of Mathematics and Astronomy, in New

Windsor College, New Windsor, Maryland.

Find (1 ) nine positive integral numbers in arithmetical progression the sum of

whose squares is a square number; and (2 ) ind nine integral square numbers whose sum

is a square number.

Solution by ARTEMAS MARTIN , LL.D., U. S. Coast and Geodetic Survey Office, Washington, D.C.

1 .
Let x - 4y, x - 3y, x - 2y, x - y , x , x + y , x + 2y, x+3y, x + 4y denote

the required numbers in arithmetical progression, and the sum of their squares

is 9.c ? +604 ? = 0 .... ( 1 ) .

Put y = 3z and ( 1 ) becomes, after dividing by 9,

2? + 6022= 0 = ( x+

=(x+ 2) .... (2)

;

.

2

6092 – p ?

whence
- .

2 22

14

Let p= 1 , 9=} ; then

Take x= 14 , 2= 1 ; then y= 3, and the

1

numbers are 2 , 5 , 8 , 11 , 14 , 17 , 20 , 23 , 26 ; and we have

2° + 5 ° + 8 ° + 11 ° + 14 ° + 17 % +202 +239 +262 =48 .

59

Let p= 1 , q= 1 ; then

Take x=59, z= 2 ; then y= 6, and the

2

numbers are 35 , 41 , 47 , 53, 59, 64, 70, 76, and 80; and we have

35 % + 41 +172 +532 +592 +64 + 702 + 76 ° + 822 = 1832 .

By giving suitable values to p and q an infinite number of sets may be

found.

2. Take the well -known identity (x + y) ? = (x , y ) ² + 4.ry ....(3) .

If we can transform 4ry into a square we shall have two square num

bers whose sum is a square. Since x may be any quantity whatever, we may

putx = a + b + c + d + e + f + gth,and then we have

(a + b + c + d + e + f + g + h + y)? = (a + b + c + d + e + f + g + h - y )?

+ 4y (a + b + c + d + e + f + g + h ) ....( 4).

The last term will be a square if we take a = i , h = j , c = k ?, d = 1 ,

e = mº, f=nº , g = p ? , h = qº, y = p2, and we have

(i? + j% +k2+12 + mº + na + p % +2% .+ )

= ( iz + j? +2 2 +12 + m + nº + p ? + q * —y ?) .



164

+ ( 2ri)* + ( 203)2 + (2rk )* + ( 2rl) * + (2rm ) *+ (2rn) * + (2rp) + ( 2r9) .... (5) . Take

i= 1) , j=2, k =3, 1=4, m = 5 , n = 6, p= 7, q= 8, r = 9; then , after dividing the

numbers by 3, we have 6' + 12 ° + 18 % +24 : + 30 + 36 % +41 +42 + 48 ° = 95% .

An infinite number of sets of pine square numbers whose sum is a

square may be found from (5) .

27. Proposed by G. B. M. ZERR . A. M. , Principal of High School, Staunton . Virginia.

Decompose into the sum of two squares the product 5 x 13 x 61 .

1. Solution by DAVID E. SMITH , Ph . D. , Professor of Mathematics, State Normal School,

Ypsilanti, Michigan.

Taking the usual formula

( m ? + n * ) ( x * + y *) = (mx + ny) + (my = nx )", and noticing

that 5.13.61 =65.61 , the problem reduces to decomposing 65 and 61 into two

squares, which give

65=64 + 1 =49 + 16,

61 = 36 +25 .

65.61 = 53 +34 ' =43 % + 46 = 62 ° + 11º =222 +599.

The products 1.3965, 5.793, and 13.305 give no different results.

II. Solution by the PROPOSER .

( inº + nº)(pº +9*) = (mptng) + (mq = np ) , = A ' + B .

( n ° + 1 ° ) (p ? + 9 ) ( + x2 ) = ( A ' + B °)(78+ x® ) , = ( .11 + Bx)? + ( AxFB» ) .

Loet 11 = , = 1 , p = 3, q = 2, 7 = 5 , s = 6 .

Then 4 ° + B = (6 + 2 ) + (473) , = S ! +1 ' , =4 ° + 7 ° .

(2 ° + 1 ° ) ( * ? + " ) ( ) 2 + 6 ° ) = 5 x 13 x 61

= (40 6 ) + (48 + 5 ) , = (20 + 12) + (24735 ) .

= +62 ++ 3 , = 342 +539, =62? + 11 ° , = 229 +592 .

IIT . Solution by COOPER D. SCHMITT, Professor of Mathematics, University of Tennessen, Knox

ville , Tennessee.

I present a general solution of this problem , true for any number

found according to the same law .

j = 1 ° + 2 , 13 = ( 1 + 2) ? + ( 1 x 2) * , = 3 : + ?. 61 = (3 + 2 ) + (3x 2) * = 5 ° +62.

Then in general we have ( .ro ! + y ” )[(x + y ) ? + ( - y ) ? ][( + y + ry) ? + (ry )” (.r + y )? ]

and this is to be shown to consist of two squares.

Using determinants we have as follows:

y + y - ry or + ytry -ry-my?
Х х

y ryty :rytry + + ry

po try try ?, rºy - ry - yº 3 + y + ry -'y - ry .

y + º –aº g, rẻ +7 +7 prº y + wyer+ y + ryх
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( r + rytry ')( 1 + y + ry) + ( 12y - ay - yº) ( - ry - ry '),

( ry + y ' - 7y )( 1 + y + ry) + ( -4 ° + 1 ° + ry )( - 127 - ry ' ),

(., try try ')( ytry ') + (7y- ry - 7 )( r + y + xy)

( JY + y - y )(. * y + ry ? ) + (ry2 + ...+ y ) ( 1 + y + ry )

( x ^ + 2 ° y + 2TỶMỶ+ rº + .ru … + 4 + 3.1° ° + + yº –ự yº - yº) *

+ (4:49 + ...3,2 + ./.3,73 +0,273 + ..? ! + .jpy- 94-17-43 —ry ?) ?,

If r = 1 , y= 2 , as in given problem , I get ix 13 x 01 = 592+2:22.

If x = 2, y = 3 , I find 1:x1x2041 = 398 + 50 ; and so on indetinetly.

AVERAGE AND PROBABILITY .

Conducted by B.F.FINKEL , Kidder, Missouri . All contributions to this department should be sent to hin .

SOLUTIONS OF PROBLEMS.

14. Proposed by CHARLES E. MYERS, Canton, Ohio.

} of all the melons in a patch are not ripe, and of all the melons in the

same patch are rotten , the remainder being good. If a man enters the patch on a

dark night and takes a melon at random , what is the probability that he will get a

good one ?

1

1. Comment by JOHN DOLMAN, Jr. , Counsellor -at - Law , Philadelphia, Pennsylvania.

The published solution of Probability problem No. 14 is erroneous.

The simplest correct solution is as follows:

If the melon selected is not unripe and not rotten , it will be good. The

chance that it is unripe is } , therefore the chance that it is not unripe is ; by

similar reasoning, the chance that it is not rotten is . Therefore the chance

that it is not unripe and not rotten , is į of = }, which is the chance required.

It is not very difficult to point out the error in the published solution .

While it is true there cannot be more than 8n nor less than 5n good melons, it

does not follow that } (8n + ăn ) is the average or most probable number, unless

it he predicated that all values between in and 8n are equally likely , which is

not the case.

Dropping the n's , suppose there are 8 ripe and 4 unripe melons, the

three rotten ones may be selected from these 12 in 220 different ways each of

equal probability . Now a very simple application of the principles of choice

will show that of these ways

4 would leave 8 good melons

48 would leave 7 good melons

112 would leave 6 good melons

56 would leave 5 good melons
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giving therefore the numbers 5, 6 , 7 , and 8 the relative values thus found , and

averaging in the ordinary way, we will find that 6 is the average number of

good melons, and therefore in or ļ is the probability of selecting a good one.

15. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematios and Astronomy, in New

Windsor College, Now Windsor, Maryland.

Todhunter proposes: " From a point in the circumference of a circular field

a projectile is thrown at random with a given velocity , which is such that the

diameter of the field is equal to the greatest range of the projectile: prove the chance

of its falling within the field , is (' = 2-1-21 -'12-1), = .236 + . " Is this result

perfectly correct as to fact?

Comment on the Solution of Problem 15, by JOHN DOLMAN Jr. , Philadelphia , Pennsylvania.

I should not presume to criticise the work of so able and celebrated a

mathematician as Professor Matz, did I not consider bis solutions of Proba

bility No. 15 vicious in their effects upon the minds of students, striking as

they do at the root, not only of the doctrine of mean value and probability,

hut of the integral calculus itself . “ Since the projectiles are thrown at ran

dom they should fall at random ,” is on a par with , " as an are varies uniform

ly the sine varies uniformly , " or " because acceleration is constant velocity is

constant. " The third solution is not clear , but how far any given range the

favorable chances can be represented by an area , when the projectiles must fall

on the arc of a circle, is difficult to understand. Also in the fifth solution it is

stated , " for any range PD ', the projectiles falling on the circular are DMD)'

are within the field " and then the angle PAD ' is adopted as uniformly vary .

ing , without giving any reason for it . However interesting this may be as

mathematical legerdemain, its effects are vicious when it is published without

proper explanation for in my humble opinion it is more important that your

readers learn to reason correctly than that they be taught to integrate in

geviously.

NOTE . - The solution of problem 1+ was published without comment for the

reason that we considered the solution to be correct , and we confess that we do not

yet see the force of Mr. Dolman's argument, though we have not had time to give it

much thought.

As to the solutions of problem 15, we hold that the first solution is the only

correct solution as that one and that one alone involves the strict literal statement

of the problem . It is evident that the number of ways the projectile can be thrown

is equal to the surface of a hemisphere whose radus is R.
If now we find the

surface of that part of this hemisphere any point at which if a projectile be thrown

the projectile will fall upon the circular field , diameter R, and then divide this sur

face by the surface of the hemisphere, the result will be the probability required .

This method of solution would have to be accepted by the most critical mind . Pro

fessor Matz's first solution involves this principle. --EDITOR.

19. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College , New Windsor, Maryland.

Find the average area of the circle which is the locus of the middle points of

all chords passing through a point taken at random in the surface of a given circle.

1. Solution by G. B. M. ZERR, A. M. , Principal of High School , Staunton, Virginia .
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ΛΑ

Let P be the random point. Through Paraw IIG perpendicular to

04. Let ( A = al, GP = 7, 110.1 = H, area circle re

quired= 0P ! = ( 2+ + a*cos?4 ). An element of the

circle at P , is asin AlHl . The limits of Hare 1 ) and 27 ;

of .x , 0 and asin4 = t'. d = average area .

SS.* 1-* +u*cos?Husinaltele

S'S sinodulur

S "S "\:* +1°C°**r)sin #20l.x = ( sin + 3cos ? )sin Ad0 =

А

N

1 22 πα2?

tal
8

II. Solution by the PROPOSER.

Let OP = ,; then the average area of the circle whose diameter is OP,

becomes A =

S **S (47x*)xıbds + S * S xdHdx= 12r ?.

Professor Zerr furnished five different solutions of this problem ; Professor Matz seven and Mr.

Dolman three .

MISCELLANEOUS.

Conducted by J. M. COLAW , Morterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

15. Proposed by SAMUER HART WRIGHT, M.D. , M.A. ,Ph.D . , Penn Yan, Yates Co. , Now York.

Required the illuminated area of the Moon's disc when i through its first

quarter of 60 ° of longitude east of the Sun, the Earth and Moon being at their mean

distances.

II . Solution by G. B. M. ZERR, A. M. , Principal of High School, Staunton, Virginia, and the
PROPOSER .

A rigorous solution of this problem would present many difficulties.

In the first place, the surface of the Moon is more than half illuminated ; in the

second , no observer sees half of the Moon's surface at one time, in the third,

the mean distance of the Sun is known within a quarter million miles .

In the following solution we will assume half the Moon's surface

illuminated, and half of its surface as presented to an observer at one time .

Also we will take the Sun's parallax 8." 81 and hence, bis mean distance
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as 149320000 kilometers, and the Moon's mean distance as 384000 kilometers.

Let S, M , E , be the centres of the Sun,

Moon, and Earth respectively. Let EM = 1, then

SE = 388.854, also _ MES = 60 ° .

From Trigonometry we get

EM + ES : ES-EM = tan } ( EMS + ESM ) S

: tan (EMS - ESM )

389.854:387.854 = tan60° :tan (EMS- ESM ).

. : (EMS - ESM ) = 59 °52' 20" ,

. : LEM $ = 119 °52 ' 20 " .

Now sioce EM is perpendicular to the

plane N' BNP', and MS is perpendicular to the

plane N' GNP, LP ME = 180 ° -119052' 20" - 6007'40" = 8.

Let r - radius of the Moon, then MP the semi-conjugate diameter of

the ellipse N'GNP = rcos .

Area of bright crescent N'PNP'N ' = area of semi-ellipse VMNPN '

subtracted from semi-circle N'NPN '; area semi- circle = fare,

area semi ellipse = far'cost; and area crescent = $ur' ( 1 - cost) = . 250965418

= of the disc nearly. In the above solution we have regarded the observer

as being at the centre of the earth.

16. Yale Senior Prize Problem . Contributed by H. A. NEWTON , LL.D., Professor of Mathemat

ios, Yale College, Mow Haven, Connectiout.

The axis of two right cylinders whose bases are circles of 4 and 6 inches

radius respectively, intersect at right angles : compute to four decimal places the

lengths of the curves of intersection of the two surfaces.

Solution by G. B. M. ZERR , A. M. , Prinoipal of High School, Staunton, Virginia.

Let x* + y =36, be the equation to the cylinder with base radius 6

inches.

x? + 2° =16, the equation to the cylinder with base radius 4 inches.

dy
dz

Then

dx ✓ (36- ) ' dar 1 (16-22)

dz
576

1+
da.

( 36 — x® ) (16- ? )

576-24

The whole length of the curve=48 = 4
dde.

( 36—12 )(16—72)

Let x= 4sino.

9-4sin A - esin

Then 48 == 16
do= 168

{ aa, where e= 1 .

sin : 8

Expanding we get

48 = 16 S*(1+ žsinº8–2 sin•6–19sin 8 –Elysin " 6–störsin'on

-114187 sin '' A - IWas sin'16 – ....)de.

.. S = }

S : {tesino0
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As = 87 (1 + ) - is - 72 , -1436-588-272431 , -0384487 -.... ).

4x = 26.0104 exact to two decimal places .

Also solved by F, P. Matz , ard J. F. W. Scheffer .

PROBLEMS.

30. Proposed by R. J. ADCOCK, Larchland, Illinois.

When the sum , of the distances of a point of a plane surface, from all its

other points, is a minimum , that point is the centre gravity of the plane surface,

1

1

1

QUERIES AND INFORMATION ,

Conducted by J. M. COLAW , Morterey, Va . All contributions to this department should be sent to him .

V - 1

“ The Mysterious Formula."

Referring to my article on “ Logarithms of Negative Numbers " pub

lished in the April Number, Vol . I. , Mr. C. D. Schmitt, on page 214, deduces

log(-1 )

the following singular result: a=

Another very remarkable result can be deduced from this as follows :

1

Dividing by 2 , we have log(-1 )= 11. This may be written

logy - 1-1-1 = 77.. . : - 1 - V - l = en = 4.810477381.
This is what Professor

Benjamin Peirce in his linear Associative Algebra, p . 5 ( edition published by

1. Van Nostrand), calls the mysterious formula ."

1

Writing i for ✓- 1 , the formula is

i v -

21-1

L'en.

M. C. STEVENS.

Editor Finkel has notified me that he cannot spare the space for

further discussion of the possibility of a root of the equation

4+ 1 (.r — + ) - 1 ( + 4 ) = 0. I will therefore again refer Mr. Draughon to

Mr. Horner's article in the Philosophical Magazine, and also to Wentworth's

Algebraic Analysis, page 278 to page 286 .

H. C. WHITAKER.

The International Mathematical Congress.

Professor A. Vasiliev , President of the Physico -mathematical Society
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of Kasan, Russia , has sent me a document prepared by bim for the minister of

public instruction, with a request that I translate such part of it from the

Russian as bears on the founding of an International Mathematical Congress,

and make it kæown in America . This is in substance as follows:

After recapitulating the action of the French Association for the

advancement of Science at Caen (August 14,1894) already translated by me :und

published on pp. 21-22 of the Bulletin of the American Mathematical Society,

October 189+ ], he gives the resolution offered by me that very same day ,

August 14, 1894, for their signatures to all of the members of the American

Mathematical Society present at the Brooklyn meeting, and signed inanimous

ly, which was as follows: " The undersigned , members of the American

Mathematical Society present at its summer meeting, 1894, take this methol

of expressing their cordial approval of a series of international ('ongresses of

mathematicians to take place from time to time, as suggested by A. Vasiliev

and C. A. Laisant. " The names of the signers may be found on page 290 of

of Vol. I of the MONTHLY. I explained the plan as contemplating it vermion

prepartoire at Kasan in 1896 , and a congrex constitumt in Belgium or Switzer

land in 1897, which perhaps might fix the first international congress at Paris

in 1900 .

Professor Vasilier then goes on to state the decisive step taken by the

ilrutsche Mathematiker - Vereinigung in a reunion at Vienna, September 1894.

It was there unanimously resolved to take part in the organizing congress.

The action was as follows: " Concerning future international congresses the

Mathematiker -Vereinigung decides in principle to participate, and charges its

bureau to take in regard to this subject the measures that appear necessary .

In particular, it leaves to each of its members entire freedom , considering

itlone as essential that the socieiy , on this important occasion , may be assured

of baving the place due it." Professor Vasiliev expects that the inauguration

of the Lobachevsky monument at Kasan will take place in August or Septem

ber 1896 , and counts on having there a large number of eminent mathema

ticians, and will profit by the occasion to propose definitely the organisation of

the international congress, and then official calls will be issued to meet for the

purpose of final organization in 1897 at a city of Belgium or Switzerland .

GEORGE BRUCE ILALSTED .

Austin , Texas.

i

+

1 . What explanation do the mathematicians of the present day give of

the old paradox following , where precisely opposite results are reached by

apparently rigorous demonstrations ?

If A and B are traveling in the same line, il at the rate of one mile

an hour and B, starting one mile behind him and traveling at the rate of two

miles per hour, it is evident that in one hour 1 will have traveled one mile and

B, two miles and will have overtaken 1, as we know by experience the truth

is . But while B is traveling one mile, A will have traveled one half as far.

and so on . That is , while B is traveling the space between him and I at the
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commencement of an hour, I will have traveled half as far , and hence B can

vever overtake him .

To the human mind, in the absence of all other knowledge, this de

monstration is rigorously correct and conclusive. But we know that the con

clusion is absolutely the opposite of the truth . The only explanation formerly

given was, that while the human mind cannot comprehend it, the space between

A and B finally becomes infinitely small, or, as compared with finite quantities,

nothing.

J. H. DRUMMOND .

II. It is often stated that it is impossible to trisect an angle with the rule

and compass orly. Has this impossibility been demonstrated and if so where

cap the demonstration be found ?

W. E. HEAL.

EDITORIALS.

We shall consider it a great favor if all subscribers who have not yet

paid their subscription for 1895 , will kindly remit at once. We need the

woney to pay the Publishers.

At a recent meeting of the Philosophical Faculty of Yale University ,

Editor Finkel was assiyned a graduate Scholarship for the academical year of

1895-6 .

Rudyard Kipling will shortly return to India where he will prepare,

for The Cosmopolitan, twelve articles to appear in the American and English

editions of that magazine. India is one of the most interesting of countries,

and Mr. Kipling is able to write of it as no one else .
His work will be looked

forward to with world - wide expectation,

Leonard E. Dickson , of the Chicago University, was reappointed to a

Fellowship and will remain at the University another year .

There are a number of our subscribers in arrears for 1894.

shall consider it a kindness if those who are owing for 1894, will remit the

amount of the subscription at once. A mathematical journal of the size and

scope of the MoxTHLY can not be published without funds, and were it not for

a number of our mathematical friends aiding us financially the MONTHLY

would be obliged to discontinue.

Subscribers who wished their subscription to cease with Vol. I. should

have notified us on the receipt of Dec. No. Some after receiving three or four

extra numbers, ask us to discontinue, without paying for the extra copies.

We
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Our mathematics does not teach any such principles and should we find among

our mathematical collections a book teaching any such doctrine we would con

sign the same to the flames. One of the very best things that can be

claimed for the study of mathematics is that it develops strong tendencies to

honesty and justice.

BOOKS AND PERIODICALS.

The Cosmopolitan : An Illustrated Monthly Magazine. Edited by

John Brisben Walker and Arthur Sberburne Hardy. Price, $ 1.30 per year .

Single Number 15 cents.

Perhaps the most beautiful series of pictures ever presented of the Rocky

mountains will be found in a collection of fourteen original paintings, executed by

Thomas Moran for the May Cosmopolitan. To those who have been in the Rockies,

this issue of The Cosmopolitan will be a souvenir worthy of preservation. This num

ber contains fifty-two original drawings, by Thomas Moran , Oliver Herford , Dan

Beard , H. M.' Eaton, F. G. Attwood , F. ( ) . Small, F. Lix , J. H. Dolph, and Rosina

Emmett Sherwood, besides six reproductions of famous recent works of art , and forty

other interesting illustrations - ninety-eight in all . Though the Cosmopolitan sells

for but fifteen cents, probably no magazine in the world will present for May so great

il number of illustrations specially designeù for its pages by famous illustrators. The

fiction in this number is by F. Hopkinson Smith , Gustav kobbe, W. Clark Russell,

Edgar W. Nye, and T. C. Crawford .

The Ascent of Van. By IIenry Drummond, LL.D., F.R.S.E., F.G.S.

Fourth Edition . Svo cloth . 346 pp . Price, $ 2.00. New York : James Potts

& Co., Publishers,

This, to my mind . is the crowning glory of Dr. Drummond's writings .

Treating as he does one of the profoundest questions in the history of man , he has

told the story of man's Ascent as seen in the light of modern science, in a way that

can not fail to impress deeply the most unscientific mind. And though the Author,

in his preface, modestly says that the theme is Ascent not Decent , and that the

book is a Story not an Argument, yet the Story is so full of sound statements that it

las all the force of argument. The book is one we trust will fall into the hands of

every lover of scientific research . It is truly scientific and bears no marks of skep

ticism . B.F.F.

The Basis : A Weekly Journal of Citizenship . Edited by Judge

Albion W. Tourgee, Mayville, N. Y., and Published by the Citizens ' Publish

ing Co., Buffalo , N. Y. Price, $ 1.50 per year. 10 cts. per copy .

The first vumber of this Journal which has for its object the elevation of

the periple to higher citizenship and the dissemination of sound principles of govern

ment, appeared in April, 1895 .

As its editor is one of the leading writers , and one of the ablest jurists in

this country, and as the objects of the Journal are noble and unselfish, its success is

written on every page . It deals with all questions relating to government and

society. Its editor is a fearless and uncompromising advocate of common justice and

equal riglitz The Basis should be in every home in the land .
B. F. F ,
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BENJAMIN PEIRCE .

By F. P. MATZ, M So. , Ph . D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

B "

ENJAMIN PEIRCE was born at Salem , Massachusetts, April 4 , 1809,

and died at Cambridge, Massachusetts, October 6 , 1880 . He entered

Harvard College, at the age of sixteen ; and, at the age of twenty , he was

graduated from the same College, with highest honors. He devoted himself

principally to the study of Mathematics. This favorite study of his wis pur

sned far beyond the limits of the curriculum of mathematical studies
pre

scribed by the authorities of Harvard College, at that time.

As an under-graduate student, young Peirce was instructed by

Nathaniel Bowditch, who soon perceived the innate mathematical genius of his

pupil. Bowditch proudly predicted the future greatness of the young man .

Not only did Bowditch give him valuable instruction in geometry and analytics,

but also actel as his mathematical adriser . -carefully directiny bim in the de

velopment of his mathematical talents and scientific powers. The lectures on

higher mathematics delivered by Francis Grund he was enabled to attend, by

reason of his preparation heyond the limit of the under graduate course in

mathematics. When Dr. Bowditch was publishing his translation and com

mentary of the Mehamique Celeste of Laplace, young Peirce assisted in reading

the proof-sheets. This critical reading of that great work of Laplace was to

him an education in itself , and may have been the prime cause that not a small

part of Peirce's subsequent mathematical and scientific work was done in the

great field of analytical mechanics :

In the class-room , he frequently gave original demonstrations which
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proved to be more direct and scientific thay those given in the text-books of

that day. On graduating, he went to Northampton, Massachusetts, as a teach

er in Mr. Bancroft's School. As tutor, he returned to Harvard College , in

1831. Since Professor Farrar spent the next year in Europe, tutor Peirce was

left at the head of the Department of Mathematics in Harvard College: and, on

account of the physical inability of Professor Farrar to resime teaching,

Peirce continued to fill his place. In fact, Peirce held this position, advancing

step by step , until the time of his death. His position, in 1812 , was christened

“ The Perkins Professorship of Mathematics and Astronomy. " In the history

of mathematical teaching at Harvard College, the year 1823 marks an im

portant epoch; as it was then that Benjamin Peirce hecame the professor of

Mathematics and Natural Philosophy in that institution of learning.

Professor Peirce was married in July, 1833 . At the time of his death ,

there were living his wife , three sons , and a daughter. His eldest son , James

M. Peirce, is l'niversity professor of mathematics in Harvard : Charles S Peirce

is a professor in the Johns Hopkins University: and H. H. D. Peirce is con

nected with the firm of Herter Brothers, New York City.

It has been said that it mere boy detected an error in Bowditch's solu

tion of a problem . Bring me the boy who corrects my mathematics,"

said Bowditch. Master Benjamin Peirco was the box who had done the cor

recting: and thirty years later, this same Benjamin Peirce dedicated one of his

great mathematical work . " To the cherished and revered memory of my

master in science , Nathaniel Bowdlitch , The Father of American Geometry . "

This same title was bestowed upon Peirce,by foreign mithematicians. Sir Wm .

Thomson (Lord Kelvin ), in an adılress before the British Association, referrel

to Benjatriu Peirce as " The Founder of ligh Mathematics in America " : and on

a similar occasion , the late Professor Cayler referred to him as " The Father of

American Mathematicx . " The name of Benjanin Peirce is that of an Americom

mathematician, whom no one need hesitate to rank with the names of Pytha

goras, Leibnitz , Newton, Legendre, John Bernoulli, Wallis, Abel. Laplace,

Lagrange, and Euler. Through the united efforts of the late Professor Wm .

Chauveuet (Yale's ablest mathematician and astronomer) and Benjamin Peirce

--not to speak of their worthy successors, was effected the general adoption of

the ratio system in American works on trigonometry .

In the reforms incident to the Weir Education , Harvard has always

taken a prominent part and Benjamin Peirce was an enthusiastic advocate of

the elective system with respect to collegiate studies. As a branch of Harvard

College, there was opened , in 1812 , the Lawrence Scientific School; and in

this school, Professor Peirce gave instruction in higher Mathematics including

analytical and celestial mechanics. Such advanced courses of mathematics,

as he offered to students, in 1848 , had never before been offered to American

students by any other professor in any other American college. The second

American educational institution which offered equally advanced courses of

mathematics, is the Johns Hopkins l'niversity; and these courses were arrang

ed by that English master, who gave a fresh and powerful impulse to mathe
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matical study and teaching in America , Professor J. J. Sylvester.

The preparation of mathematical text -books was begira by Professor

Peirce, immediately on beginning his career as teacher of Mathematics in

Harvard College. In 1835 appeared his Elementary Treatise on Plane Triy

onometry; in 1836, his Elementary Treatise on Spherical Trigonometry together

with his Elementary Treatise on Sound ; in 1837, bis Elementary Treatise on

Plane and Solid Geometry together with his Elementary Treatise on Ilyebra;

during the period 1841-46 , he wrote and published in two volumes his Elemen

tary Treatise on ( 'urrex, Functions, and Forces ; and in 1855 , he published his

Analytical Mechanics. Subsequently was published his memoir on Liner

Associative Allgebru ; and this memoir , according to Professor James Mills

Peirce, he regarded as his great work .
All of his works are models of con

ciseness, perspicuity, and elegance; and they all evince extraordinary originali

ty and genius.

In 1867, Professor Peirce was made the Superintendent of the United

States Coast Survey ; and he held that position for seven years. He had been

consulting astronomer to the American Ephemeris conid Vuutical Almanne,

since 1849 ; and for many years, he directed the theoretical part of the work.

In 1855 , Professor Peirce was one of the men intrusted with the organization

of the Dudley Observatory. For many years before and aftır be took charge

of the United States Coast Survey, he wils frequently consulted with respect to

the work in that office. He received the degree of Doctor of Laws from the

University of North Carolina, in 1847 , and also from Harvard University in

1867. He was elected an Associate of the Royal Astronomical Society of Lon

don in 1849 and a member of the Royal Society of London in

18:2 . He was elected president of the American Association for the

Advancement of Science, in 1953 ( the fifth year of its existenje); a'il he wis

one of the original members of the Royal Societies of Edinbury, and Gottia

gen ; Honorary Fellow of the Imperial University of St. Vladimir, at Kiev ;ete.

Professor Peirce's conception of the American Social Science As

sociation was that it should be a university for the people , -combining those

who can contribute anything original in social science into a temporary

academical senate, tu meet for some week ; in il given place an l debate ques

tions with each other, as well as to give out information for the public. In

this line of thought he favored , also , the establishment of the Concord School of

Philosophy, to do a similar work in the speculative studies; and he lived to

see the partial realization of what he foresaw in this inst:ince. Io Mathe

matical Society over which he presided for some years, each member woull

brine something rovel in his own particular branch of study; and in the dis

cussion which followed , it would almost invariably appear that Professor

Peirce bac, while the paper was being read , pushed out the author's methods

to far wider results than the author had dreamed possible.
The same power

of extending rapidly in his own mind novel mathematical
researches

was ex

hibited at the sessions of every scientific body at which he chanced to be

present. What was quite as admirable
was the way in which he did it , giving

I
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the credit of the thought always to the author of the essay under discussion.

His pupils thus frequently receiveu credit for what was in reality far beyond

their attainment. He robbed himself of fame in two ways: by giving the

credit of his discoveries to those who had merely suzgested the line of thought,

and by neglecting to write out and publish that which he had himself thought
1

out.

In physical astronomy, perhaps, his greatest works were in connection

with the planetary theory, his analysis of the Saturnian system , his rese : rches

regarding the lunar theory , and the profound criticism of the discovery of

Neptune following the investigations of Adams and Leverrier. At the time of

the publication of his “ System of Analytical Mechanicx , " Professor Peirce

announced that the volume would be followed by three others, entitled re

spectively : “ Celestial Mechanics , ” “ Potential Physics, " and “ Analytical

Morphology." These three volumes were never published.

Professor Peirce, in a paper read before the American Association

for the Advancement of Science, in 1819 , showed in the vegetable world the

demonstrable presence of an intellectual plan - showed that phyllotaxis ( the

science of the relative position of leaves) involved an algebraic idea ; and this

algebraic ida was subsequently shown to be the solution of a physical problem .

The higher mathematical labors of so eminent a geometer must lie be

yond the course of general recognition. Among the things which give him a

just claim to this title , may be mentioned : his discussion of the motions of two

pendulums attached to a horizontal cord ; of the motions of a top; of the

fluidity and tides of Saturn's rings ; of the forms of fluids enclosed in extensi

ble sacs; of the motions of a sling; of the orbits of Uranus, Neptune, and the

comet of 1813; of the criteria for rejecting doubtful observations; of a new

form of binary arithmetic, of systems of linear and associative algebra; of vari

ous mechanical games, puzzlos, etc.; of various problems in geodesy ; of the

lunar tables; of the occultations of the Pleiades ; etc. He adapted the epicycles

of Hipparchus to the analytical forms of modern science ; and he, also, solved

by a system of co - ordinates of his own devising, several problems concerning

the involutes and evolutes of curves, which would probably have proved im

pregnable by any other method of mathematical approach.

None of Professor Peirce's labors lie farther above the or linary reach

of thought than his little lithographed volume on Linear and Associative

Algebra. In this he discusses the nature of mathematical methods, and the

characteristics which are necessary to give novelty and unity to a calculus.

Then he passes to a description of seventy or eighty different kinds of simple

calculus. Almost no comment is given ; but the mathematical reader discovers,

as he proceeds,that only three species of calculus, having each a unity in itself ,

have been hitherto used to any great extent , -namely, ordinary alge

bra, differentials, and quaternions. Think of it ; what a wonderful volume of

prophecy that is which describes seventy or eighty species of algebra, any one

of which would require generation after generation of ordinary mathematicians

to develop !
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On both sides of the Atlantic, Professor Peirce as an author, was

highly esteemed. His work on analytical mechanics was, at the time of its

publication, regarded even in Germany, as the best of its kind . As a lecturer,

Professor Peirce was highly esteemed in both scientific and popular circles.

It is related that in 1843, by a series of popular lectures on astronomy, he so

excited the public interest that the necessary funds were immediately supplied ,

for erecting an astronomical observatory at Harvard College . A remarkable

series of lectures on “ Ideality in Science," delivered hy him in 1879 before the

Lowell Institute in Boston , attracted the general attention of American think

ers, on account of the thoughtful consideration of the vexed question of science

and religion.

Professor Peirce was a transcendentalist in mathematics, as Ayassiz

was in zoology; and a certain subtile tie of affinity connected these two great

men , however unlike they were in their special genius. Alike, also , they were

in their enthusiasm which neither the piercing scepticism of Cambridge could

wither, nor declining years chill with the frost of age. The thing he distrusted

was routine and fanatical method, whether new or old ; for thought, salient ,

vital, co -operative thought, in novel or in ancient aspects, he had nothing but

l'espect and furtherance. Few men could suggest more while saying so little,

or stimulate so much while communicating next to nothing that was tangible

and comprehensible. The young man who would learn the true meaning of

"pprehension as distinct from comprehension , should have heard the professor

lecture, after reciting to him . He was always willing to be esteemed for less

than he had really accomplished; and he could join most heartily in the praise

of others who even owed their impulse to him . Modest and magvinimous, but

not inobservant, his ambition for personal distinction was early and easily

satisfied ; and he thus rid himself of what is to most men a perturbing, and too

often an ignoble, element of discomfort.

Professor Peirce habitually ascribed to his listener a power of assimi

lation which the listener rarely possessed . He assumed his readers could

follow wherever he led ; and this made his lectures hard to follow , his books

brief, difficult , and comprehensive. When, however, his listeners

students who had previously attained some skill as mathematicians and who

had been trained in his own methods, the resulting work would be of the high

ext order of ercellence . He was personally maz netic in his presence. His

prpils loved and revered him ; and to the young man , he always lent a helping

hand in science . He inspired in them a love of truth for its own sake.

His own faith in Christianity had the simplicity of a child's; and whatever

radiance could emanate from il character which combined the greatest intellec

tual attainment with the highest moral worth , that radiance cast its light npon

those who were in his presence. “ Every portion of the materinl universe,"?

writes Professor Peirce, “ is pervaded by the same laws of mechanical action

which are incorporated into the very constitution of the human mind . " To hini,

then , the universe was made for the instruction of man . With this belief he

approached the study of natural phenomena not in the spirit of a critic, but

were
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reverently in the mood of a sympathizing redder; and the lesson he reads is :

“ There is but one God, and science is the know'd lipe of lim .” In his

lectures and teaching he showed , as he always felt with adoring awe, that the

mathematician enters (as none else can ) into the intimate thought of God , sees

things precisely as they are seen hy the Intinite Mind , holds the scales and com

passes with which the Eternal Wisdom built the earth and meteil out the

beavers. This consciousness had pervaded his whole scientific life .

active in his early youth , as his coevals well remember; it gathered strength

with his years; and it struck the ever recurring key -note in his latest public

utterances ,

Benjamin Peirce was a devout, God - fearing man ; he was a Christian,

in the whole aim , tenor, and habit of his life . To know Prefessor Peirce was

simply to love him , to admire him , and to revere him . Since he was

conversant with the phases of scientific infidelity, and by no melns unfamiliar

with the historic grounds of scepticism , it can not be regarded otherwise than

with the profoundest significance, that a mini second to none in keen intuition ,

in aesthetic sensibility, in imaginative ferver, and in the capacity of close and

cogent reasoning, maintainel through life an unshaken belief and trust in the

power, providence, and love of God, as beheld in his works, and as incarnate

in our Lord and Savior. In one of his lectures on Ideality in Science, he said :

" Judge the tree by its fruit. ” Is this magnificent display of ideality a human

delusion ? Or is it a divine record ? The heavens and the earth have spoken to

declare the glory of God. It is not a tale told by an idiot, signifying nothing.

It is the poem of an infinite imagination, signifying immortality . ”

In May, 1880, Professor Peirce hegan to pass under the shadow of

the cloud of his last illness, For some weeks there was little serious fear that

it was a shadow not destined to lift . He was first confine l to his chamber, on

the 25th of June, 1880 ; and from that time, his slowly failing condition was

hardly relieved even by any deceptive appearances of improvement. He died

on the morning of Wednesday, October 6 , 1950 . Distinguished throughout

his life by his freedom from the usual abborrence of death , which he never

permitted himself either to mourn when it came to others, or to dread for him

self, he kept this characteristic temper to the end , through all the sad changes

of his trying illness ; and , two days before he ceased to breathe, it struggled

into utterance in a few faintly -whisperel worals, which expressed and earnestly

inculcated a cheerful and complete acceptance of the will of God with regard

to him .

The funeral took place on Saturday, October 9 , 1980 , at Appleton

Chapel, and was the ( ccasion of an impressive gathering of people of great and

various mark. The attendance included a very full representation of the

various faculties and governing hoards of the University; a large deputation of

officers of the United States Coast and Geodetic Survey , headed by the

superintendent and the chief assistant; delegations of eminent professors from

Yale College and the Johns Hopkins University ; many members of the class of

1829; and a great pumber of other friends of the deceased .
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The pall - bearers were : President Charles W. Eliot ; Ex -President

Thomas Hill , Pastor of the First Parish Church , Portland, Maine; Capt. C. P.

Patterson, Superintendent of the United States Coast Survey; Professor J. J.

Sylvester , of the Johns Hopkins Uộiversity ; Hon . J. Ingersoll Bowditch ;

Professor Simon Newcomb, Superintendent of the American Ephemeris and

Nautical Almanac; Dr. Oliver Wendell Holmes; Professor Joseph Lovering;

and Dr. Morrill Wyman. A beautiful and simple service was conducted by

the Rev. A. P. Peabody and the Rev. James Freeman Clarke .

In the career of Professor Benjamin Peirce, America has nothing to

regret, but that it is now closed ; while the American people have much to

learn from his long, uşeful , and honorable life.

REMARKS ON SUBSTITUTION GROUPS.

By G. A.MILLER , Ph. D. , Professor of Mathematics , University of Michigan , Ann Arbor, Michigan.

( Continued from May Number . )

Since a.bbc = ach and be, ub =abc it follows that the result is not always

independent of the order in which we perform the operations indicated by two

substitutions. In the equation ab.be = ach we call ab and be the factors and ach

the product and the process is called multiplication of substitutions. The above

example shows that the law that the product is independent of the order

of the factors does not hold true with respect to the multiplication of substitu

tions.

The number of substitution groups increases very rapidly as the num

ber of letters increases. During the last few years the work of making com

plete lists of such groups has been carried through ten letters* but no formula

bas yet been published by means of which the number of such groups can

readily be determined for any number of letters.

If an expression involving a given number of letters is unchanged by

applying all the substitutions of a group of the same number of letters to it but

is changed by applying any other substitution of the same or a lower number

*Tue Dumber of groups of ten letters exceed one thousuwd . Complete lists are found in the Quartly

Journal of Mathematics as follows: Cayley : Substitution groups for iwo, three , four. tive, six , seven , and

eight letters , vol . 25, pp.71-88, 137–155. roie : List of substitution groups of nine le ter- , vol . 26, pp. 3 : 2 388 .

Cole . List of trinsitive substitution groups of ten and eleven letters , vul. :37 , pp . 3.1.50. Miller : Intransi

tive groups of ten letters, vol . 27, pp 99-118 .

A few errors and omissions with respect to the e lists have been uoted in late numners of the Bulletin

ofthe American Mathematical Society . The lists are complete in the sense thit an effort is mile to give

all the possible groups of the given number of letters and fairly accurate results have been attained .

1
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of letters , then the expression is said to belong to the given group. We may

take, for example, the expression with four letters

ac + hd .

We see that no matter what values a , b, c , and d may have this express

ion cannot change its value for any of the substitutions in

1 ab.cd abcd ac

ac.bd adch bd

ad.be

but that it chanzes its value, in general, for any other substitution of four or

a lower number of letters ; hence we say the given expression belongs to this

group , and, conversely, that the group belongs to this expression . From this

it can be seen that substitution groups furnish a means by which wemay

classify such algebraic expressions and thus study the common properties once

for all. It has been proved that every integral expression belongs to some

group and that an infinite number of such expressions belong to each group.

By sindying a group we therefore study some properties common to an infinite

number of algebraic expressions and from this it follows that the study of

substitution groups is a matter of economy in case familiarity with a large

number of expressions is to be attained .

The groups of two and three letters are so simple that they are fre

quently employed without any explanation of their connection with an exten

sive science. For example, when a factor of an expression belonging to one of

these groups can be found by inspection and belongs to the same group as the

expression the form of the other factor is often obtained from the fact that it

must belong to the same group. This is explained by employing simple

properties of these groups in place of the groups themselves. Even in these

cases a knowledge of the theory of substitution groups would contribute much

to the clear understanding of the matter on the part of the student and in the

more complex cases such a knowledge becomes almost indispensible if a com

prehensive knowledge is to be attained . In the factoring known as the solu

tion of equations, substitution groups have since the time of Galois played the

most prominent part - serving not only to give a comprehensive view of the

entire field but also to extent the knowledge with respect to it .
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NONEUCLIDEAN GEOMETRY : HISTORICAL AND

EXPOSITORY.

By GEORGE BRUCE HALSTED. A. M. , (Princeton), Ph. D., ( Johns Hopkins); Member of the London

Mathematical Society; and Professor of Mathematics in the University of Texas , Austin, Texas.

[ Continued from tbe M.y Number )

A

PROPOSITION XIX. Let there be any triangle AHD ( fis.18) right

angled at II. Then in AD produced the portion DC is assumed equal to this

AD; and the perpendicular CB is let fall to AH produced . . I say hence will be

established the hypothesis of right angle, or obtuse angle, or acute angle, accoril

ing as the portion IIB is equal to , or greater, or less than this AIT,

PROOF. For the join DB will be (Eu . 1.4, and

P. X of this) either equal to, or greater, or less than AD,

or DC, according as the portion IIB is equal to , or

greater , or less than All. And first indeed let IIB le
D

equal to AII, so that therefore the join DB may be equal
H

to Ad , or DC.

B
It follows that the circumferen

ce
of the circle ,

C MM

which is described with the center D, and radius DB, will

go through the points A , and C.

Fig. 18 .

Therefore the angle ABC, which is assumed right, is in this semicircle , whose

diameter is AC. Wherefore (from the preceding proposition ) is establisha the

hypothesis of right angle. Quod erat primo loco demonstrandum .

Secondly let B II be greater than AH, so that therefore the join DB

is greater than AD, or DC. It follows that the circumference of the circle ,

which is described with center D, and radius DA , or DC, will meet DB in

some intermediate point K. Therefore, AK, and CK being joined , the anglo

AKC will be obtuse, because greater (Eu. I. 21 ) than the angle ABC, which is

assumed right. Wherefore (from the preceding proposition ) is established the

hypothesis of ohtuse angle. Quod erat secup lo loco demonstrandum .

Thirdly let B Il be less than AH, so thạt therefore the join DB is

less than AD, or DC. It follows that the circumference of the circle , which

is described with center D, and radius DA , or DC, will meet in some point M

this DB produced outwardly. Therefore AM , and CM being joined , the

angle AMCwill be acute, because less ( Eu. I. 21 ) than the angle ABC, which

is assumed right.

Therefore (from the preceding proposition) is established the hypothe

sis of acute angle. Quod erat tertio loco demonstrandum . Itaque constart

omnia proposito.

(To be continued .)
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THE REALIZATION OF IMAGINARY POINTS.

By WARREN HOLDEN , Professor of Mathematios, Girard College , Philadelphia , Pennsylvania .

are
SC

2 + y

, y "

In Salmon's Conic Sections, Art. 82 , the author says of an imaginary

point: " It is a purely analytical conception, which we do not attempt to repre

sent geometrically ," ** * * " but attention to these imaginary points is neces

sary, " **** " we shall meet with many cases in which the line joining two im

aginary points is real.”'

It is here proposed to trace some of these imaginary points, in the

hope of finding them upon the real line which joins them .

Take the points of contact of tangents to a circle from a given point.

The tangents are said to be real when the point from which they are drawn is

without the circle, coincident when the point is on the circle, and imaginary

when the point is within the circle. It is these last tanzents and their points of

contact, which it is proposed to find. These last points will be found , if any

where, upon the polar of the given point, which is the real line joining the

imaginary points . "

The co - ordinate of contact of tangent to a circle from any point ry ,

R ? «' Ry'< ??? + y ? - Rº Rºy' = RrV7 + y ?– R ?

./+y'

It will be shown that these formulas may be so interpreted as to de

termine the points of contact of tangents, from it point init' . the circle, to it

curve which may be regarded as a mere developinent of the circle, and that the

line joining these points is the polar of the given point.

When z'y reaches the circumference

the expression under the radical sign becomes

ma + y ': -- R ' = 0 ) or < ? + ý ? =R” , which may
A

be written R ' - (x:"! + y' ? ) . * Proceedin
g
now

with the application of the formulas we ob

tain the following results :

Let C be the centre of a circle , CX,

CY the axes, the radius equal to 4 , and the
M

distances of the points P, P, ' P " from the
B

B
B

centre respectively 3 , 2 , 1. Then for Por

X
( x ,y ) we have

16 x 2.12£4x2.121 16–9

9

= 6.25 or 1.28 : y ' = 1.28 or 6.25 . These de

termine the points A , B. The line joining these points is the polar of P',

16 16 x 1.4 + 4x1.41 ' 16-4

proved by CM = TP
= 55. For P we have gi"

3
+

*By substituting the sign difference in place of the sigui minus in the exprossion under the radi

cal , the same result is reached .

C

=
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2

1

CM is now
2

= 10.44 or 0.75, which give the points A ’, B '. Joining A'B ' we have the

R2 16

polar of P ' verified by CM ' : - = 8 . For Play') we have
CP '

d ' = 16x0.707 + 4x0.707V16-
1 = 22.225 or 0.369. These determine the

points A' ' , B ' ' . The line joining these points A" B " is the polar of P ', as

R? 16

proved by CM ' = 16.

TP "

The locus of <" /" , while Por c'y' moves along the same radius, is an

equilateral hyperbola , concentric with the given circle and having its vertex

at the circumference,

The proof is as follows: The co -ordinates of contact of tangents to a

hyperbola , when equilateral and its semi-axes each equal to R, are

Rør' = RYVR: - 1:2,"? -- '* ) Ry'RI' R ' - (. * - y' ?)

.c ' ? "' ?

the rixis of X's, and since P (x+y ) moves along this line , y' =(. The formulas

give for P, ir' = 3, x " = 5 } or CM . y ' = £ 3.52 or MA and MB, which de

termine the points A , B. For P = z = 2, x " = 8 or CM ', y ' = £ 6.92 or M'A '

and M'B '. For P " , x' = 1 , " = 16 , or CM ", y ' = $ 15.48 or M " A " and

W " B ", all the same points as by the first formulas. Thus it appears that the

imaginary tangents to a circle are reul tangents to a corresponding hyperbola .

An attempt will now be made to justify the above results without re

course to the disputable expedient of changing the signs of the expression un

der the radical .

It is now understood that lhe difference between positive and negative

quantities is merely the difference of counting in opposite directions, both

equally real. Guided by this hint, if we let (na ) stand for the expression under

the radical sign, and consider that (-as) is composed of factors, one of which

is affected with the sign (- ) , then , when Va* (= a1 +1) becomes

1 - T=al -1),we know that a factor has changed the direction in which it

was before estimated, to the opposite direction . By examination we discover

where and how the change took place.

In the present case it is the reversal of direction in counting from the

the point c'y to the circumference. This may be seen by factoring the ex

pression under the radical. Taking the point P "

wy when without the circle, ' + y ' ! -RⓇ =

IC - () = ( 1 " + () C )( IP "" ( - () C) =

P " K'x ' ' ' 0, both factors.measured in the same

direction. When we reach P " within the circle,
K с P10

we have P " Kx P " (),in which ? " () is measured in

the opposite direction and of course takes the sign

(- ) , which explains the change of sign in the radi

cal expression ( 1 -4 *). In other words,the instant that .c'y crosses the circum

ference, 1 - 1 app
ears

.
1 appears. Call it then the sign of that crossing and nothing else,

and at once the imaginary is divested of its badge of licensed irresponsibility
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and falls into the ranks of orderly realities, which alone properly constitute the

exact sciences. Instead of being " an expression for an impossible operation "

the 1-1, in its present situation at least, calls for no operation whatever, its

origin being accounted for, and its office defined just as it stands--a finger -post

where before it stood an impassable barrier.

The - 1 takes its rise as a residual factor or coefficient of the term

whose root has been extracted . Like the corresponding factor, v F1 it has not

power to either increase or diminish the numerical value of the term . Why

then treat it is having any numerical significance ? Why not call it the co-effi

cient of direction ? Whether the direction be opposite or perpendicular, say

that while the symbol denotes change of direction the particular direction must

in each instance, be determined by its own conditions. Although by conven

tion (- ) indicates direction opposite to ( + ) , that will not prevent V - 1 from

indicating the same when the conditions of its appearance distinctly point that

way, provided this use of the symbol involves no inconsistency with its other

uses .

The conditions in the present example may be restated thus: Of the

elements which enter into the radical expression, viz. R and c'y', the latter is

referred to the limits of the former, that is to the circumference and the centre .

While x'y' is without the circle, both limits lie in the same direction from it .

After ay enters the circle, the limits (centre and circumference) lie in opposite

directions from it . And this change is signalized by the appearance of v ' = 1.

If C' be a fixed point and a'y' a moving point , approaching Con a right

line from an infinite distance, then by the application of the first formulas

above, the tangents will generate , hy' a continuous movement, first the semi

circumference and then the hyperbola; showing the hyperbola to be an inverse

continuation of the circle , or the circle turned inside out.

When z'y' reaches the limit ( ' the tangents find their true limits in the

asymtotes, and coincide with the axes . The momentary coincidence of the

tangents at the other limit- the circumference - only marks the transition from

one phase of their work to the other.

The tangents, moving in obedience to a uniform law, would naturally

be expected , after generating the semi-circumference, not to wander off into

" untraceable labyrinths, ” but to follow some plain path , especially as the line

joining their (imaginary) points of contact , may, at any stage, be definitely

located .
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OUTLINE OF
INVESTIGATION FOR ASYMPTOTES.

By E. S. LOOMIS , A. M. , Ph . D. , Professor of Mathematics in Baldwin University , Berea, Obio .

1. Methods.

A. By Inspection.

1. If when c40, y= 0 , =() is an asymptote.

2.
x = 0 , y = a , or 1 -a, a=0 is not an asymptote.

3.
x=ta, y = 0 , x=ta is an asymptote.

4.
a = Ea, y= a , or Ev -a,x=ta is not an asymptote.

5. Treat y in some manper as X.

Note 1. To be universally true, the equation must be solved for either

y or .

Note 2. The finite quantity is seen in the curve.

B. By direct Investigation.

1. Through Intercepts.

( a ). If X and Y', either or hoth, are finite, there is an asynıptote .

( b ). If X and Y are both infinite, no asymptotes.

(c ) . To find the equation of the asymptote, substitute the intercepts of

X and Y for a and bin + 1 .

6

Note. Under (a ) , if need be, find the limit of

2. By writing for y , hx + r, in the curve, expanding, arranging accord

ing to the descending powers of 1 , writing the coefficients of the two bighest

powers of x equal to 0 , from which find the values of k and r , which values sub

stituted in last two terins of arranged equation just found give the equation of

an
asymptote.

3. By solving the equation for y and developing by Maclauriu's formu

la , etc.

II.
An example of application and illustration . I shall take the

cissoid (of Diocles), because I bave never seen it worked , either by text or stu

dent, except by the method of inspection. Of course by inspection, by 3rd un :

(ler A above it is instantly seen that r = 2a is an asymptote. I have had stu

lents declare that it could not be solved by direct investigation. It comes direct

ly under ( a ) of B above. First,as in Analytic Geometry, investigate for limits of

73We discover it is limited by 2a to the right. From y ?:

211 C2y ( 21 - r)
dir

drsecond in Y=x-Y , sub.value of y and gives

dy

2a

30.12 . = 2a, since x = 2a at limit .

Concluded on page 204 .

the
curve.

dy 3.x + y*
>

X
3a
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ARITHMETIC.

Conducted by B.F.FINKEL , Kidder, Missouri. All contributions to this department should be sent to him .

SOLUTION OF PROBLEMS.

47. Proposed by F. P. MATZ, M. Sc. , Ph. D.. Professor of Mathematios and Astronomy, in New

Windsor College, New Windsor, Maryland.

Mr. Merchant sells 20 % above cost,with weights and measures 12! % " short,"

allows a discount of $ .1 on every bill of $50, and loses 5 % of his sales as bad debts."

Find his rate per cent. of net profit, or net loss ; one cent in every dollar of sales proves

counterfeit, and collection -charges are 21 % .

I. Solution by H. W. DRAUGAON, Olio , Mississippi , and the PROPOSER.

Let $ C = the cost of the merchandise sold ; then 18 8 of of $ (' = of

$ ( = the amount of the merchandise sold . As per the problem , the aggregate

of deductions to be made from the amount of the sales is 18 % ; that is, the wet

amount of the sales is 37 % of $ C, and the net profit is 3 % ] of $ ( '. Hence the re

quired rate per cent. of net profit must be 1137 .

II . Solution by G. B. M. ZERR, A. M. , Principal of High Schools , Staunton , Virginia.

100 % -12 % = 871 % , what he sells for 120 % .

120 % -87 } = 1374 % , what he gets for 100 % .

$5 on $ 50 = 10 % .

10 % + 5 % + 1 % + 2 % = 185 % , what he loses.

1374 x 181 = 2531 % .

1374-2533 = 11133 % . .. be gains 1133 % .

Alsc solved by P, S, BERG ,

PROBLEMS.

52. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College New Windsor, Maryland.

By selling a horse for H = $ 150 cash , I gain p = 20 % . At what price should

I sell the horse and wait d= 90 days, money worth m = 0 % , in order to gain q = 25 % ?

53. Proposed by P. S. BERG , Apple Creek, Ohio .

$500 Wooster. ( ) . , Sept. 2od , 1886.

One year after date we , or either of us promise to pay to the order of J. M.

W. Five Hundred Dollars for value received with 7 % annual interest from date .

J. C.

M. C.

Endorsed May 13 , 1893, $75.00

Sept. 1 , 1894 , $ 300.00.

What was due April 1st, 1895 ?
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ALGEBRA

Conducted by J. M. COLAW, Monterey, Va . All contributions to this department should be sent to him .

SOLUTION OF PROBLEM.

43. Proposed by F. M. SHIELDS, Coopwood, Mississippi .

Four men , A , B, C, and i), start from the same place, the traveling rates of

A and Care equal, and the traveling rates of B and D were as 17 to 18 , respectively;

B could travel one mile iu 7 minutes and 12 seconds. A traveled due west il certain

distance, B traveled due north the cube of A's distance plus his distanc; C traveled

blue east a certain distance, and D traveled due south the cube of C's distance plus bis

distance: They all change directions, and a traveled due north a certain distance,

B traveled lue east the 5th power of A's distance north ; C traveled due south a

certain distance, and D triveled due west the 5th power of C's distance south ,-when

it was found that the sum of the north and south distances traveled by Band was

351090 feet , and the sum of the distances that B and traveler cast and west was

5939200000 fet, and ibat the product of the distances that A and C traveled east

and west plus the square of the difference of these distances, plus one was 3901 : and

that the product of the distances that A and C traveled north and south plus the

square of the difference squared ,plus the product multiplied by the square of the differ

ence , was 194100.00 [equal to the following new formulas:

(nn + d2+1) = 3901, and (nn + d/2 ) + (nn x dạ ) = 49410000 ]. How far on a

line is each party from the starting place, and how long did it require for B and D

each to make the entire trip from starting place to the end ?

Solution by G. B. M. ZERR, A. M. , Principal of High School, Staunton, Virginia.

Let x=distance A travels due west

C east

A

C south .

Then 23 + ( = distance B travels due north

73 +y= D south

B east

D west

Also x3 + y + x + y = 351090 ...... (1)

25 + == 5929200000 ...

ry + (cy) + 1 = 3901 ...... ( 3)

{ zu + (2 - u )" } ? +24 (2-2) ' = 49410000 ...... (4 )

From (3 ) , x - ry + yº + 1 = 3901...... (5 )

From ( 1 ) , ( + y )(acº -ry + y2 +1) = 351090 ...... (6 )

( 5 ) in (6) gives, x+y=90 ...... (7 )

( 7 ) in ( 1 ) gives, 23 + y = 351000 ......(8 )

( 7 ) cubed minus (8 ) gives, 3.ry ( c + y ) = 378000......(9 )

(7 ) in ( 9 ) gives, cy = 1400 ...... (10 )

From (7) and ( 10 ), x = 70 or 20, y = 20 or 70

Fron) ( 2) , (z + u )(2 +-231 + z'u : -zu3 +44) = 5929200000 ......(11)

From (4 ), 4 - zu + z ??? ~ 243 + 2 + = 49410000......( 12 )

66 porth

66

(2 )

.
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( 12) in ( 11 ) gives, 3 + 1 = 120 ...... (13)

[ ( 13) 5— (2 ) ] =- 5 gives, zu (33+2:211+ 220 ° +13) = 3790800000 ... ( 11)

{ ( 13) { 3 in (14) gives zu ( 1728000—211–342) = 3790800000 ...... (15)

( 13 ) in ( 15 ) , after reduction , gives, 7-1410021 = -31590000

.. u = 11700 or 2700 ...... ( 16 ).

From ( 13 ) and ( 16 ) we get , 2 - u = + 60 or +1801 - 1 .

..c = 90 or 30 or 30 ( 2 + 3V - 1),

u = 30 or 90 or 30 (23V - 1).

A is distant from the starting point either of the following: -

90- + 70 ° = 114.017 + feet, 1 90 % + 20 = 92.196 feet .

1 30 % + 70 % = 76.157 feet, 1 302 + 20 = 36.055 feet.

C ' is distant from the starting point either of the following : -

36.055 feet, 76.157 feet, 92.196 feet, 114.017 feet.

B is distant from the starting point either of the following: -

✓ (70)3 + 70 )* +1:4057* = 5904900009.965 feet ,

1 ( 203 +40 ) + (905 )* = 5904900000.003 feet,

1703 +70 , + (30) 0 = 24302421.629 feet,

1 (203+20) + (30 )10 = 24300001.323 feet.

Dis distant from the starting point either of the following:-

21300001.398 feet, 21502421.029 feet, 5904900000.005 feet, 3904900009.965 feet.

B bas traveled either of the following distances :

703 + 70 + 905 = 5905243070 feet = 118117.88 + 27 miles,

203 +20 +905 = 5904905020fect = 118353.79167 miles,

703 + 70 = 305 = 2 6 3070 feet = 4667.24811 miles,

203 + 20 + 305 = 24308020 feet = 1603.79167 miles.

D has traveled either of the following distances :

4503.79167 miles, 1667.24811 miles, 118353.79167 miles, 115-17.39117 miles.

B travels 1 mile in 7 min . 12 sec. =
= 132 sec .

I travels one mile in ij of 132 = 408 sec .

It has taken B either of the following
times:

118417.38447 * 132 = 51156310.09 sec. = 14210 h . 5 m . 10.09 sec. ,

118353.79167 X 132 = 51128838 sec. = 14202 h . 27 m . 18 sec . ,

4667.24811 x 132 = 2016251.18 sec . = 560 h . Am . 11.18 SCC . ,

4603.79167 X 432 = 1988838 sec. = 552 h . 27 m , 18 sec .

It has taken D either of the following times:

4603.79167 X 408 = 1878347 sec . = 521 h . 45 m . 47 sec . ,

4667.24811 x 408 = 190427.22 sec = 528 h . 57 m . 17.22 sec. ,

118353.79167 x 408 = 49288347 sec. = 13 + 13 h . 25 m . 47 sec . ,

118117.38147 X 408 = 48311292.86 sec. = 13420 h . 38 m . 12.86 sec .

The imaginary results have been omitted as impossible.

The above solution was the first received : bit entitles Prof. ZERR to the St. Andrews. Fla .. ('ity Lot.

ofered by the PROPOSER . Excellent solutions of liter date were received from II. ( . IIITAKER .

31. A. GRIBER . II, II , DRICG10.9. 11. ( ' . IILKES, I, II . PELL , A. L. FOOTE, 4 , 11, LOLJES, and

P , X. BERG ,
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PROBLEMS.

52. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.
In how many ways can we arrange 12 friends of the MONTHLY, around a

table , so that; ( 1 ) , the editors may never be together, ( 2) , Matz and Halsted may

never be apart;and (3) , Zerr and Ellwood may always have Gruber betwixt them ?

53. Proposed by LEONARD E. DICKSON, M.A. , Fellow in Mathematios, University of Chicago.

Can it be proven that the value of the expression

5.0 + 3 5.6 (52-1) (5x + 3 )(5.r + 8 ) 5.6 (5x - 1 ) (5r - 2)

+

3 1.2 4.5
1.2.3

(5.0 + 3 )(52 + 8 ) (5.2 + 13)

5.6.7

{

51

(5x + 3)...(5x + 18). 5 ......(51—4)
t ...

1 .... 5
5.r ( 5.0-1) (5.6-2) (5.6-3)

+

1.2.3.4
6.7.8.9

(52C + 3 )... (30.1-12)

+ ( - 1)-2-2
5.6. ( 5.0 + 1)... ( 10.0-3)

is identically zero?

(5.0 + 3) ... (30.1-7)

5x + ( - 1)4-1
(5x+ 1)...( 10. - 1) )

GEOME
TRY

.

Condusted by B.F.FINKEL, Kidder, Missouri. All contributions to this department should be sent to him .

SOLUTIO
NS

OF PROBLEM.

42. Proposed by G. I. HOPKINS , Instructor in Mathematics and Physio3 in High School ,

Manohester, New Hampshire.
If the bisectors of two angles of a triangle are equal the triangle is isosceles.

II. Solution by G. B. M. ZERR, A. M. , Principal of High School , Staunton, Virginia; H. C. Whita

ker, M. S. , M. E., Professor of Mathematios. Manual Training School, Philadelphia, Pennsylvania;

WILLIAM HOBBY , a Student in University of Tennessee, Knoxville, Tennessee.

Let AC=h. Then AD) = b sin C / sin ( C + A ),

CE=b sin Asin ( A + C ).

.. sin C sin ( A + } C ) = sin A sin ( C + 1A).
B

Let x = sin A , y=sin C.

Then (2:ry— 2.23 y - y2 +22:2 y ? )1 1–4*
Е ,

= (2xy— 2.xy3 – x2 +2.72y ?) V 1-2 .

. : (r ? —y' , { x2 + yº — .2 * — x * yº — y4– 4.17

+ 4.2 y + 42y3 – 4 « * y ; } =0.

A

..x = y and LA = L C,

also, (ic - y )* — ( - y ) ++ (1-3y) + xy(1-2xy)? = 0.
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1

NI

Q. E. D.

-2

III . Solution by J. H. GROVE, Howard Payne College , Brownwood, Texas.

(Solution by Rodustio ad Absurdem )

Suppose the A to be scalene and that AB> BC.

( 1 ) AB .AC = BD.DC + AD

( 2 ) BC.AC = BEAE + CE

B

Then ( 1 ) AB.AC - BD.DC = ADP and

(2 )BC.AC - BEAE = CE . But ADP = CE : Hyp.

E D
.. AB.AC- BD.DC= BC.AC - BE. A E.

But AB.AC > BC- AC (Hyp.), and

BD.DC < BEAE ( La LcHyp .)

Α '

( BD<BEand DCKAE )

. : The conclusion above reached : AB.AC - BD. D ('= BC.AC

- BE.AE is absurd . It can be true only in case the Ais isosceles.

.. If the bisectors AD and CE are equal, AB = BC.

IV . Solution by EDW. R. ROBBINS, Master in Mathematics of Lawrenceville School, Lawrrace

ville, New Jersey

Let ABC be a A of which EC and BD are equal bisectors of base

angles. To prove the Ais isosceles . Draw third bi

sector A0. Draw perpendiculars ( II, OF, OG : thiese

are equal lines. From E, D, F, G , draw perpendiculars

to opposite side.

In As AFO, AOG :FO) = ( G :A0 = 40 and

angles at A are equal.

MTherefore these triangles are equal right tri

angles, and AF = AG . In right As AGM and 17V

angle at A is common and AF = AG . Hence As are

equal and FN = GM .

Now the right triangles AEL and ADR are B. H
C

similar respectively to AFN and AGM. But these last A's are equal und

hence the A's AEL and ADK are equal. And therefore AE =AD.

The triangles ADB and AEC have two sides of the one, AD, DB

equal respectively to two sides of the other AE, EC , also the angle at 1 is

common . Hence the As are equal. Therefore AB = AC and original A ABC

is isosceles.

Q. E' D.

V. Solution by P. S. BERG, Apple Creek , Ohio .

Let ABC be a triangle, AD = CE. Through

the three points A , C and E pass the circumference

of a circle. It will also pass through D. For if it

meets AD ni P between A and D the arc EA must

be greater than PE, since ECA which is equal to D

CE is greater than PCE. Also the arc PE is equal

to the arc PC, since the angle EAP is equal to the

angle PAC . Whence the arc AEP is greater than

X
Z
E
E

w

D

G

t
o

A
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EPC, and consequently the chord AP is greater than the chord CE. But by

hypothesis CE = AD; then AP is greater than AD which is impossible . Hence

the circle which passes through A , C, and E cannot cut AD between A and

D. In like manner it can be shown that the circle cannot cut AD beyond D.

Hence it must pass through D. Hence the angle E1D which is half of A is

equal to DCE which is half of C. Therefore the angle A is equal to the angle

B and the triangle is isosceles. Q. E. D.

VI. Solution by W. W. MOSS, Instructor in Mathematics, Brown University, Providence, Rhode

Island .

Let AD and BE be equal bisectors of the

LS CAB and CBA of the AIBC. To prove A ABC

isosceles . Move the ADBA so that the side AD) will

D.

coincide with its equal EB, A falling at E, D at B. BВ

Then fold A BAD upon AD (EB) as axis ti } } B falls
А. B

tipon the plane at B ' , A BAD taking position EBB ' .

Draw AB ' . Consider the AS AEB ' and ABB ' CAEB ' = LAEO + LOEB '

= -AEO + LOAB = LAEO + < OAE = LAOBLABB' = LABE

+ LEBBEZOBA + CODB = 2. AOB... LAEB' = LABB' CAB

+ LCBA < 180 ° and halving COAB + LOBA 90. H : ZAOB = 180 °

- (angle ()AB + angle ( BA)> 90 % . .. angles A EB' and ABB ' are obtuse and

equal side EB' = side AB and AB ' = AB'. SAEB ' = DABB' having two

sides and an opposite angle in one equal to homol. parts in the other, the equal

angles being obtuse. ... angle EAB = angle EAB' + angle BAB' = angle 1B'B

+angle AB' E = angleEB'B = angle DBA .

. : ABC'is isosceles. Q. E. D.

Solutions of this problem were received from.7. C , CORBLY, WILLIAN PARKTSON, F. P. MATZ , 0. 1v .

ANTHONY,A.M. HUGULETT, H. W. DRAUGHON anil J. F. W. SCHEFFER . Professor SCHEFFER

sent in three solutions and Professor GROVE two.

Note.-- Au excellent demonstration of this proposition is given on page 44, of

Dr. Halsteil's Elementary Synthetic Geometry.

CALCULUS .

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department sbvuld be sent to him .

SOLUTIONS OF PROBLEMS .

1

32. Proposed by J. F. W. SCHEFFER, Hagerstown, Maryland.

Suppose it to be possible to perform the passage through the north pole: at
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А ,

BВ

M

what latitu le would the maximum distance be saved hy a ship sailing on the arc of a

great circle instead of a parallel of latitude, the points of departure and destination

heing 1800 a part ? Also find the maximum saving.

I. Solution by F. P. MATZ, M. Sc. , Ph . D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland , and E. D. SCALES, Student of Junior Class , University of

Mississippi, University, Mississippi.

Put LMOS= 1 , = the latitude of the departure-point of the ship.

According to the problem , the ship depart

ing from $ may reach the destination S ' P

by taking either the longer route SAS' SK

B
= (17 cos 1) R or by taking the shorter route

S
SPS ' = ( 180 - 21 ) R. The expression

for the

number ofmiles saved by taking the route

SPS', becomes M = 2 (11— 1 sin ? A ) R .... (1), A

which is to be a maximum . Differentiat.

ing, etc., = sin- (2/7), = 39° 32 ' 24 " .784;

and, consequently
, the number of miles

saved is M = [ 2 sin '(2/1) -

+1 ( 1 ° — 4 )] R , = 2620.80359 + English

miles.

11. Solution by 0. W. ANTHONY, M. S. , Missouri Military Academy, Mexico, Missouri, G. B. M.

ZERR, A. M. , Staunton , Virginia, and the PROPOSER.

Let I be the latitude and regard the earth as a perfect sphere with the

same volume.

Then the radius of the small circle in latitude 1 is R cos1, where

R = radius of the earth .

. : + R cos 1 is the distance to sail on a parallel of latitude and

(1-21 ) R, the distance on a great circle.

. :: R cos 1- (1-21 ) R = max .

. :: cos - 1 + 2 = max.

2

Integrating, we get = sin - 39 ° 32 ' 24 " .55. The saving

= R( cos1-1 +21). But R = 20902410 feet according to Col. Clark .

.. the saving = 20902410 x.671385 = 14033564.53785 feet

= 2657.87207 miles.

Also solved by A. H. BELL , ITillsboro, Illinois, and E. W. HORRELL , Montpelier Seminary, Montpelier ,

Termont.

33. Proposed by WILLIAM SYMMONDS , A. M. , Professor of Mathematics and Astronomy,

Pacific College , Santa Rosa , California .

Show that of all curves of a given length , traced on one plane between two

given points , and are made to revolve around a common axis situated in that plane,

the Catenary generates a minimum area .

I. Solution by G. B. M. ZERR, A. M. , Principal of High School, Staunton , Virginia .

Let A , B be the two given points, arc ADB = S, OBX the common
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atico axis, OB =a, OE = b, OC = x, CD = y. Then from

Calculus of Variations , we get:

Svde drsa minimum

Е с

ship
and

B

xo

AD

vde= S"219[1+ ( y ) ]' .

ſ v'dx = $ [1+Cm) )*dx = s.

:: DU = Dſ (v +BV")dx= 0.

V+$ V =(2*y+B)[1+ )'], atsoP,

where P,=(27y+ B)[1+ ( 1)

. : ( +(2+4+ B)[1+ ( m ) TO ) = (26y+ ][1+ ( )']:

dy
t
o

,, dx =

✓ (2ny + p )2 --

dz

Let 2ny + B = 2, then dy =
27

Cdec

.. dxs

27 1 24-0%
log

27
log

C(z + V2 - c*)

2π ca

2

C { 2ny + B + i (29y + ß ) : --

27 log

B1

4π0120 l
cmce + 0.cē

*)
the equation of a Catenary.>

27

II. Solution by J. C. NAGLE, M. A. , M. C. E., Professor of Civil Engineering, A. and M. College,

College Station, Toxas.

It is shown in Statics that of all curves of given length between two

given points the Catenary has its center of gravity lower than any other -- the

curve being converse to the axis, and gravity acting at right angles thereto (See

Minchin’s Statics , Vol. II , page 161) .

Now by the theorem of Pappus the area generated equals the length

of curve into path described by the center of gravity in turning about the

axis ; and since the radius of the circle described by the c. g. of the Catenary

is less than for any other curve considered it is evident the area generated is a

minimum ,

If the Catenary is concave to the axis of x the area generated will be a

maximum , and is so proven in Duhamel's " Elements de Calcul Infinitesimal,

Tome Second ” , page 400 .

Prof. MATZ, sent three excellent solutions to the above problem ,
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PROBLEM

*

42. Proposed by J. C. NAGLE, M. A. , M. C. E. , Professor of Civil Engineering, A. and M. College,

College Station , Texas.

Show that the volume included between the surface represented by the equa

tion 2 = c - x ? + ?? ) and the xy.plane equals the square of the area of the section made

by the za plane, the limits of x and y being plus and minus infinity.

MECHANICS.

Conducted by B.F.FINKEL, Kidder, Missouri . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS .

7 d ” ዝ

20. Proposed by CHAS. E. MYERS, Canton, Ohio .

A flexible cord of given length is suspended from two points whose co -ordi

nates are (x, y ,) and (x ' , y ' ) . What must he the condition of the cord in order that it

may hang in the arc of a circle ?

Solution by WILLIAM HOOVER , A. M. , Ph . D. , Professor of Mathomatics and Astronomy, Ohio

University, Athens, Ohio .

Taking the lowest point for origin , and the horizontal and vertical

lines through it for axes of x and y, and s = ag ...... (1) for the intrinsic equa

tion to the circle.

If a = the constant horizontal component of tension at all points of

the cord , the law of mass as given by Theoretical Mechanics is

di
dy dar ds

(2 ) . We have
dix = a , from ( 1 ) ;

1 do 1 do ds 1

(3) .
dir ? cosa q dx cos ' q ds da

a cos o

Then (2 ) gives m =

unitg a cos ' o ( a - y )

varies inversely as the square of the distance below the horizontal diameter.

Excellent solutions of this problem were also received from G. B. M. ZERR, and F. P. HATZ.

21. Proposed by J. A. CALDERHEAD , Superintendent of Schools , Limaville, Ohio.

Show that, in the wheel and axle , when a force P , acting at the circumfer

ence of the wheel, supports a weight Q upon the axle,

P. ( RFpsine) = Q (7 Epsins) Wpsina,
where R , 7 , and pare the radii of the wheel, the axle, and their common axis respee

tively, and ε is the limiting angle of resistance.

Vio =cos P. do

-tan P , ds9 dic2

ddº y

7T
7 (

( 4 ),2 or the mass
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le

Solution By G. B. M. ZERR, A. M. , Principal of High School , Staunton , Virginia ; and F. P.

MATZ, M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New Windsor College , New Windsor,

Maryland.

Let W= weight of wheel and axle, B = the angle between Pand Q and

also between Pand W since Q and Ware parallel. The resultant of P, Q, WV

due to friction is IV (Q + W ') ? + P ? + 2PQ + 1 ) cos Bx p sine.

. : PR= QrEpsin Ev TQ + W ) + p +27 (Q + IT')cos B.

When B=0 this becomes PR = Q1Epsin ( P + Q + W ).

P RFp sin € ) = Q (rĖp sin €) + II'psin E.

Also solved by ALFRED HVIE.

22. Proposed by DE VOLSON WOOD, C. E. , Professor of Mechanical and Electrical Engineering in

Stevens Institute of Technology, Hoboken, New Jersey .

A prismatic bar having a uniform angular velocity w and a linear velocity

of o feet per second, suddenly snaps ( by the disappearance of the cohesive force) into

an indefinite number of equal parts; required ihe resultant ingular velocity of each

piece and the locus of the parts at the end of t seconds after rupture,

Solution by ALFRED HUME, C. E. , D.Sc. , Professor of Mathematics, University ofMississippi.

Take O, the center of gravity of the bar AB, as the origin of a system

of rectangular axes, the Y - axis coinciding with the direction of the motion of

translation .

Let the motion of rotation be contrary to that of the hands of a clock .

Let the length of the bar he 2nl, in being the number of equal parts in

to which it snaps; and let the cross-section and the density, each, he unity.

Denote the middle point of DE, any one of these equal parts, by 1 " ,

any other point of DE by P.

Let 00 = R , OP = r, and LXOP= H .

At the instant of separation Phas a velocity, " parallel to Y and a

velocity, rw , perpendicular to OB.

The subsequent motion of DE may be determined by supposiny it

initially at rest and acted upon by such impulsive forces as are expressed in

the actual motion at the instant under consideration .

The element of mass at Pis acted upon by an impulsive force parallel

to Y measured by the momentum v.dr, and by a force perpendicular to OB

measured by rw.dr.

Therefore, taking moments about ( , the angular velocity of DE,

given by the ratio of the moment of the momentum to the moment of inertia , is

.cos 4 + r @ lr - R )dr

the limits being R+ l and R- 1.

Integrating between these limits, the vumerator of this fraction be

comes iwl,

Hence, after separation, DE will rotate about ( with an angular ve

locity equal to that of the original bar.

C , itself, will move in the direction OY with a velocity v + Rur.cos #

and in the direction XO with a velocity Rw.sin 6 .

3
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At the end of t seconds the co -ordinates of ( ' will be given by

x = R cos A - Rw.sin 4.t and y = R sin H + ( v + Rw.cos Ht ) .

tan 6+ 7
Eliminating R, y=1- wt.tan # + vt, or y = tan ( + tan - mtatvt.

The locus of the

N
centers of gravity of the parts

t seconds after rupture is ,

therefore, a straight line in

clined to X at an angle

B

A + tan - 'wt, and cutting Y M

at a distance vt from ().
х

This line coincides
Α .

D

E

CP

o

cot A

with l after seconds.

When t =0 , the locus is perpendicular to AB.

In the figure the live M N represents the locals, and the arrows the di

rection of rotation of the parts. The center of urwity of each part moves upi.

formly in a straight line forever, while the part rotates uniformly about this

center of gravity .

This problem was also solved by F. P. MATZ.

PROBLEMS.

29. Proposed by J. A CALDERHEAD , A. B. , Superintendent of Schools , Limaville, Ohio .

Show that if a body be projected from the angle A of a plane triangle ABC

so as to strike the side CB at a point ) , then , if its course after retiection at ll be

parallel to AB, tan DAB- (1 + Eycot B

( 1 - E )cot . B

30. Proposed by WILLIAM HOOVER , A. M. , Ph . D. , Professor of Mathematics and Astronomy , Ohio

University, Athens, Ohio .

P is the lowest point on the rough circumference of a circle in a vertical

plane at which a partical can rest, friction being equal to the pressure; to tind the

inclination of the radius through P to the horizon.

DIOPHANTINE ANALYSIS .

Conducted by J. M. COLAW, Monterey, Va . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS .

23. Proposed by J. M. COLAW, A. M. , Principal of High School, Monterey, Virginia.

Find three positive integral numbers such that the product of the tirst and

the sum of the others is a square and the sum of their cubes is a square.
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Solution by J. W. NICHOLSON , A. M., LL . D , President and Professor of Mathematics in the

Louisiana State University, and Agricultural and Mechanical College, Baton Rouge , Louisiana.

Let ~ , 2 (nº –1).c ” , 2 (n ? +1).x " , be the three integers. The first con

dition gives 4n " :{ * = 0 ; hence we have only to solve

22
200 + 2 (n ° +1) x2 = 0 ,

or 25

2"[ 161 € +48n*+1 ] = 0

. : 16n® =(+9 %•)*;whence nº = 36 ; and the three integers are e®,

1
}

70.42 and 7422 , where x is any integer.

Also solved hy H. W.DRAUGHOV, anul G. B. H. ZERR.

24. Proposed by F. P. MATZ, M. Sc . , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College , New Windsor, Maryland.

Solve generally: The sum of the cubes of n consecutive numbers is a square.

Determine the numbers,when 1 = 2 , n = 3 , i = t, and n = 5 .

I. Solution by M. A. GRUBER , A M. , War Department, Washington, D. C.

Let i , m . + 1, m + 2, +3, etc. , represent any consecutive numbers

the sum of whose cubes is to be taken .

Solving by the differential method, we obtain

S= 03 + (4m - 2 )na + (6m ” – 6m + 1)n + 4m3 – 6m2 + 2m

4

This reduces to Sri{ [n (n + 2m - 1 )]*+ 2m (m — 1) [n (n + 2111— 1 ) ] } , ( A ).

If the sum of the consecutive cubes is to be a square, then

[n (n + 27 : — 1)]'+ 2m (m - 1 ) [ n ( n + 2m - 1) ] = = q ”.

Adding [m (m - 1) ] to both members, we have

{ n ( n + 2m - 1) + m (m - 1) ]' = a ' + [m (11-1)] ”.

This is of the form (pº + 9 %) = (229 ) ? + ( p2-98 ). ?

Equating the respective values, and reduciug for i and n , we obtain

2m = 1 + V 473 – 49° +1, and 2n = 74p ? +492 + 1 - v4p2-495 +1. It will be

observed that each of the radical quantities is of the form of an odd square,

4p+ 1 .

There are two conditions that will render the radicals rational, and , at

the same time, have a an integer:

(1 ) When 49 = 4p . Then m = p = 1 ', and n = 1 . According to this

condition there is but one cube that can be taken at one time, and hence there

would be no sum of cubes. This cube is the cube of a square, and is, therefore,

also the square of a cube.

(2 ) The second condition is when p * = q . Then m = 1 ; and substi

n (n + 1)

tuting this value in ( A ), we obtain S=
square of

2

the sum of the series , 1 + 2 + 3 + ...... An. From this , then , we have

13 +23 +33+ .... + n3 = (1 + 2 + 3 + ....+ n ) , or the square of the sum of the

first n natural numbers is equal to the sum of their respective cubes.

unt1) } ' , which is the
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Therefore, in order that the sum of the cubes of n consecutive num .

bers be a square , the first number must be unity.

When n = 2, the numbers are 1 and 2 ; when n = 3, the numbers are 1 ,

2, and 3 ; &c . , &c.

Also solved by Professor COOPER D. SCHNITT, and the PROPOSER.

II. Solution by B. F. FINKEL, A. M. , Professor of Mathematics in Kidder Institute, Kidder,

Missouri.

Let S= 1 + 2+ 3+ . + n = (n + 1 ) n / 2 ;

S , = 1 ° + 2 ° +39 + . + n ? = n (n + 1 )(n + 2 ) / 6; and

Sz = 1 +23 +33 + .... + 18 = ?

Now (n + 1 ) * - n =

4n3 + 6n + An +1

ni- (1-1)* = 4n3 – 6n ? + 4n - 1 = 4 (n - 1 ) 3 +6 (n - 1)' +4 (n - 1) +1

( n - 1) - (n - 2 ) = 4n3 – 18n? + 28n - 15 = 4 ( n - 2 ) 3 +6 (n - 2 ) +4 (n - 2) +1

(n - 2 ) - (n - 3 )* = 4n ? — 30n ?+ 76n - 65 = 4 (n - 3 )3 +6 (n - 3 )* ++ (n - 3) +1

54-44 = 369
369 = 4 x 43 +6 x 42 +4 X 4 + 1

44-34 = 175 =4x33 + 6X3 ° +4x3+ 1

34-24

65 = + * 23 +6 x 2 ° +4x2+ 1
24-14 =

15 = 4x13 + 6x12 + 4x1 + 1

14-04 1 =+ x03 + 6x02 + 4x0 + 1

Adding , ( n + 1)4 = 483 +68, + 48 + n + 1.

Whence, Sz = [(n + 1)4 –1–1–68, -4S]– 4,

= [(n + 1) 4 - n - n (n + 1) (n + 2 )—2(n + 1) n ] / 4 ,

= [n4 + 2n ?+ nº] / 4 = [in (n + 1) ]”.

If n = 2 , S3 =9 ; if n=3, S3 = 36 ; if n = 4 , Sz = 100 ; if n = 5 , Sz =225.

NUTE.—The above method is useful in summing the series : 1 ° + 2 ° +3" +4"

air, where r is any integer .

PROBLEMS.

32. Proposed by A. H. BELL, Hillsboro, Illinois.

Decompose into its prime factors the number 549755813889 .

33. Proposed by M. A. GRUBER, A. M. , War Department, Washington, D. C.

Find three ditferent sixth pancers whose sum is a square.

[ The solution of this problem , if possible, is an answer to the note under the

solution of Prob. 16. ]
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AVERAGE AND PROBABILITY ,

Conducted by B.F.FINKEL, Kidder, Missouri. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

20. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

A surface one inch square is thrown at random upon a surface one foot

Square , but in such a manner as always to lie wholly upon the larger surface. Find

the mean value of the sum of the distances of the vertices of the smaller surface, from

tony vertex of the larger surface .

Solution by the PROPOSER.

Let S , S, = , A , A ,= 12s , AD = x, DO = y; then S, O) = 812. Put

LS,OP, = LS,OP, = LSZOP , = LSHOP = 8; then DD ' = £* 1/ 2 sin #, and

(DO - PFD ') = **1 2 cos 14

A2 Az

B2 B3

Az
D5

5

S;

P.
P.

01 S21 0

S4

P
BA D. ID2

D3

791

D4

B1

AIN M D

B4

M N ' A4D

. A , D ' = }(22—8V2 sin H ) , and P , D'= } ( 2y— 8 2 cos 6) ; also,

A , = A , Pi = [(2.r - x 2 sin 4 ) ? + (21- XV / 2 cos A ) ] , A , = A , P ,

= 1 / [(2c - xy 2 cos A)? + (2y + 2 sin 4 ) ], A3 = A , Ps = } , 112 + *12 sin 6)

+ (2y + 872 cos H ) ? ] , A , = A , P, = [(2.0 + 812cos H) 2 + (2y— $ 1 . 2 sin Hjº ).

Let A = ( A , + A + 3 + ); then five cases
for

consideration.

confront us ,
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First Case — The point () may lie in the square surface A ', A' , A ', A'4 .

If } (21-V2)8=a and 18 / 2 = b, the mean value of the sum of the distances

in this case becomes

D , -SSS - ,+ A: + 48 + 4.]dxdydd + S S Sardyde.
.. ( 1) .

Second Case — The point () may lie in the rectangular surface D2 ; then

if 11įs=c, js = e, and sin - (.cz 2) = 0, the mean value in this case becomes

D :-SSTIA ,+Ar + as + AnJlxdydd +SSSaxdya#.... (2).
1

Third Case -- The point ( may lie in the rectangular surface Ds ; and

in this case,

D -SS14,+42+4,+ Anderdydd+ SSSawdydr....(3).

Fourth Case — The point O may lie in the rectangular şurface D . Put

+(23-1 / 2 )= f, and 38(12 + 1) = g ; then the mean value in this case becomes

D.ESTS4, + + ,+ .Jdedyin+f S Sondyw...( )

Fifth Case - The point O may lie in the rectangular surface Ds ; then

the mean value in this case becomes

D = S'ST10, + ar + as+ A:+4,+ $.]dxdyd# + S S Sardydt ....(5).

Consequently the required mean value becomes

D= } (D , + D , + D , + D + D )....(6 ) ;

and the labor required in the performance of the integrations indicated is simply

enormous.

21. Proposed by H. W. DRAUGHON, Clinton, Louisiana.

From one corner of a square field , a boy runs in a random direction , with a

random uniform velocity. The greatest distance the boy can run in one minute is

equal to the diagonal of the field . What is the probability that the boy will he in

the field at the end of one minute ?

Solution by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematics and Astronomy in New Windsor

College , New Windsor, Maryland.

P

Let AB = a , and BP = x ; then AP= D

✓ ( + a " ) = w , and AC = av2 = m . The boy will

be in the field at the expiration of t = 1 minute, if

v be not greater than (xº + a ) . Hence the re

quired probability becomes

1

P=

a ' , 2 .

✓( ? + aº )dx

a

А
B
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at [ ***«*)4.2"longefort ,( *+a%)] - [ 1+ log 1/2+1).

TT
C.W. Anthony gets as a result Professor MATZ furnished twn solutions.

22. Proposed by ALTON L. SMITH, Instructor in Drawing, Polytechnic Institute, Worcester,
Massachusetts.

In a series of counts of the votes on a legislative act relative to the city of

Worcester, the following results were obtained :

YES NO

1st count 5566 5511

2nd 5519 5558

3rá 5546 5517

4th 5512 5551

5th 5512 5541

What is the probability that the last count (the 5th ) is correct?

Solution by F. P. MATZ, M. Sc , Ph. D., Professor of Mathematics and Astronomy in New Windsor,

College, New Windsor, Maryland.

I. Since the counts taken independently must be either correct or in

correct the probability that the fifth count is incorrect is

P's = 5 / ( 1 + 1 + 1 + } + i ) = . Hence the probability that the fifth count

is correct is P , = 1 – P ' = .

II . According to The Law of Erperience, the second count should show

å greater probability as to correctness and a smaller probability as to incorrect

ness than the first count shows; that is, the probability as to the correctness of

the fifth count should be greater than is the similar probability with respect

to any other count lower than the fifth . This Law, according to the notation

adopted, gives P ;'= ;, P ,' = 1,...., P ' = 3 : = (!)”. Hence Ps = 1- (0)' = } },

which is the probability that the fifth count is correct.

PROBLEMS.

29. Proposed by JOHN DOLMAN, Jr. , Philadelphia, Pennsylvania.

Neglecting perturbations, what is the average distance of the earth from the
sun?

30. Proposed by F. P. MATZ, M. A. , M, So. , Ph. D. , Professor of Mathematics and Astronomy in

New Windsor College, New Windsor, Maryland.

Find the average area of all the triangles that can be inscribed in a given
circle.
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MISCELLANEOUS.

Conduoted by J. M. COLAW, Monterey, Va. All contributions to this dopartmont should be sont to him.

SOLUTIONS OF PROBLEMS.

ZR

17. Proposed by SAMUEL HART WRIGHT, M. D. , M. A., Ph. D. , Penn Yan, Yatos county, New

York

A bright star passed my meridian at 7 P. M. The Chronometer soon after

ran down and stnpped , but I set it again when the same star had a true altitude of

300= a. What time was it then , my latitude being 42° 30 ' N. = l , and the star's

Declination 600 N. - 8 ?

Solution by G. B. M. ZERR, A. M. , Principal of High School, Staunton , Virginia .

Let O be the place of the observer, Z his zenith , SENII the horizon ,

P and P ' two poles of the heavens, EQ WT the celestial equator. S the

star. YS the star's declination. L SPZ

the star's hour angle= arc QY, SZPN the

meridian . ZSG arc of star's vertical are , SG

star's altitude. From the spberical triangle

P

ZPS we get cos ZS = cos PS cos PZ+ sin PS

sin PZ cosZPS. But ZS=90 %-a, PS = 90

-8, P2 = 90 ° -1, LZPS=h .

sin (X - sin , sind

.. cos h =

cos cos ♡
U

sin 300-sin 421 ° sin 600

cos 421° cos 600 T

or we might use the formula

cos (1-0) -sin a

sin th=;
cos i cos o

cos 1710-sin 300

h= 103° 20 ' 37 " .93

cos 421 °cos 600

=6 hr. 53 m . 22.53 sec.

... time= 53 m. 22.53 sec. after 1 o'clock A, M.

In the figure the star is east of the meridian while in its true position

it is west of the meridian.

Also solved by Professors MATZ, SCHEFFER, WHITAKER and the PROPOSER.

18. Proposed by M. C. STEVENS, A. M., Professor of Mathematios, Purdue University, Lafayette,

Indiana .

Show generally that a system of confocal conics is self-orthogonal." --John

son's l'ifferential Equations.

Solution by WILLIAM WOOLSEY JOHNSON, M. A. , Member of the London Mathematical Society,

and of the American Mathomstioal Society, Professor of Mathematics in the United States Naval

Academy, Annapolis, Maryland.

Р
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+

a?

>
p'
s

con

The equation of a system of confocal conics, foci at (Ec, 0) , is

= 1 . - (1 ) , a being the arbitrary constant. Differentiating, and
aº - cº

YP

putting p for dy dx, +
ů ? a = 0, or a ?(x + yp )—c*c .... (2). Eliminating

a between ( 1 ) and ( 2 ) , 4(x + yp ) _ y(x + !p) –1 , or wypº + (x * —y —c *)p — ry = 0

cp

1

.... (3) , which is the differential equation of the system . Putting p = - ,

we have wyp'? + (x ?—y - ? )p ' - xy = 0)....(4 ), which is the equation of the

trajectory when p = dy , dr, and it is identical with equation (3) . In other

words, the roots of equation (3 ) , as a quadratic for p, are negative reciprocals.

Also solved by Professors JATZ and ZERR.

19. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor , Maryland.

A spherical shrapnel-shell is moving in a horizontal direction , with a

stant velocity V, = 1500 feet per second . The shell explodes at a height h = dy; and

the fragments of the shell and the balls inclosed by the shell , are equably scattered

with a uniform velocity V , = 1215 feet pir second. Draw the curve bounding the

minimum surface on the earth on which the fragments of the shell and the bills inclosed

by the shell, have fallen .

Solution by the PROPOSER.

The path of the shell is an inverted catenary of equal (or uniform )

strength . At the

point of maximum

altitude of the

path, h = 9, the B

shell moves in

horizontal direc

tion. lgnore all
g

such complicating C

factors as the resist

ance of the atmos

phere, the rotary

motion and geodes S

ic contour of the A S A

earth , etc. , as prac

tically nugatory in

so far as the position and form of the required curve are concerned. The range

of the shell can now be determinately or approximately deduced . The deter

mination of the maximum range of the fragments of the shell and the balls in

closed by the shell, is the next step preliminary to the drawing of the required

curve. In the problem under consideration, the position of the shell at the in

stant of explosion is at some (unrepresented) point P vertically above S and

perpendicular to the plane of the circle whose center is at S ; that is PS= h= }y

= 161 feet. The fragments a , b , c, resulting from the explosion of the shell,

а

D
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fall on the earth at a , b , c ' . The required curve, therefore , is a circle, as it'

should be; and the radius of this circle is the maximum range of the fragments

and balls. Of course , if the atmospheric resistance and other complicating fac

tors be not ignored, it is reasonable that the required curve should be some

what oval- shaped - thus, to a certain extent, resembling the apparent disc of the

rising sun or of the rising full moon .

20. Proposed by SAMUEL HART WRIGHT, M. D.. M. A., Ph. D., Penn Yan, Yates County, New

York.

When does the Dog-Star and the Sun rise together in latitude 1 = + 42° 30 ' , if

the Right Ascension of the said star be a= 6 hrs ., 40 min . , 30 sec. , and the declination

8 = -16 ° 33 ' 56 " ?

Solution by F. P. MATZ, M. So. , Ph. D., Professor of Mathematics and Astronomy in New

Windsor College, Now Windsor , Maryland.

In order that " The Dog Star ' and the Sun may rise together, their

hour-angles at the instant of rising must be the same. According to Chauvenet's

Spherical and Practical Astronomy, Vol . I. , p. 218 , Art. 153 , we have the for

mula :

t = [ - tan 1 tan 8] , = 74 ° 10' 57" . 77 , = 4h. 56m . 43.851 sec .

Therefore, the next two critical dates, that is, the next two dates on

which the cosmical rising of “ The Dog Star ” is possible in latitude 1= +420 30% ,

must be May 2, 1895, and August 2, 1895. By the Right Ascension of “ The

Dog - Star, ” as given in the problem , we are led to consider August 2, 1895 , as

the required date.

NOTE- The next two critical dates with respect to the cosmical setting of

" The Dog - Star, " evidently , are May 9 , 1895, and August 11 , 1895 ; and of these dates,

the required one is May 9, 1895 ,

Also solved by Professor ZERR and the PROPOSER.

NOTE -- No one of our contributors has as yet been able to effect a full and

satisfactory solution to problem 21 .

OUTLINE OF INVESTIGATION FOR ASYMPTOTES.

(Continued from page 183. )

=

dy dy

In Y = y - adą, sub. value of gives
da '

3.23

40-5x

4ay* -5ry –3.33 y 40-52
Y = 9

24ay - 2xy 4a 2x

y y

since y - o at limit .

y
Then by ( c) under B, sub. values of X and Y, in + = 1 , gives

a b

+

y

-1. . + 0 = 1. .. x = 2a which is the equation sought.2a 2a

de

1
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QUERIES AND INFORMATION ,

Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him .

Papers for the Mathematical Congress at Kazan .

On the occasion of the dedication of the Lobachevski monument at

Kazan will be held a mathematical congress of a week's duration .

It is very much desired by the managment that some papers may be

contributed by Americans.

As a complete program of the scientific communications to be made in

the sessions will be issued this coming February, it is not too early to solicit

American scientists to think of preparing something for this memorable

ocoasion .

Dr. George Bruce Halsted has been asked by President Vasiliev to act

for him in this matter, to correspond on questions of detail with any who hope

to attend the Congress in person , to take charge of the communications of those

who do not anticipate being present and to guarantee their proper presentation.

Note on the May Number of the American Mathematical Monthly.

By GEORGE BRUCE HALSTED.

Mr. Warren Holden cites Halsted's Lobachevski's Geometry, but

evidently has not read it , since he makes the common petitio principii of

assuming that the equidistantial is a straight line. Mr. J. N. Lyle is as usual

hopelessly muddled . Every one else kpows that Beltrami proved Lobachevski's

triangle and two -dimensional geometry can exist not only in pseudo -spherical

space but also in Euclidean space. To apply to the immortal Helmholtz the

sentence “ This performance is plainly pseudo -logical, " is simply sickening.

1

1

EDITORIALS.

BETWEEN July 1st and August 10th address all communications to B.

F. Finkel , Chicago University.

WE ARE pained to note the death of Dr. Daniel Kirkwood which took

place at Los Angles, California , June 11. For a brief sketch of Dr. Kirkwood

see the May No. , Vol . I.

EDITOR FINKEL has been elected Professor of Mathematics and
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Physics in Drury College, one of the best institutions of learning in the State

of Missouri . During the summer, Professor Finkel will attend the Chicago Uni

versity at which institution he has been assigned a graduate Scholarship.

ON JUNE 6, from New Windsor College, Professor Hudson A. Wood,

of Stevens Institute of Technology, New Jersey, because of great mathematical

knowledge, success in mathematical teaching, invention of a Perpetual Calendar

(published by A. S. Barnes & Co. , New York) and manuscript of an extensive

treatise on Plane and Spherical Trigonometry-book soon to be published; and

Professor G. B. M. Zerr because of his high mathematical attainments as

ovinced by numerous contributions to the MONTHLY and on account of a thesis

on " The Centroid of Surfaces ," received Cum summa laude the degree of Doc

tor of Philosophy.

WE ARE pleased to pote that our valued contributor, Professor G. B.

M. Zerr, has been elected Vice- President of the Inter State College, Texarkana,

Texas. He will also fill the chair of Mathematics and Sciences in that institu

tion. Professor Zerr bas lately received the degree of Ph. D. from a reputable

College.

PROFESSOR W. W. LANDIS, of Thiel College, Greenville, Pennsyl..

vania , has just been elected Professor of Mathematics in Dickinson College,

Carlisle, Pennsylvania. Professor Landis always takes a lively interest in the

MONTHLY .

THEKE will be no Monthly issued during the month of July. A

double number, July -August No. , however, will be issued in August.

bs

ibe

Jun

H

BOOKS AND PERIODICALS.

Elements of Plane and Solid Geometry : By John Macnie, A. M. ,

Author of " Theory of Equations." Edited by Emerson E. White, A. M. , LL .

D. , Author of White's Séries of Mathematics . 8vo. cloth and leather back. 374

pp. Price , $1.25 . Chicago and New York : American Book Company.

This text -book on geometry is worthy a place among the very best works

published in America. We are sorry to note that this late work contains an erro.

neous demonstration of the proposition : Triangular pyramids having equivalent bases and

equal altitudes are equivalent. This erroneous demonstration should not consign the

book to oblivion as there are but very few texts on geometry that have a correct dem

onstration . For a discussion of the fallacy in the demonstration see p. 67 March No. ,

Vol . I. A very commendable feature of this book is the large collection of well select

ed original propositions, there being 972 scattered throughout the book . We recom

mend it to all teachers needing a good book on geometry .

A Practical and Complete English Grammar. By J. G. Park, In

structor in English Grammar, Logic, Mental and Moral Philosophy, Ohio Nor
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mal University, Ada, Ohio. 8vo cloth . 274 pp. Price, $ 0.65. New York

and Chicago: American Book Co.

The first 49 pages of this grammar are devoted to Language Lessons. In the

remaining part of the book , Professor Park has given to the general teaching public,

bis admirable method of teaching grammar. Those who are personally acquainted

with his method koow that, for power of creating interest and enthusiasm in classes

ranging from 300 to 350 students, it is unsurpassed . We believe that this grammar

will be epoch-making in the teaching of grammar. As to the real technique of gram

matical constructions, there may be some points on which the best philologists will

differ from Prof. Park , but upon the whole his book will bear careful perusing . We

trust that this book may supplant the many useless and fossiliferous texts that are

preventing a thorough mastery of the English Language and creating a disgust for

its study in many of the schools in this country.

The Review ofReviews. An International Monthly Magazine. Edited

by Albert Shaw. Price, $2.50 per year. Single Number, 25 cents. The Re

view of Reviews Co.: New York City.

This Magazine is one of the best of our day . All the current events of the

world are briefly noted while the more important events are thoroughly discussed .

the leading articles in the leading magazines of the world are briefly reviewed . The

June No. of the Review of Reviews contains nearly the whole of Dr. Halsted's bi.

ography of Prof. Cayley. This extract of the biography was taken from the April

No. of the MONTHLY.

American Journal of Mathematics. Edited by THOMAS CRAIG , with

the co -operation of Simon NEWCOMB. Quarterly. 4to. $5 per volume. Johns

Hopkins Press. Baltimore, Maryland.

The July number of this valuable publication contains the following papers :

" On Irrational Covariants of certain Binary Forms,” by E. Study; " Oo the Connec

tion between Binary Quartics and Elliptic Functions, ” by E. Study ; " Semi- Combinants

as Concomitants of Affiliants , ” by Henry S. White; “ Simplification of Gauss's third

Proof that every Algebraic Equation has a Root, ”'by Maxime Bocher ;" Note sur lignes

cycloidales," par Rene de Saussure ; " Note on Lines of Curvature," by Thomas Hardy

Taliaferro.

Annals of Mathematics. Ormond Stone, Editor, University of Vir

ginia. The January number contained “ Literal Expression for the Motion of the

Moun's Perigee ,” by G. W. Hill ; " Note on Gregory's Discussion of the Treatment of

the Conditions for an Umbilicus, " . by Angelo Hall ; “ Concerning the Definition by a

system of Functional Properties of the Function f(x) = , by E, H, Moore. Twelve

problems are solved , and seventeen exercises proposed .

Journal de Mathematiques Elementaires. Publie par H. Vuibert.

Paris: Librairie Nony et Cie 17 , rue des Ecoles.

The May number contains the usual amount of interesting matter, includ

ing the solutions of problems in Arithmetic , Algebra , Geometry , Trigomometry, and

Physics. Several new problems are proposed .

L'Intermediaire des Mathematiciens. Dirige par C.-A. Laisant, et

Emile Lemoine. Monthly. Paris.

sin az

77
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The May number of this interesting Journal contains Questions 550 to 570 ,

and publishes ten pages of answers to questions previously proposed .

El Progreso Matematico. Periodico de Matematicas Puras y Apli

cadas. Director : Don Zoel G. de Galdeano, catedratico de la Universidad de

Zaragoza.

The March pumber of this excellent Monthly has several interesting papers,

and many time problems and solutions.

Periodico di Matematica per L'Insegnamento Secondario. Publicato

per cura di Aurelio Lugli, Professore di Matematica nel R. Instituto tecnico di

Roma. Via Panisperna, 69-Roma.

In the January - February number several important papers are published, and

quite a number of questions are proposed and many others solved.

The Educational Times, London , for June has the usual amount of

space devoted to its Mathematical Department. Fifteen solutions appear, and 37 new

problems are proposed, several of which are republished from the MONTHLY.

The Kansas University Quarterly for April has been received . Nine

very interesting articles are published, but no mathematical contributions appear in

this number.

The Monist . The April number contains several important papers by

well-known writers . Nearly every issue of this valuable Quarterly has one or more

contributions of a mathematical character.

Miscellaneous Notes and Queries. A Monthly Magazine of History,

Folk -Lore, Mathematics, Mysticism , Art, Science, etc.

The June Issue contains much varied and interesting information gathered

from many sources.

NOTE :-In the cut used in the fifth solution on page 190 , by mistake the let

ter P was omitted at a point on the upper part of the line A D. Readers of the

MONTHLY will please note this error.
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JOHN HENRY LAMBERT.

BY DR. GEORGE BRUCE HALSTED .

OHN HENRY LAMBERT was born August 29, 1728 , at Muehlhausen in

Alsace. Through unaided study he mastered the then ordinary mathemat

ics . In 1745 he became secretary to Professor Iselin editor of a news

paper at Basel, who three years later obtained his appointment as privale tutor

to the family of the Swiss President A. von Salis of Coire.

After completing with his pupils a tour of two years duration through

Goettingen, Utrecht, Paris , Marseilles, and Turin, he resigned his posi'ion in

1759 and settled at Augsburg, Afterward Munich , Erlangen, Coire, Leipzig

became for brief successive intervals bis home.

Finally in 1764 he settled in Berlin, and was elected a member of the

Royal Academy of Sciences.

He died of consumption on September 25th , 1777. Among his most re

markable works are Pyrometrie (Berlin, 1779) a systematic treatise on heat;

Photometria (Augsburg, 1760) ; Inwigniores orbitae Cometarum proprietates

( Augsburg, 1761). Beitrage zum Gebrauche der Mathematis und deren An

wendung (4 Vols. Berlin, 1765-72) .

It is to Lambert, another Leibnitz as to the variety and depth of his at

tainments and views, that is due the law of the conduction of heat in a small

metallic bar exposed at one end to the constant action of a source of heat.

Experiment confirmed his theoretic results , which become the basis of

further researches and of the tremendously important Theory of heat of the

mathematician Fourier.

Though belonging to a time when the wonder-working Calculus

lus and analytic mathematics dazzled all , yet Lambert, though the associate at
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Berlin of Lagrange and Euler, nevertheless retained the taste for pure weometry

and wderstood how to make of it the most surprising applications. Не

demonstrated synthetically his celebrate :l theorem on the ares of ellipses of the

same major axis, described in the same time. His Froye Perspetive, published

in 1759,and increased by a second part in 1773 , makes use of this theory as of a

geometric method and proves many theorems relating to the descriptive proper

ties of figures. He is the true forerunner of Monge. Again, the problem of

the arithmetical quadrature of the circle is as old as mathematics.

Lambert it was who first proved the task of the 1 -computers endless by

demonstrating tbat 7 is irrational . This alone would have made him immortal.

The proof communicated by Lanıbert to the Berlin Academy of Sciences in

1761 is reproduced in Note IV . of Legendre's Geometrie.

Lanbert developed De Moivre's theorems on the trigonometry of com

plex variables and introduced the hyperbolic functions which he designated by

sinhr, cosh x, &c.

His work must therefore have attracted the especial attention of Gauss,

one of whose chief claims is the development of the theory of complex variables.

In still another direction Lambert deserved immortality. He was the

originator of Symbolic Logic.

[See my article Symbolic Logic in Johnston's New Universal Encyclo

paedia ). He fully recognized that the four algebraic operations, addition, sub

traction , multiplication , division, have each an analogue in logic, namely

Zusammensetzung, Absonderung, Bestimmung, abstruction, which may be sym

bolized hy + , - , X , + . He also preceived the inverse nature of the second

and fourth as compared with the first and third. He enunciates with perfect

clearness the principal logic laws, such as the commutative and distributive.

He derelops simple logical expressions precisely as Boole did later. He inter

preted and represented hypothetical propositions precisely as Boole did . In one

passage at least he recognized that the inverse process, marked by division, is

an indeterminate one .

Venn says: " To my thinking he and Boole stand quite supreme in this

subject in the way of originality . Even Kant calls Lambert " der umrer

gleichliche Mann."

In the very short and imperfect sketch of Lambert by F. W '. Cornish of

Eton College inserted in the Encyclopaedia Britannica in 1882 we read : “ In

Bernouilli and Hindenburg's Magazin ( 1787-1788 ) he treats of the roots of equa

tions and of parallel lines. " From this lover of pure geometry, this prophetic

pioneer in logic, in mathematic, in their combination, that could only mean the

non -Euclidean geometry. And so it was.

The essay , " Zur Theorie der Parallellinien," was written in September,

1766,but first published in 1786 by F. Bernouilli (a kinsm :in of John Bornonilli)

from the papers left by Lambert, and appears in the Leipziger Muguain fur

reine und angewandte Mathematik , herausgegeben von J. Bernoulli und C. F,

Hindenburg, erster Jahrgang, 1786 , Seite 137 ff.

In this remarkable work Lambert maintains:
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1
( 1 ) The Parallel- Axiom needs a proof, since it does not hold for the

geometry on a sphere.

( 2) In order to bring before the perceptive intuition a geometry in

which the triangle's angle-sum is less than the two right angles we need the help

of an " imaginary sphere ."

(3 ) ' In a space in which the triangle's angle-sum is different from two

right angles, there is an absolute measure [a natural unit for length ) .

Just as Lambert's celebrated memoir, “ Vorlaeufige Kentnisse fner die, so

die Quadratur und Rectification des Circuls suchen, " closed a question whose his

tory comprises four thousand years, and which therefore pertains to the very

oldest problems of mankind, so this essay of Lambert " Zur Theorie der Parall

ellinien " should have ended the equally fruitless and almost equally ancient

striving after a proof of the Postulatum of Euclid, the ordinary assumption for

the treatment of parallels, or anything equivalent to it . Will one man ever

again wound to the death two such dragons feeding for centuries on human

brains!

In a review of my translation of Vasiliev's Address on Lobachevski Mr.

Charles S. Pierce says in The Nation , April 4th , 1895 ; “ However, Gauss was

not the first discoverer. Lambert in 1785, in a printed book, spoke plainly of

a space where the angles of a triangle should sum up to less than 180 degrees,

and mentions one of its most remarkable properties. Guass most likely knew

of this."

Should this be so , the last claim left to be made for Guass in the deter

mined and persistent endeavor of his German admirers to keep him prominent

ly figuring in the history of the greatest achievment of modern culture, the

non-Euclidean geometry, namely the claim that he was the first to recognize

with complete clearness the uselessness of all attempts to prove the eleventh

axiom , becomes meaningless.

INTRODUCTION TO SUBSTITUTION GROUPS .

By G. A. MILLER. Ph . D. , Professor of Mathematics, University of Michigan, Ann Arbor, Michigan.

(Continnellfrom the June Vumber .)

In what precedes we have endeavored to convey some of the most im

portant general concepts in regard to the theory of substitution groups, we

proceed to some more special concepts leading up to the branch of this subject

which we desire to pursue first , viz. the construction of the substitution groups

containing a given number of letters.

We shall not aim at a rigorous development of any part of the subject

but rather at conveying some of the most fruitful concepts and thus

those who desire to form a good general idea of the subject without entering

aid ( 1 )
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into details and (2 ) those who desire to acquaint themselves with such facts and

methods as may be helpful in a more thorough study. The methods used will

in general , be such as lead to a rigorous development, but, for the sake of

simplicity we shall not pursue them sufficiently far to call our treatment a rig

orous development. " In presenting any mathematical theory it is in general,

not so important that a rigerons presentation of the subject is given through

out as that the methods used are those which serve as a means for a rigorous

presentation . *

The theory of groups is divided into two parts, viz . the theory of substı

tution groups and the theory of transformation groups. To these we might

perhaps add the theory of abstract groups, which was first suggested by

Cayley. Its foundation was laid by Dyck in his noted articles in the Mathema

tische Annalen for 1882 and 1883. This theory has not yet been extensively

developed. The theory of transformation groups was founded by Sophrus

Lie who began to publish his results in 1870. It bears the same relations to the

solution of differential equations as the theory of substitution groups bears to

the solution of the algebraic equations. It has not yet had time to take a

definite station among the other branches of mathematics but the indications are

that it will occupy a very high one .

The theory of substitution groups is considerably older than the two

just named . It might be said to have been founded by Abelt but traces of it

are found much earlier , as for instance in the writings of Lagrange. $ The

most prominent among those who have contributed to its development are

Cauchy, Galois and Jordan. Jordan's " Traite des Substitutions et des Equa

tions” is the standard treatise. After this come Netto's “ Substitutionentheorie

und ihre Anwendungen auf die Algebra " and the chapters on this subject in

Serret's " Cours d'Algebre Superieure," second volume. The only work on the

subject in the English language is Professor Cole's translation of Netto's work .

A great part of the knowledge of this, as well as of most other modern mathe

matical subjects, is to be found only in the journals.

Having found the place which the theory of substitution groups occli.

pies in the general theory of groups we proceed to locate the theory of the con

struction of groups in the more general theory of substitution groups. Since

groups are merely instruments of operation it follows that the study of the con

struction of groups must be the study of instruments and not the more useful

study of their uses and the methods of using them . It is evident that the study

of the use and the modes of using an instrument can, as a rule, be prfit

ably pursued only after a thorough acquaintance had been formed with the in

strument itself and it therefore seems proper for us first to pay attention to its

study.

Another advantage in beginning in this way is the fact that a thorough

* Weberhaupt diirfte es ja bei der Darlegung einer mathematischen Theorie wenger auf eine

durchweg strenge Darstellung, als villmehr darauf aukommen , dass die angegebenen methoden die zur

strengen Darstellung erforderlichen mittal gewahren , Neumuan , S. Van Riemann's Theorie der

Abel'schen Integrale.

+ Crelie's Journal fiir Mathematik , vol . I. 1826

$ Dr . James Pierpont: Bulletin of the American Mathematical Society, May , 1893,
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acquaintance with a complex instrument is apt to suggest uses and modes of

using which we do not find fully described by others. In fact, substitution

groups constitute such a complex instrument that it seems almost impossible to

gain a thorough knowledge of it from descriptions alone , especially since de

scriptions, as a rule, are unattractive to those who do not already possess kind

red concepts which require only slight modification .

We have already remarked that the process of finding one substitution

which is equivalent to two successive substitutions is called multiplication and

that the commutative law does not hold in this multiplication. On this ac

count it is necessary ' o distinguish between multiplier and multiplicand by the

order in which they are written. On this point there is no uniformity among

the writers on this subject but we shall always suppose that the multiplier pre

cedes the multiplicand . Thus we have

abc . ah = bc.

For in the first substitution a is replaced by b and in the second this 6 is re

placed by a, thus a remains unchanged. In the first substitution b is replaced

by c and in the second substitution this c is unchanged, hence the two success

ive substitutions replace b by c . In the first substitution c is replaced by a and

in the second this a is replaced by b, hence the two successive substitutions re

place c by b. Take for example the expression

a+ 30+ 2c.

After applying the first substitution this becomes

+ 30 + 2a.

If we now operate with the second substitution this becomes

a + 30+ 21.

which is the same result as we should have obtained by operating upon the first

expression by hc.

In constructing groups we shall have to use multiplication to a very large

extent . The process, is however, very simple as may be inferred from the pre

ceding example and others which have been given before. The great impor

tance of this operation led us to introduce this additional example with explana

tions. Referring to the lists of groups of two, three, and four letters, we desire

to call attention to an important property . Let us consider , for instance the

1 , ab .cd , ac.bd , ad . be

and 1 , ac, bd, ac . bd

In the first one we observe that each letter is replaced by every other letter ;

while in the second a is replaced by c but not by either b or d, similarly d is re

placed by b but not by a or c. Groups, like the first, in which one letter is re

placed by every other letter of the group are called transitive groups. Those,

ike the second, in which no letter is replaced by all of the others are called in

transitive groups. In the preceding lists there are only two intransitive groups

but when the number of letters exceeds five this class of groups is by far the

larger of the two.

The methods used to construct the intransitive groups are much simpler

than those used to construct the transitive, on this account we shall consider the

construction of the intransitive groups first.

[To be continued. )

two groups
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NON-EUCLIDEAN GEOMETRY: HISTORICAL AND

EXPOSITORY

By GEORGE BRUCE HALSTED , A. M. , (Princeton ) Ph. D. , (Johns Hopkins) ; Member of the London

Mathematical Society; and Professor of Mathematics in the University of Texas, Austin , Texas .

[ Continued from the June Number .]

A

PROPOSITION XX. Let there be a triangle ACM ( fig. 19. ) right-angled

at C. Then from the point B bisecting this AM let

fall the perpendicular BD to AC. I say this per frg 19
А

pendicular will not be in the hypothesis of acute angle)

greater than half the perpendicular MC. D

Proof. For let DB be produced to DH double

DB. Therefore DII would be ( if DB be greater
HC

than the aforesaid half) greater than CM, and there
K ML

fore equal to a certain continuation CMR.

P
IN

Join AH , HK, ILM, MD.

Now we proceed thus. Since in the triangles

IIBA , DBM, the sides IIB, BA are assumed equal to the sides DB, BM ;

and ( Eu . I. 15) the angles at the point B are equal; also ( En. I. 4 ) the base ILA

will be equal to the base MD.

Then , by the same reasoning, in the triangles IIBM, DBA, the bases

IIM , DA will be equal.

Wherefore in the triangles MIIA , ADM, (Eu. I. 8 ) the angles MA

ADM will be equal. Again in the triangles AIB, MDB, the residual angle

MIIB will remain equal to the residual right angle ADB. Therefore the angle

MIIB will be right. But this is absurd in the hypothesis of acute angle; since

the straight KII joining equal perpendiculars KC , IID , makes ( P. III . ) acute

angles with these perpendiculars.

Therefore the perpendicular BD is not (in the hypothesis of acute angle)

greater than the half of the perpendicular MC . Quod crat demonstrandum

PROPOSITION XXI. The same remaining; if AM , and AC are understood

as produced in infinitum . I say their distance (in cither hypothesis , of right

angle or of acute angle) will be greater than any assignable finite length .

Proof. In AM produced assume AP double AM, and let fall to AC

produced the perpendicular PV.

The perpendicular MC will not be in either of the aforesaid hypothesis

greater than half the perpendicular PN.

Therefore PN will be at least double MC, just as MC is at least double

BD. Andsoalways,ifin AM produced is assumed double AP,and from thje

termination of this a perpendicular is let fall to AC produced.

It is obvions the perpendicular, which from ever more produced is

let fall to AC produced, will be a multiple of the determinate B D beyond any

tinite assignable number.

Therefore the distance of the aforesaid straights will be in either afore

said hypotehsis) greater than any assignable finite length .

Quod erat demonstrandum .
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THE INTRINSIC EQUATION OF A CURVE IN POLAR

CO-ORDINATES.

By G. B. M. ZERR, A. M. , Professor of Sciences, Texarkana, Texas.

The intrinsic equation of a curve has never been treated in polar co-ordi

nates in works on the subject. It is the aim of this paper to treat this subject

briefly and to show that this method is somewhat simpler than the method of

rectangular co -ordinates.

Let S denote the length of an arc of the curve r=f(y) measured from

some fixed point, o the inclination of the tangent at the variable extremity to

the tangent at the fixed point.

dy

Let y = f (x ), then = f '(x ) = - coto x= r cos , y = r sin 8
dx

dx dr dy ar

tr cos 0.
do -r sin 6, ag = sin 6.do da

dy
dr

sin tr cos

dy de do

cos P.
dx doc dr

ан

COS A

COS A

do
-r sin @

dr dr

..r sin 8 cot p - cos A coto = sin 6 tr cos 6 .

de d Ꮎ

dr

= r tap (0-9)= f ' ( )

do

. : f ' ( ) = f ( ) tan (4-0).... A

From A, 8 is known in terms of p, san F (p) .

de

Then = F ' ( ).

do

1

Now = {n + '} = [ {Am } + {{" } ]}

ds

do * pe tre tan ? (4-0) = r sec (4-0) = f (7 sec (4--0 ).

ds do do

= F ( ) fl ) sec (0-0) = rF' ( o) sec (8-9)....( B).
do dodo

From B by substituting the value of r in terms of % , and the valut of 4,

as found in A , in terms of q, S may be found in terms of q by integration ,

I. Required the intrinsic equation of the circle.

The polar equation is r = a .

= 0 = r tan (A - 9 ). .. 8- Q=0, or H= Q .... ( 1 ) .
do

ав

-1 , ..
do

= a sec (0-2)=a sec (=a. .. S=aq.

Or we may have proceeded thus:

dф
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= {»++( ) } ;
=a, .. S=ab, but 6= 9, .. Sruq.

ds

do da

Taking the equation r = 2a cos H

dr

do

-
2a sin A = 1 tan ( = 9 ).

. : - 20 sin A=2a cos 8 tan (8-9) .

.. : - tan #= tun (6—9), . :: 0=2 (2) .

2

do da

= 1 . = } . 2a cos 0 sec (0—9) =a cos

do
-2

dx
ds (dr

do = a, S=aq, or
+

do
= 2a, S=2a4, but =

d Ꮎ

do

a
l
a sec =a ,

..S =ap.
2

a

cos ?

II . Required the intrinsic equation of the parabola. The polar equa

2a
tion is p =

1 + cos 8 o

2

A

dr 2a sin 2 a tan (0-0)

do ( 1 + cos ) = r tan (4-0) = 8

cos

2 2

a sin

2

cos3
2

0

... tan z = tan (6— ), : 0 = 20 ....(3).

do

-2.

do do

2a

sec ( A- 9)=

2a

coss o
cos ?

2

a sin o

+

1 - sino

or thus
. :: S= 710g ( +sin )

s= log (

a sinds

dA
..

a

cos3 A

2

1+ sina

-

A

2
+

1 - sin ? A

but =20.

s

+ sin øll a sip o

+
2 1 - sin 1 - sinº o

III . Find the intrinsic equation to the Cardioid. The polar equation is

o dr
A o

r = a ( 1 + cos 6 ) = 2a cos ? - 2a sin
2 do 2 2

0

=r tan (6-0)= 2a cos? tan (8-9).

2

.
COS

A
ds

. ' . ~ tan =tan (8-9), ..2p = 38,

2
do
e = {x + 4 ) *:
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2a cos .

0 A P

2 . :: S = fa sin = 4a sin 3

IV. Find the intrinsic equation to the curve

m-1

6 m

tan (8-9) .
m

0

..- tan

m

== cos or realcos :)"
. * --asin

=-a sin (cosa)

ertan (6-4) =a ( cos .:)

= tan(8–7). .- (m +18=no. - {re+ Chry ) }

- « { (605 )**+ ( sin -)'( eos on "}"=a ( cos )***

$= a f ( cove ) "2H S ( cos . 1)* 'dø.

nti )* do is the intrinsic equation

1 no

Let n=

m

then S =

a

n + 1
S ( cos

to the curve pre = a" cos nA.

V. Find the intrinsic equation to the Logarithmic Spiral . The polar

equation is r = bei or r = baº,
log's

4 dr

c'do

29

= r tan (8-0) .
C

1

.. tan (6—4) ;
= ;

A= tap- 1 + 9 = d + 0 .
C

de

do { re+ C )"} != ( *20%#dra)?-

V 1 + cdr

do

d +

C

. : ds= V1+cdr, S = V1+ c2.rev1+cbeč = 1/ 1 + cébe

The intrinsic equation for the evolute and involute can be found in the

usual way .
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A QUADRATIC CREMONA TRANSFORMATION DEFINED

BY A CONIC.

By LEONARD E. DICKSON , M. A. , Fellow in The University of Chicago.

P

o

D

-ac

On an arbitrary conic choose four fixed points A, B, C, D. To each

point P of the plane there corresponds a definite point R defined by the follow

ing construction : Join PA and PD cutting the conic again in F and Gre

spectively. Then R is the intersection of BF with CG .

Let the equation of the base conic referred to the axes AC and BD

have the general form Ax? + 2Hxy + By: + 2Gx + 2 Fy + C = 0).... (1 ).

We may express the equation of the conic in terms of its four inter

cepts a , b , c, d on the axes and an unknown parameter. Since the points

A ( -a, 0) , Blo, b) , ( c, 0 ) , D (0 , -d ) lie on the conic, we obtain the relations :

Aa? — 2 Ga + C = 0

Bb2 + 2Fb+ C = 0

с

Ac? +2Gc + C = 0 )

AА
Bd - 2Fd + C = 0 .

From the first and third , 2G = Ala - c );

from the second and fourth , 2F=-B6-d) . R

Hence ( = - Aac = - Bhd . Substituting in

2 II

( 1 ) ; dividing by A ,and writing h =
A ' X

bd.c? + hbdry + acy® + bd (a — c) x + ac (d — b) y

- abcd = 1)....(2) . The discriminant of (2) , 452di{ ab*c + bc*d +cd’a+dah

ab+cd - (ad+bc)

+ bdh (a – c) (6-1) -hºbid , will be 0 only when h =
h =

bd

In the former case ,the conic (2 ) becomes (b.r + cy - bc)(d.c + ay + ad ) = 0), repre

senting the straight lines AD and BC. We reject this trivial case ,since to every

point in the plane there corresponds the line BC. The quantity ab + cd - hbd

occurs below repeatedly.

- , ( 2) becomes (br - ay + ab)(dr - cy - cd) = 0,
bd

representing the straight lines AB and DC. This case is not in the least trivial .

To find the co -ordinates x' ,, , of the point R, corresponding to a point

P (it ' , y ' ) .

The equation to AP is y '( r + a ) = y ( x' + a ); that to DPis xly ' + d)

=x ' (y+d) . The co -ordinates of the second point of intersection f of AP with

the conic (2) are :

cibd (x' + a )? + ay'(b - d )( r ' + a ) —aºy'?

bd ( x' + a )” + hbdy'( x' + a )+ acy' ?

y { ay (bc - cd + hbd ) + bd(a + c)(x' + a) }

bd (x ' + a ) + hody (a ' + a ) + acy

= or

bd

For the case h = - (ad + bc)

2
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are :
2

The co-ordinates of G, the second intersection of DP with the conic (2 )

m '{ x'bdlc - a + dh) + ac(b + d) (4' + d ) }

bdx'? + bdhx'y' td ) + acly 'til)

-612197 + dic'(a — c)(y' + d) +acly ' + d )' }

bdx' ? + bdhr' (y' + d )+ acly ' + d) ?

The equation to BF is

--clay' + dx' + ad)(ay — b.x -ab)
clay' + diu' + ad )

y - }
di bic' + (hb - c)y' + ab+ ay - ba ' - aby d . bir' + (hb - c) y ' + ab ?

A

say = B
8

The equation to CG is

{ da'-cy' - ot } bla - dh ).x' -acy – acd

(dx ' - cy' - cd)(de'tay' + ad )

bla - dh ).r ' - acy' - acd
D

say

(da' + ay' + ad )
E

By elimination , the co -ordinates of R are :

AbD + cE ) EVA+B)

Y ,
AE - BD ' AE - BD

Now AE - BD expanded gives - (ab + cd - bdh)(bd.x'?+ acy'? + bdlicy'

+ abd.c' + acdy'); 6D + cE = b.r'(ab+ cd- bdh) ; BA + B = -cy (ab+cd- bdh ) .

bcx'(da!+ay ' tad)

..X ,
bdur' ? + acy'? + bdhx'y tabdr' + acdy

bcy' (d.c' + ay' + ad )

1Y 1
bdc2 + acy : ' + .....

(3) .

ac'

Henec . (4 ) , or PR always passes through 0, Pascal's

Yi y

Theorem for a hexagon inscribed in a conic.

Solving (3) for x ' and y ' ,

adx , ( - bx,-cy, the
ady, ( -b.x, -cy , + bc)

.. (5).

bdx ;? + acy , + bdhc 41 - abcy , -bcdr,'
bdir ? +

The reciprocity between P and R shown by (3) and (5 ) is evident

geometrically.

If P describes a straight line y = mx + 1, the locus ofR is a conic.

Substituting the value (5 ) in y ' = mx' + l , and dropping the subscripts

to the co - ordinates of R, we find its locus: bd.c (l - ma) + d.cy (ab-mac + bik )

+ acy * (l + d ) -abcy(l + d )-bcdx(l—-ma) = 1 .... (6 ).

Its discriminant is -abcd1(I + d )(l--ma)(ab + cd - bdh ). Rejecting as

ah + cd

before the trivial case h = this can be zero only if l = 0 , -d, or

bd

11
--

ma .
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Hence (6) will degenerate to a pair of straight lines in just three cases :

If l=1, (6) becomes ady -mr)(bx + cy - bc) = 0. Hence if P describes

a straight line through 0, the locus of R is this same line through O and the

line BC, given when P is at () as the indeterminate intersection of BC with it

self.

If l = -1, (6 ) becomes - bd.rima + d) + dy( mac-ab+bdh)

- bed (ma + d ) } =0 . The second factor gives the equation to the line through

and the second intersection of y = mx - d with the base copic ( ) . Hence the

transform of any line D G through D is CG and the y-axis BD, the latter be

ing given when Pis at D as the intersection of BD with an indeterminate line

through C.

If l = ma. (6) becomes y adx(b - mc + mbh) + acy (d + ma)

-abc ( d + ma) { =0. The second factor gives the equation to the line through

B and the second intersection of y = m ( x + a ) with the base conic (2) . Hence

the transform of any line AF through A is BF and the r -axis 40 , the latter

being given when Pis at A as the intersection of AC with an indeterminate line

through B.

The conic (6 ) passes through the points 0, B, C, and, since every

point on the base covic is self corresponding, the points in which y=mx+ l in

tersects the base conic.

The line BC whose equation is birtcy - bc = 1 transforms into

1,2 d.c (a + c) + ac y (b + d ) + hed.xy(2a + bh) -b*cd.clu + c) - abc? y (b + d = 0) ..... (7) .

The tangent to it at the orizin , buz.c ! a + c) + acy (b + d ) = 0, passes through the

intersection (celh + , -hilante') of AD and BC. Further, (7 ) is tanzent

to the base conic (2) at the points B and C. Thus, the tangent at B to either

(2) or (7 ) is bd.r ( a - c + b ) + acylb +d)abcb +d ) =0.

Applying ( 3 ), the equation to the curve which transforms into the line

AD, or detay tad = 1 , is bd , (a + c) + a’cy (b + di + abd:ry(2c + dh)

+ abdz(a + c)+ aºcdy () + d ) = 0, which has the saine tangent at the origin as ( 7) .

The line at infinity transforms by ( 5 ) into the conic bil.x ? .- acy ?

+ bahay - bcdir - abcy = 0 ....(8 ). Since (2 ) and (8 ) differ only by the linear ex

presssion d hr + cy - bc), the points of intersection of BC with (2 ) lie on (8) ;

also (2) and (8 ) art simultaneously ellipses, parabolas, or hyperbolas. The dis

criminant of (8 ) , - lab? ( 2 / (ab + cd - bdl), shows that it breaks up into two

ri_ht lines only in trivial case above excluded .

The conic which transforms into the line at infinity, given by the van

ishing of the denominator of (3) , is bil.x2 + acyº + bdhry + abd.r + acdy = 1)....(99)

passing through (, 4 , D. Subtracting (8 ) from ( 9 ), we find their intersections

lie on the line hd r (a + e)+ acylb + d ) = ), which passes through K , the intersection

of AD and BC ,

Note that the conics ( 2 ) , ( 8 ) and (9 ) are similar

Generally, the intersections of the conic which transforms into any

straight line with the conic into which that straight line transforme lie trvo on

the straight line OK and two on the line itself, the latter two being real and dis
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tinct, coincident, or imaginary, according as the line intersects the base conic in

two real, coincident, or imaginary points.

The conic which transforms into y =mc + l, given by substituting from

(3 ) into y , =mc, + l , is bd.c? (1 + mc) + acy? (l — b) + bxy (mac- cd + lah)

+ abd :c(l + me) + acdy(1–5) = 0).... (10).

This intersects the conic (6 ) into which y = mc + l transforms in four

points, which , if we subtract (6 ) from ( 10) and factor , are seen to lie on

{ acy (b + d ) + bdx(a + c) = { mx - y + l } = 0.

() is one of the two intersections lying on OK . Call the other II.

Then the point in which y = m.c + l meets OK and the point II mutually cor

respond . We thus have an involution marked out on OK.

We saw above that the points A , D, O transform into the lines AC,

DB, BC respectively. Now we can prove either geometrically or analytically

that the lines AD, AO, D () transform into the points 0, C, B respectively.

Thus the sides and vertices of A ADO transform into the vertices and sides of

AOBC. With this exception the correspondence between the points in the two

systems is one to one. The projective treatment of this transformation and its

dual will be given elsewhere .

[ For Projective Treatment, see my paper in the Rendiconti del Circolo

di Palermo.]

THE RECTIFICATION OF THE CASSINIAN OVAL BY

MEANS OF ELLIPTIC FUNCTIONS.

By F. P. MATZ, Sc . D. , Ph. D., Mechanicsburg, Pennsylvania.

The Cassinian Oval is the locus of a point the product of whose dis

tances from two fixed points is constant .

Let P be any point on the curve,

Fand F' the foci , () the middle point

B P

of FF ', OD=r, DP=y, OF = c, FP

AX
= P, and F'P = p '; then , according to the XA

definition of the curve, pp' =m2....
FD

· ( 1 ) .

From the diagram , p = # , [( C — c) + y' ] B

and p ' = / [( x + c)' + y ? ] ; that is , from

ly
(1 ) we obtain the equation ,

v { [( c — c )2 + y ?] × [( + c) 2 + y ? ] } = m .... (a) .

. : (oc ? + y2 +62) ? — 4c? z = m * .... (2 ) ; and this is the Cartesian equa

tion of the Cassinian Oval, the co - ordinate axes being rectangular.

Put OP=r, and the LPOD=( 17--1) ; then OD = x = r sin , and

PD = y = r cos 4.
From ( 2) , therefore, we have go4 + 2c ? ( 1 — 2 sinº 1 )72= m *

-C4 . (6) , or
or p * + (2c2 cos 28)r ' = m - c .... (3 ), which is a convenien
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1

cos 2A=
(
mºze po

form for the central-polar equation of the Cassinian Oval.

I. RECTIFICATION.-- In order to rectify the Cassinian Oval, we deduce,

from (3)

( m ' - C ) -74

.. (c).(c) . .. sin 24=

-

2c272

• (d ).

40* 74

(m*-(* ) — 24 rA
[(m*-—c* ) + re]

and

2027o3 sio 2H ' dr 4c *pt - [(m * --*) — p4 ]

[The following transformation of (c) affords a second method for the der

ivation of (e ):

( m * -ct ) -74

H= ) cos-1

(mi - c )-pt
= cos-1 +

( dot).
... (e ).

2c , [ ( x ^

(V[m * .*- »*)*]),
= sin - ( [(c++? )–m "] .

=cos-1
.... ( 1 ).]

From ( c ), when A= 0, we have r = + (m —c ), =+h ; also , when

A=17, we have r = # v (m® + c% ) , = Ła. Since the perimeter of the Cassinian

Oval is composed of four equal quadrantal arcs,

( — c ]
P= 4

4c474 - [ (m * -c ) -74 ]

p² dr

= 8m?
: S

= 8m2.

Olli { [ (c + + ra) ? —-m * ] x [m * - (02 — *) * ] }

S /(*e*r6_1

then

podr

S.
ov ? [(m2 +c%) + 8 ] x [(m®+ cº) — *]* [** + (in * — (*)] * [p * -im —c*)] }

padr

8m ?

Söz3 [lom * +c+) _ ]X[ « –(1913—(2)*] >
.. (4 ).

Put 94 = (m ?+ c* ) cos? 0+ ( m :-c ) sin ? 6 .... (9 );

4r3dr = 2 [ - (m ? + ca ) ' + (mº- c%) " ] sin cos odo .... (1 ).

- 2m? c? sin 6 cos odo

.. padr = (© ) .

[ (m ? + ca ) cos 0+ (m? —02 )2 sin ? 0 ]

Transforming (4) by means of (g) and (c), the expression for the re

quired perimeter becomes

P = 8ın• S *2m *c*[(n* +c9) cose6+(m2= c+)* sinºoli sin6 cos odos

V { [(m2 + ca): - (m : - *) ]sin $ x [(m2+ c* ): - (m3-02)*]cosº $ }

S'Timp+ez)ecog* ***m *-(+)*sin gji

{ (m®+ c%) - [(m2+ c2): – (mé — c*)*) sin oyi* m ?

4m "

do

S
[(onº + ca) ? — 4mºc? sinº ] (m ? + c )et =v, [1- ("? sinº ]

= 4m ?

= 4m ?

0

0
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4m2

+( tư T

( "2 sin ? 0 5 ( 4 sin * $ 15" sind

1+ + + + etc. do
4 32 128 . ]do

]....(5), in which

= 21
15 C4 75 06

1+ + + + etc.
8 256 2048

( ? = 4m c ? (un ? + cº ) . When c= 2 and m = 25 , we deduce from (5 ) the nu

merical result, P = 12.7329+ , expressing the required perimeter. With respect

to the locus represented by (3) , we have the following hypotheses: m > c .... ( a ),

m = C.... (B ), and m < c ....(y). Under the first hypothesis, the said locus rep

resents the Cassinian Oval; under the second hypothesis , the said locus repre

sents the Bernoullian Lemniscate; and under the third hypothesis, the said

locus represents two oraliform figures.

In rectifying under the hypotheses (B) and (v) , the term ( m ? -6 ) in

(4) and in (g ) must be altered accordingly .

[ To he continued .)

THE CONSTRUCTION OF THE SUN'S PATH.

By ERIC DOOLITTLE, Professor of Mathematios in the State University of Iowa, Iowa City, Iowa.

1

In the Archiv der Mathematik and Physik, Vol. LIII. Part IV. , there

is a very interesting article by Professor Hoza on the graphical construction of

the sun's apparent path. He considers the earth as stationary in its orbit dur

ing a perod of twenty -four hours, and obtains the projection of the apparent »

path during that time upon the plane of the Equator; the result being, as might

be
expected, an ellipse , the ratio of whose axes is as 1 : cos o .

This construction only applies to those places on the earth where the

sun actually rises and sets each day, nor is the exact path thus found, since the

sun's motion is not taken into account. An investigation of this latter is not

difficult; it will lead us to a very interesting spiral curve .

Let us take the vernal equinox as an orizin ; the arc of the equator

as an axis of X positive toward the right , and a great circle perpendicular

to the equator through the vernal equinox as the axis of Y. The circles lie op

the celestial sphere, whose radius isconsidered as unity .

Then, if c be the angular velocity of the earth on its axis, and K that of

the sun in the ecliptic, (considered as uniform ), we will have at a time t after

the time of vernal equinox:
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x= lan-1 { cos e tan kt } --ct .... ( 1)

y = sin -1 { sin e sin Kt } ....(2) where e, the obliquity of

the ecliptic, is the constant angle 23° 27 ' .

Also, consider the point (x, y) as orthogonally projected upon the

plane of the equator, and let the radius vector from the center of the sphere to

the projected point be p. We may write the additional equation ,

pe =cos? y= ( 1-sin ? e sin . Kt)....( 3 ).

By eliminating t between ( 1 ) and (2 ) we may obtain the equation of the

path in spherial co-ordinates, or with (3 ) and the formula

p sin p = sin .... (+ ) , we may find the equation of the

projection upon the equator in polar co -ordinates. It will be easiest to ex

amine the path by the help of ( 1 ) , (2) , and (3) without eliminating .

By differentiating (1 )

dir

dt sin ” e sin ? Kt -tcosa e

The maximum value of the first term of this expression occurs when t =0 : it is

dir

K sece or , about1.1K . But c = 3661K ..... (5) and hence is always minus,

dt

and is always a decreasing function of t .

dy

Sinilarly, = K sin and y increases as Kt in

dt V 1- sin ? K't sin ’ e

Kcos e
- = C.

cos K't

e

n

crerses from 0 to
at which point y attains the maximum value, e . But, by

2 '

n

(5 ) , as Kt increases to , ct increases to 18337, and ,from ( 1 ) , « decreases to

-1827. Thus the spiral begins at the vernal equinox, and reaches its highest

point after 911 revolutions about the sphere .

When Kt increases to 1, y decreases to 0 , and x decreases to - 3657,

so that the spiral turns downward and crosses the equator after 182 revolu

tions. The negative values are similar and show that the spiral begins to re

peat itself after 365 revolutions.

Equation (3) shows us that the projection on the plane of the equator

is a similar spiral , which begins at the vernal equipox and draws continually

pearer the pole for 91 revolutions, after which it widens out until p= 1 at the

autumnal equinox. The minumum value of p is cose , and the curve is always

concave toward the pole.

We may make an accurate construction

of this projection by points, as follows :

Draw the unit circle and lay off the given

angles and their sines :

AOK = Kt: AOE = e; AOC = ct.

Say OF " = sin Kt and draw F Fand FD.

Then AOF=y (by (2 ) ) and OD = cos y = p .

Draw IIS, meeting the tangent in z.
Then

AOZ = first term of x and if AZ' be laid back

M

N
T

DA
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ward from C'to C ',A00" = x . Finally,draw C'M to DF ; then AOM = Q by (4) ,

and AOMand OD are co -ordinates of points on our spiral. In the figure, AK

was taken 10 °, and thus AC = 207 +62; ° .

So accurate a construction might be used sometimes; for instance for

the time of sun -rise and sun - set especially near the poles, that is where the

spiral cuts the projected Horizon circle . For showing the form of the spiral

it can of course be much shortened : tan- (cos e tan Kt) may be written Kt, and

in fact, when it is noticed how very nearly parallel the spires are, many convo

lutions may be interpolated without computation.

A METHOD OF INTEGRATING CERTAIN DIFFERENTIAL

EQUATIONS OF THE FIRST ORDER AND N-TH DEGREE.

By RALPH H. KUNSTADTER , Graduate Student, Yale College .

l

y

The regular solution of the equation elle f (p) # 4 f ' (p ) = 0, ( where

p=
dc as given in text- books on differential equations is performed after sub

stituting r' far ear and y ' foreby.

In the following demonstration , I shall endeavor to give a very rational

and perhaps a natural method which might be easily generalized for similar

equations consisting of two members only.

Regarding our equation, we at once recognize it as bein : a trancenden

tal and exponential equation, which in order to solve we will bring into logarith

mic form . For this purpose, multiply out f( p ) + ebyf ' ( p) = ( ....( 1 ) by

EM!f(P) —cyf '(p) = 0 and we have é?arf ? ( p) — 204f "?( p ) = 0....( 2 ) .

Applying logarithms, we have log e ?ar + 2 log f ( p ) = log elby

+2 log f ' ( p ).... (3). Or ax + loy f ( p) = by + log f ' (p ) .... (4).

Differentiating this equation, we have

v ( p )dp v '(pide
ad.x + = bdy + ( 5) .

f ( p) f " ( p )

Dividing by dx and clearing of fractions,

f(pf"(p)a+ [p(p)f'(p)= f (p)q '(p) +upf"(p) (p)= )...(6). Or

dp

dir

dx

en PCp\ "(p = f(py'(p)]+af(pif"( )+ Pupf " ( p ) ( p ) = 0.
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3

We see that the separation of ¥ ( p )dp and of dr can be distinctly. per

formed and hence the solution of our problem is theoretically done. Should

the given equation be of the form eaxf ( p )-enf'lp ) = 0, we obtain the

logarithm of it without multiplying by a factor .

To illustrate our method take the equation,

( dy

( 3 = ( p - 1) + eyp3 = 0 ; or
50.

\ dx dx

We have 467 ( p - 1 ) -ety ( p ) & = (. Applying logarithms and dividing

by 2, 3x + 2 log( p- 1) -2y 3 log p = 0.

Differentiating this equation, we have

3drt dp - 2dy – 30p =0,= 0, or 3p da - 3pd.c + pdp - 2pºdy + 2pdy - 3pdp

P

e3x tely

)
1

p-1

dy(3–2p) =2p:+ 37–5p , and S

=1 .

0. dx
dx

-(3-2p) + dx 2p - 3p2

= , and S , 4p(3–2p)

dix
2p3 + 3p - 5pa

It is not necessary to continue this as it is now to be treated in the

customary way.

dy

Similarly, we solve 232
-1 ly

v dx • da

3

=0.

ARITHMETIC .

Conducted by B. F. FINKEL, Kidder,Mo. All contributions to this department should be sent to him .

SOLUTIONS TO PROBLEMS.

1

48. Proposed by F. P. MATZ, M. So., Ph. D., Professor of Mathematics and Astronomy.in New

Windsor College, New Windsor, Maryland.

Fifty thousand days preceding Thursday, March 7 , 1895 , was what date and

what day of the week ?

1. Solution by P. S. BERG , Apple Creek , Ohio.

Every four years previous to March 7 , 1895 , excepting the four years of which

1800 was one, contained 1461 days. This number is contained in 50000, 34 times

with a remainder of 326 days. Since 1800 was not a leap year the 34 periods or 136

years conducts back to March 6th 1759 . 326 days further leads to April 14th 1758 .
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the

the

By referring to a table in Olmsted's Astronomy I find this date to have occurred on

Thursday .

II. Solution by S. HART WRIGHT, Ph. D. , Penn Yan, New York .

Dividing 50000 by 7 gives 6 remainder, and six days before Thursday

falls on Friday, the day of the week required.

Any four consecutive years, containing one bissextile year have 1461

days. 50000=1161 gives 34 four -year periods, hence there are 34–1 bissextile

days, the year 1800 not being a leap - year. 50000—33 = 49967 days and 49967

+365 , gives 136 years +327 days. (1895 +66 days) - (136 years +327 days)

gives 1758 + 104 days= April 14, 1758 the required date, in Gregorian Calender

or April 3 in the Julian Calender.

A. L. FOOTE gets as his result Thursday Apriì 13 , 1758 .

49. Proposed by J. A. CALDERHEAD, B 33. , Superintendent of Schools, Limaville , Ohio,

I have a garden in the form of an equilateral triangle whose sides are 200

feet . At each corner standa a tower ; the height of the first tower is 30 feet, the sec

ond 40 feet and the third 50 feet. At what distance from the base of each tower

must a ladder be placed , that it may just reach the top of each ? And what is the

length of the ladder, the garden being a horizontal plane ?

Solution by B. F. FINKEL, A. M. , Professor of Mathematics and Physios, Drury College, Spring

field , Missouri.

Construction .--Let ABC be the triangular garden and AD, BE, and

CF the towers at the corners. Connect the tops

of the towers by the lines ED and DF. From

G and H , the middle points of DE and DF, draw

GM and HN perpendicular to DE and DF, and
H

at M and N draw perdendiculars to AB and AC in

the triangle ABC, meeting at 0. Then 0 is

equally distant from D and E. For, since M is

equally distant from D and E , and MO perpen

dicular to the plane ABED, every point of MO

B
is equally distant from D and E. For a like reason,

every point of NO is equally distant from D and

F ; hence, ( their pointof intersection , is equally distant from D, E , and F

and is, therefore, the point where the ladder must be placed. Draw DI and

DJ parallel to AB and AC, GK and HL perpendicular to AB and AC, MP

perpendicular to AC and OR parallel to NP. Draw the lines (B, OC, and

0 A , the required distances from the base of the ladder to the bases of the

towers. Draw EO, the length of the ladder.

1. AB = BC = AC = 200 ft . = 8, the side of the triangle.

2. FC = 50 ft . = 11, the height of the first tower,

3. EB = 40 ft . = b , the height of the second tower, and

4. AD = 30 ft. = c, the height of the third tower. Let

5. h = V (AB? - (LAC) ?] = V [ – (18)? ] = \ V 38 = 100 V 3 ft.

= the perpendicular from B to the side AC.

6. EI = BE - BI = AD ) = (1-6) = 40 ft. -30 ft . = 10 ft.

7. GK = {(EB + AD = { (b + c) = (40 ft . +30 ft. ) =35 ft. In

the similar triangles DIE and GKM ,

8. DI: IE :: GK :KM, or s : 6- c :: 1 (8 + c) :KM .

G

P

d .

)

5
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9...

28

1

A.

8 - C2 402-302

KM
= 1 ft. ,

28 2 x 200

64 $ + 39-02

10. AM = AK + KM = 18 + = 101 ft., and
28 28

op ? 172 82 + 62-22

11. BM = AB - AM = : -= 987 ft.

28

In like manner,

12. HL = (a + c) = { (50 ft. +30 ft. ) = 40 ft . ,

a ' -

13. LN = -=4 ft. ,
28

pe ta --C2

14. AN - AL + LN = 18 + 104 ft.

28 28

8 ta 89 + c - a

15. NC = AC- AN = 8 96 ft,

28

By similar triangles ,

16. AB :AL :: AM : AP, or 8 : 1 & :: ($ ? +62 --- ) +28 :AP.

Whence,

17. AP = ( $9 + 82 - c * ) 4s = 503 ft.

18. .. PL = AL-AP = [18— ( 52 + 22 —c ) =4s] =

(** + - 7 ) + 48 = 49 ft .

19. RO) = PN = PL + LN = ($2 + 0 —52) = 48 + (n -cº)

+28=($* + 2a2-92 - c %) 48 = 53) ft. By similar

triangles,

20. AB : Bİ :: ÁM :MP, or 8 : ; y 38:: ($ * + 12-02 ) -28 : MP.

Whence,

21. MP = [($? + 82 - cº) --4x]* / 3 = 50 / ' 3 ft . By similar

triangles ,

22, MP: AP:: RO : RM , or [ (82 +62(C ) = 48]y3:($? +62 —c* )

+48 :: (8 ? + 2a -7 ° -c' ) - 48 : RM .

23. RM = (x2 + 2a — 62 )4/38= [ (x2 + 2a ? –h2--02) - 128]1/3

= 171773 ft . Again

24. MP: MA ::R0:0M , or ( (42 + 62—02) -48] 3 : (82 +3 --c%)

+28 :: (8 ? + 2a ? - - c ) -48 :OM .

25. ,, OM = ( 2 + 2a ?-12-02) -27 38 = [(82 + 2a² - 02 -c? )

+ 6813 = 35f21 3 ft .

26. ON = RP = MP - RM = [(82 + he -C*) +-48]y3– (8° + 2a - hº

-cº) +128]V3= [(82-a” + 25% —-cº ) = 68] / 3 = 33 }v3 ft .

Then

- -a ? + 2 % -22

27. OC = v (ON? + NCP) 68

+ 02

28

= 111.8796 + ft.

82 -a? + 2 2 - ?

28. 0A = 1 (ON ? + AN ) =
✓3

68

+ 62 - a
} [ (33 % 1'3 ) 2 +104 ? ] =1'1411615

28

= 118.8111 + ft .

29. OB = (ON + MB ) = (x2 + 2a*—b?—c ,

( 8 0

+ = V

11 .
2

13

-V[ (--

3)

2

13

68
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1 .

B.

= 2146571 = 115.8278 + ft.

OE= V(BE? + OB') = 1 [( y/ 2146573) + 40 % ],

= V ( 134164 +1600 ) = 1 / 15016 ;' = 122.5402 + ft. = the length

of the ladder.

III. ..

1. 111.8796 + ft . = the distance from base of the ladder to the base

of the tower FC,

2. 118.8111+ ft . = the distance from the base of the ladder to the base

of the tower AD.

3. 115.8278 + ft. = the distance from the base of the ladder to the

base of the tower BE, and

1 4. 122.5402 + ft . = the length of the ladder.

[ From Finkel's Mathematical Solution Book, p . 299.]

[NOTE. —This method of solution may be casily extended to the more

general case, viz. , when the triangle is scalene.]

ALGEBRA.

Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

44. Proposed by LEONARD E. DICKSON, M. A., Fellow in Mathematios, University of Chicago.

Find the general term in the series 1 , 3 , 10 , 35 , 126 , 162 , 1716, 6435, 24310,

which plays a remarkable part in some recent theorems in my Theory of Regu

lar Polygons.

Solution by the PROPOSER.

This series is a " diagonal" in the Triangle of Pascal, as shown in the

following table:

C_0 1 2 3 4 5 6 7 8

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1

Since the mth term in the series lies at the intersection of column m with
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row (2m-- 1 ) , it is
(2m - 1) (2m - 2 ).... (2m - m )

1.2.3 .... m

(2m - 1) ( 2m - 2 ) .... (m + 1) ( 2m )!

1.2.3 ....(m - 1) 2 (m !)

The part played by the series in the Theory of Regular Polygons is in

dicated in an article in the current issue of the Annals ofMathematics.

Also solved by A. H. BELL , and Professor J. F. W. SCHEFFER.

45. Proposed by WILLIAM HOOVER, A. M., Ph. D. , Professor of Mathematios and Astronomy,

Ohio University, Athens, Ohio .

1-2

Find x from cos-1

1 +

+ tap

2.0

1-2

47

3

1. Solution by T. W. PALMER , A. M. , Professor of Mathematics, University of Alabama; H. W.

DRAUGHON, Olio, Mississippi; A. L. FOOTE, C. E., Middlebury, Connecticut; and the PROPOSER.

Let tan A=X. Then tan 24 =

2 tan A

1 - tan ? A

2.0

1 -x2
;

1-2

and

1 +x

1 - tan ? A

1 + tan ? 0
= cos? A ( 1 - tan A ), = (cos? 6-sinº ), = cos 24.

. ' . cos

1-22 2x

+ tan --1

1 + 2 1 -x2

=COS

47

cos 28+ tan--1 tan 2A =

3

.

n

. :: 28+20, =40,

472

3

-
= 60° .

.. x = tan 6, =tan = tan 60°, = V 3.
3'

.. x = V 3 .

II. Solution by JOHN B. FAUGHT , A, B. , Indiana University, Bloomington, Indiana ; J. A. JOHN

SON, Jr., Student of the Sophomore Class, University of Mississippi; P. S. BERG, Apple Crook, Ohio ; and

J. W. WATSON, Middle Crook , Ohio.

1 1-722.2

Since tan - 1 = cos - 1

1-22
= COS

17.
7 ;

V1 +

4x2

( 1 - x2)

. : . 2 cos

1-x2 4 1-22

= , or cos
1 +2 3 1 + x? = 37= cos- (- 4) .

1-2

1+.
= - , whence " = 3, and x = EV 3.

Alfo solved by F. P. MATZ , J, SCHEFFER, C , D , SCHNITT, E. L. SHERWOOD, M. C. STEVENS, G.

B , M, ZERR ; and
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PROBLEMS.

54. Proposed by E. W. MORRELL, Department of Mathematics, Montpelier Seminary, Montpelier,

Vermont.

Transform x * +44 +24 —242 2: —222 x? — 2xcº y? – into a product.

[ Bowser's Trigonometry .]

55. Proposed by MARCUS BAKER, M. A. , U. S. Geological Survey, Washington, D.O.

Two right triangles ABC and ABD are so placed as to bave one side

x(=AB) in common . From P the intersection of their hypotenuses is drawn c per

pendicular to 2. Knowing the hypotenuses a= 39 feet and b= 25 feet and the per

1 1 1 1

pendicular c= 129 feet, find x. Note this theorem +

Va? - **

1 1

+ where m and n are the altitudes of the two triangles, respective

V 32 -22

ly . Also find locus of P. Discuss the case when the triangles are general (not right

angled . )

[The same problem , in the form of two poles " with ropes stretched from top

of one to foot of other and the same data given , was contributed by H. C.

Wilkes. Ev. ]

or

in n c

=

с

GEOMETRY.

Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sont to him.

SOLUTIONS OF PROBLEMS.

43. Proposed by J. F. W. SCHEFFER , Hagerstown, Maryland.

The consecutive sides of a quadrilateral are a , b , c , d . Supposing its diagonals

to be equal , fiod them and also the area of the quadrilateral .

Solution by G. B. M ZERR , A. M. , Ph. D. , Professor of Mathematios, Inter State Colloge, Texar

kana , Texas

Let AB=a, BC= b, CD = c, DA = d , AC = DB = x, EF = y, GH = 2;

also, let H , F , G, E, I,

K be the middle points
С

D

of AB, BC, CD, DA,

AC, DB, respectively .

Then EGFH , GKHI,

FKEI are all parallelo
F

[

grams ; but IG = HK
E

= $ d, HI = KG = jb, EI

= KF = jc, FI = EK = ja,

EG= GF = FH = HE

G

A
ІВ

H

.:lla? + c ) = y ? +
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IK ?.... (1), f (b ? + d )==' + IK .... ( 2 ), ** = y' + ' ....(3 ).

( 1 ) - (2) gives, i (a ? + 0 ° -22 - d2) = yº — 22 .... ( 4 ).

From (3 ) and (4) , y=2, and a ' + c = 5 * + d .... (5 ) ,

(a ’ -8 ) = (cº - dº) .... (6 ).

.. EGFII is a square and AC is perpendicular to BD.

.. area ABCD = .

3.x = }bx sin ACB + cx sin ACD

>
V_4b22:2 — (ic ? + 62 - a )?, sin ACD = T +c®.rº — (25% + r ? — da)

sin ACB

2.0 2cx

... 2xº = 1/ 4b2.x : -- (ix ? + b2 - a ) ? + 1 / 4c ? – ( r ? + c * — d ? )? .... (7) .

From (5) , (6) , and (7) 2x4 — 2.x ? (a + ca ) + (a2 .- d2) ° + (cº - dº) ? = 0.

..r? = } { a +c? 1 (a * + ( *)* — 2 (a - dº) — 2 (02 - dº) .

If a =h=c= d, r = 2a .

This probiem was also solved by F. P MATZ, J. C. CORBIN, and J. F. W.SCHEFFER.

44. Proposed by I J. SCHWATT, Ph . D. , Professor of Mathematics. University of Pennsylvania,

Philadelphia, Pennsylvania.

( 1 ) . If from the middle point M of the side BC of the triangle ABC a

parallel to the external bisector AF of the angel BAC is drawn to meet AB at K ,

the point K divides then the side AB in KA

= ( AB + AC ) and KB = { (AB - AC ).

( 2 ) . If K is joined to the extremity D of the diameter perpendicular to BC

then is KD perpendicular to AB.

Solution by the PROPOSER.

(1. ) If from the midale point M of the side BC of the triangle ABC a

parallel to the external bisector AF of the angle

BAC is drawn to meet AB at K ’ then is the side AB

divided in K’A = { (AB + AC ) and KB

= (AB - AC ).

F

From M draw a parallel to AB intersect

ing the external bisector of BAC at F. Join ( ' to K.

F and produce CF to meet AB at G. Since CM =

C B

MB and MF is parallel to AB, therefore is CF =

FG ; The triangles C'AF and FA G are equal and therefore is AG = AC. MF =

AK = } (AB + AG ) = (AB + BC). BK=AB- | (AB + BC ) = } (AB - BC.)

(2. ) If K ’ is joined to the extremity D of the

diameter perpendicular to BC then is KD perpen

dicular to AB.

The internal and external bisectors of an an

gle are perpendicular to each other . Since AD is the

internal bisector of the angle BAC therefore is EA

the external bisector of the same angle. By ( 1 ) is BВ 1

NK' parallel to AE or angle EAB = angle AKM ; but

angle EAB equals angle EDB therefore is angle

M
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AKM equal to angle EDB or the points B, D, M and K are concyclic and

therefore is angle BMD= angle BKD=90 ° .

This problem was also solved by G. B. N ZERR, O. W. ANTHONY, E. W. MORRELL , and P. S. BERG .

PROBLEMS.

48. Proposed by I. J. SCHWATT, Ph . D., Professor of Mathematics in the University of Pennsyl

vania , Philadelphia , Pennsylvania.

The Simson line belonging to one point of intersection of Brocord's Diameter,

of a triangle with the circumcircle of this triangle is either parallel or perpendicular

to the bisector of the angle formed by the side BC of the triangle ABC and the cor

responding side B'C' of Brocard's triangle.

49. Proposed by J. O. WILLIAMS, Rome, New York .

Of all triangles inscribed in a given segment of a circle , with the chord as

base, the isosceles is the maximum .

CALCULUS.

Conducted by J. M. COLAW, Monterey, V8. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

34. Proposed by GEORGE LILLEY, Ph. D. , LL. D. , Park School, Portland, Oregon.

A hare is at 0, and a hound at E , 40 rods east of 0.' They start at the same

instant each running with uniform velocity. The hare runs north . The hound runs

directly toward the hare and overtakes it at N , 320 rods from 0. How far did the

hound run ?

1. Solution by M. C. STEVENS, A. M. , Professor of Mathematios, Purdue University, Lafayetto,

Indiana; COOPER D. SCHMITT, A. M. , University of Tennessee, Knoxville, Tennessee; and G. B. M.

ZERR, A. M. , Ph. D., Inter States College, Texarkana, Tex&s.

Let u = velocity of hound , v= velocity of hare, AO=a, B(=h,

011 = x, PH = y, AP= 8,

Then nPA- n.

u
X 지

BВ
N

Of.

g

dy

.. n8 = Y - 3
da .

we

Differentiating with respect to X,

de
But s increases as x

da daca

d y

have n = Р

b
е

E

A Y
n H

diminishes, whence

ds

dx
11+ ).

-



234

dạy

dx2

dy

1+

'da

Integrating and noting that x=a,

dy

dx
= 0, together, n2

+(

log – 108 [V1+ )*+ ] (9) - V1+ ( ) + also by ro

ciprocals,(2)"- + -- Addding we get 2 + ) -2

- (3)*+ ( )" --- S [@)*+ ( )*]d = 6*1, I

= 1mm -1me, but ns= b, . :: n =

ds

de

} n+ )+1-1

6 asa

-n? "
. : -as=b,2 >

apien
an

2n +1

17

$ = i[atv (a? + 45% ) ] 8 = } [a + v (a ? +432 )], the minus sign not being admissable.

8 = ? [40+ V (1600 + 409600)] = 310.624 + rods. To find the rectangular equation

to the curve, we have by subtracting 2dy - .. 2 (y + C )

dx

xn+1

When y=0, x=0, which gives C= -
a " (n + 1) 1-1 1-n

anxi

2(y- Am :)
an (n + 1 )

II . Solution by ALFRED HUME, C. E. , D. So .. University of Mississippi, and the PROPOSER .

The tangent to the path of the bound always passes through the posi

tion of the bare, the point of tangency being the simultaneous position of the

hound. Let P and P ' be two positions of the hound, PP ' being intinitesimal,

f and g corresponding positions of the harc. Draw the ordinates P'd and Pb

and the perpendiculars fk and P'e to Pg and Pb respectively. Let AP = x,

PP' = ds, OB=r, bd = eP' = dx, OF=2, fg = dz. Now, since the two animals

ds

run with uniform velocities, = some constant=l. In the limit, A's P'ePand

tgk are similar .

ds dz dic

da gk ds 7.

The change in the length of the tangent as the hound runs from P to

P ' is due to a positive increment, gk, at one end, and a negative increment ,

der

PP , at the other. Therefore, if t = the length of the tangent, dt= -ds,

7

and, integrating , t= 7-8+ C. When t = 40, x = 0, and x=0 ; :: C = 40.

dz

gki gk = dic
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substitute its value le ; then t =
t=

-18+ 40 . When t = 0); = 320 , and 2 = 320 .

320

. ; 0 =
I

- 3201 +40, and 1 = 1.064++ . $ = la = 1.0644x 320=340 .

624+ , the distance in rods that the hound runs.

A so solved by A L. FOOTE . P. S. BERG and F. P. JATZ .

35. Proposed by H. C. WHITAKER, B. S. , C. E. , Professor of Mathematics , Manual Training

School , Philadelphia , Pennsylvania .

At the rate of 10 cubic inches per second , water is running into a vessel in

the shape of a right conic frustum , the radii of whose upper and lower bases are re

spectively 15 and 10 inches, and whose altitude is 20 inches . At what rate per second

is the depih of the water increasing, when it is exactly 8 inches ?

1. Solution by J. C. NAGLE, M A , M. C. E. , Professor of Civil Engineering, A. and M. College ,

College Station , Texas , and ALFRED HUME , C. E. , D. Sc . , University of Mississippi .

Represent the depth and the volume of water at any instant by l anil

2

V respectively. The radius of the free surface of the water will be 10+
+

Therefore

71

V = -N 100+

3 100+ (10 +5)*+10(10+ ) ]

7T

Differentiating, LV = ; (300 + 15 + ich ? ) .
(300 + 15 ) + 6h " ) . Substituting for d V' and

3

5

10 and 8 respectively, dl =
721

or the depth is increasing at the rate of

5

10

().0221048++ of an inch per
second.

7271

[ This result may also be obtained as follows: The area of the free sur

face of the water at the instant under consideration is 1147. Therefore the

depth is increasing at the rate of inches per second ]

1447

II. Solution by Professor J. F. W. SCHEFFER, A. M. , Hagerstown , Maryland .

Let the radii of upper and lower bases be a and 1, the altitude = h , =

the distance of water from the lower base after the time t , y the radius of see

tion at the distance.c ; then , denoting by the quantity of water flowing in per

second, aya dir = cdt.

da ch ?

dt пу * 71[(a − b ) x + 6 ]

5

For the given numerical values, we have
= required rate it

7277

distance = 8.

Also golved by P. S. BERG , F. P. LATZ and E. L. SHERH001) .
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PROBLEMS.

43. Proposed by Professor C. E. WHITE, A. M. , Trafalgar, Indiana .

22--1 + x - a dx
tan

1 + x
Prove that S

2

C

[ Williamson's Int . Calculus, p . 154.]

44. Proposed by DE VOLSON WOOD, C. E. , Professor of Mechanical and Electrical Engineering in

Stevens Institute of Technology, Hoboken, New Jersey .

Find the equation of a curve in which p = f( b ), in which p is equal to BC, an

intercept of any secant drawn from the corner E of the

rectangle AEDB, and prolonged to cut AB prolonged

in C. Let equal increments of O be proportional to the

equal increments of l'B as divided by the secant EF, A

being zero when EC coincides with ED, and H=27

when EF passes through B. Determine the asymp

сtotes.

[ Prof. Mac Cord of Stevens Institute, while in

vestigating the curve of intersection of a plane with

the surface of a certain volume, found that it had the property of the above problem ,

and he referred it to Professor Wood to investigate in regard to asymptotes. If the

curve is not known to science , Professor Mac Cord desires to christen it as “ The
Thistle of Scotland ." ]

x

MECHANICS.

Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him .

23. Proposed by ALFRED HUME, C. E , D. Sc . , Professor of Mathematics, University of Missis

sippi University Post Office, Mississippi.

A heavy particle is placed upon the surface 1 x + vyt ,'s = (. The axis of

z being vertical and the coefficient of friction being , 2, show that a point of equi

librium (all friction possible being brought into action) z is a harmonical mean be

tween x and y.

I. Solution by WILLIAM HOOVER, A. M., Ph. D. , Member of London Mathematical Society and

Professor of Mathematics, Ohio University, Athens, Ohio.

If X , Y, Z be the forces of which P is the resultant independent of

the reaction of the surface on the particle parallel to the co-ordinate axes,

u = 1 / 2 = the coefficient of friction, and ů=0 the equation to the surface, for

limiting cquilibrium we have

du 12
X + Y

du du ? du ? 1 :
+

dx dy
dz

+ .. ( 1 ) ,+
\d.ca dy

1

the derivatives being partial.

We have u = v ** + Vy + 12 - = 0 .... (2 ),

du

es
te
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1

22

..(3 ).

2'y ' d.c

du 1 1 ce

whence

dic 27 x ' dy

Also, X = Y = 0 , 2 = -g = P .... (4 ).

2.cy

Substituting in (1 ) and reducing, z=
(5) .

x +y

II. Solation by ALFRED HUME, C. E. , D. So., Professor of Mathematios, University of

Mississippi.

If W is the weight of the particle, N and Tits normal and tangential

components,

W = N2+ T.

Also, when the particle is on the point of sliding,

T = v2 N.

Hence W = 3N .

Again W cos 6 = N , A being the angle between the normal and the Z -axis.

d

Now cos =
F ( x, y, z) =0 being the

>

+ +

dac ody da

equation of the surface, and the differential-coefficients being partial.

1 dF 1 F 1

;

dx 211 21'y ' da 2V 2

1

V2

and , therefore, cos 4=
1

Vet

X ; dy

+

2

But W2 cos A=N 2

W12

3

from which 3 cos ? A= 1 .

3 1 2 1 1

Substituting,

and z is a harmonical mean1 1

+

2 y

--

+

+or
-

22

between x and y .

Solutions of this problem were also received from F. P. MATZ and G. B. M. ZERR .

24. Proposed by J. F. W. SCHEFFER, A. M. , Hagerstown, Maryland.

A sphere whose center of gravity does not coincide with its geometrical

center is placed on a rough inclined plane . State under what circumstances the

sphere will slide without rolling, roll without sliding,and neither roll nor slide .

Solution by F. P. MATZ , M. Sc. , Ph . D., Professor of Mathematics, Irving College , Mechanicsburg ,

Pennsylvania.

On a horizontal plane, the sphere will neither roll nor slide; but it will

rock about the vertical drawn through the point of support. Down an inclined

plane, the sphere will roll without sliding, until the initial horizontal plane

through which the centroid haz (by therolling) become a vertical plane. So



238

long as this initial horizontal plane remains a vertical plane , the sphere will slide

without rolling.

25. Proposed by Professor GEORGE LILLEY, LL. D. , Ex - President of Washington State Agricul

tural College and School of Science, Portland, Orogon.

It is known that if the velocity of a certain freight train is 30 miles an hour

it can be brought to a stand still in a distance of 500 feet by setting the brakes . It

was stopped in 1200 feet by setting the brakes . Find its velocity , the forces exerted

by the brakes being the same in each case .

Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Physics, Inter State

College, Texarkana, Texas, and the PROPOSER.

Mvé = Rs, where M = mass, v= velocity , R= resistance of brakes,

s=distance train runs after setting brakes.

30 miles per hour = 44 feet per second.

. : $ M (44) 2 = 500R ....(1). įMy2 = 1200 R. • (2) .

12

1 ), . : 50 ? = 12(44)
5

..v= 881 feet per second = 601/ } = 46.4758 miles per hour.

Also solved hy F. P. MATZ and E. W. MORRELL.

PROBLEMS .

31. Proposed by 0. W. ANTHONY, Mexico, Mo.

A perfectly elastic but perfectly rough sphere of mass M and radius R, ro

tating in a vertical plane with an angular velocity of W, is let fall from a height, ( . ,

upon a perfectly elastic hut perfectly rough horizontal plane . Determine the motion

of the body after striking the plane. What will be its ultimate motivn ?

32. Proposed by OTTO CLAYTON, A. B. , Fowler, Indiana.

The wheel of a wind pump has 60 fans, each turned at an angle 45 ° to the

direction of the axis, and each having 150 square inches exposed to the wind. If the

wind blows with velocity V and the wheel rotates with velocity w what is the com

ponent of force or pressure along the axis if it is turned at an angle a to the direc

tion of the wind assuming the resistance the wheel meets in turning to be R ?

DIOPHANTINE ANALYSIS.

Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

25. Proposed by M. A. GRUBER, A. M. , War Department, Washington, D. C.

Find , if possible, integral values of each of the seven linear measurments of a
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rectangular parallolopiped ; i . e. length , breadth , height, the diagonals of each of the

three different rectangular sides , and the diagonal from an upper corner to the oppo

site lower corner ; or, find integral values , if possible, of a , b , c , d , e , f, and g , as shown

in the equations, - a² + 7 = 6 , aº + d = e "; a ' + f'rg', b ' + d = fº,

1,2 + e = gº, c + d = gº, c? e = f ?. If not possible, how many of them can

have integral values ? and which ?

Solution by G. B. M ZERR. A. M. , Ph. D. , Vice -President and Professor of Mathematics and

Sciences , Inter State College , Texarkana, Texas.

Let the length, breadth , and height be , a = 8mn (m * -n "); b=

2mn 10m ? n ? --3 (in * + n ) , c = (unº - n °) (in * + n -14mºn " ).

The method of obtaining the above values has been published in sever

al journals and need not be repeated here. From the above we easily get

a ? + b = 2mn (5m * -- 6 n ° + 5n ") ??, aº + (? = ( n + 17m * n ? -17mºnt - n " ) ,

be + c = (m6 + 3m * n ? + 3mºnt + n6 ) ? = (m ? + 2 %) , and a ? +62 + 6 =

64m'n' (m - 14) ? + ( m ? + nº ) . This last is a square when 64mºnº ( m ? — 11% )?

+ ( m ? + nº) 4 = 0. Let m = pn . Then must 6 + p ? ( p ' — 1 ) * + ( p ? +1 ) * = p

+ 68p8 — 122p * +6872 + 1 = 0 .

I have not yet succeeded in making this last a square. The edges and

diagonals of sides, are integral , satisfying six of the relations.

Let m = 2, n = 1 ; then a = 240, b= 44 , c = 117 , va + b = 244,

Va’ + ? = 267, 1 62 +6? = 125 , 1'a ? +62 + c = 51 2929 .

26. Proposed by F. P. MATZ , D. Sc . , Ph . D. , Professor of Mathemetics and Astronomy in Irving

College , Mechanicsburg, Pennsylvania.

Find ( 1 ) a square fraction the arithmetical difference of whose terms is a cube; and

( 2) ind a cubic fraction the arithmetical sum of whose terms is a square.

1. Solution by M. A. GRUBER, A. M. , War Department, Washington, D. C.

y ?
( 1 ) Let

equal the squarefraction . Then 2. —yº = a cube = a ". Then

8

c2

2

(x + y ) (x - y) = a '. Put .c+y =a ’ , and x-y = a.

a ? + ala + 1).
a ? - a ala - 1 )

Then x= = (a,+ 1); an

and y=

Whatever integral values be assigned to a , ix and y will always be inte

gral ; for whether a is even or odd , ali + 1) and ala - 1) are even .

Since x -- y = ,
ala - 1) + a = "(a + 1)

2

. : the denominator of the fraction is always a more than the nu

ala- 1 )
merator . Also , as is the sum of the series ( 1 + 2 + 3 + ... + 1-1),

2

. : ( 1 + 2 + 3 + .. ta - 1 ) = [( 1 + 2 + 3 + .... ta - 1) + a ], or ( 1 + 2 + 3 + .... ta

--- 1) = (1 + 2 + 3 + .... ta ). Putting a equal , consecutively, to the successive
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1

integers beginning with unity, we have, respectively , y 0 1 3 6 15

1'3 ' 6 10 ' 21

21 28 36

28 ' ' '36 ' 45 , etc. , ad infinitum .

m 3

(2 ) Let be the cubic fraction . Then n3 + m ==b '. Then (n + m )

n3

(nº -nm +m2) = h2. Put ntm = n ? - nm + m² =b.

Then n =

(3+

8 (4-5)

V

2 ),
and

m = 1 (3- ,6( )

3

8 (4-6)
The only integral values of b that will render

rational , are 3
3

and 4. Whence the respective values of n are 2 and 2, and those of m are 1

and 2 .
m

= or .

2

By putting n + m = and nº -um+ m2 = 2b we obtain

2 '

m 0 4

and

4 8 .

Other relations of the factors, both in ( 1 ) and (2 ) , will yield other results.

Il Solution by E. L. SHERWOOD , A. M., Professor of Mathematics and Science, Mississippi

Normal Colloge, Houston, Mississippi.

1st. Let (c + 1 ) ' = one of the terms, and ( a - x ) ? the other. Then

( a - x) 2 – ( 0 + 1) = a cube = ( 2 + 1) %. Finding a in terms of * , we get, a= x

+ ( r + 1), ( 2 + 2 ), and substituting in the first equation , [( x + 1) / (x - 2) ]'

- ( x + 1 ) = ( x + 1) . Now substitute n ? -2 for x and the last equation

becomes ( n ? — 1 ) an ” — ( – 1 ) 2 = (nº — 1) .

nº(n2-1) (12 ? — 1)
... Fraction

(n2 — 1 ) ?

which n may be any integer .

2nd . Since both terms must be cubes, we must have

13 ( 13 + 1 ) 3 + (n3 +1 ) 3 = a square = (n3 +1)(n3 +1 ) 3 .

n ' (n3 + 1 ) 3
.. Fraction (93 +1 ) 3

(n3+1) ,
w *(n3 +1)3

; Sum = (n3 +1 ) " , in which n

may be any integer

III. Solution by 1. C. WILKES, Murrayville, West Virginia, and A. H. BELL, Hillsboro,

Illinois .

or
nº(n8 — 1)2; difference =(n ° -1) , in

or

Since when the first number is unity, the sum of any number of suc

cessive cubes is a square , if we let n = a root of any cube, then

*[»(" # 1)]*- ["(",?) ]'
= n3.
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Let n = 2, then 32-1° = 23,

n =3, then 69-34 =33 ,

n = 4, then 10° -6 ° = 13 , or in the series 1 , 3, 6, 10, 15 , etc. ,

we have the difference of the squares of any two contiguous terms equal a cube.

Second case . Let be the fraction. Then 23 + y = na, or ( x+y)

( -ry + y ) = n '. If (r+ y) be a square, then ' - xyty will be a square.

This is only possible when x = y . .. the sum of any two equal cubes, the sum

83 512

of whose roots is a square, will be a square, as will be an improper
512

cubic fraction the sum of whose terms will be a square. If x+y=r? - ryty ,

then x3 + y will be a square. This is only possible when x= 2, y= 1 , and the

proper fraction will be cubic and the sum of the terms a square number.

:: (23 +13 ) =3?; also 28 ( 23 +1 ) = 24 ”, etc.

Also solved by P. S. BERG, A. L. FOOTE , G. B. M. ZERR, and the PROPOSER .

or

83

PROBLEMS.

34. Proposed by R H. YOUNG, West Sunbury, Pennsylvania.

Prove ( 1 ) that
n (n + 1 ) (2n + 1)

is a whole number for all values of n ;
6

( n - 1 ) n (n + 1)

and (2 ) prove that is a whole number when n is odd.

24

35. Proposed by G. B. M. ZERR, A. M. , Ph.D , Vice - President and Professor of Mathematios and

Soiencos, Inter State College, Texarkana, Texas.

Decompose into the sum of two squares the number 132.613.

36. Proposed by M. A. GRUBER, A. M. , War Department, Washington, D.O.

n (n + 1)

Find the first six integral values of n in
2

AVERAGE AND PROBABILITY .

Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

19. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

Fiúd the average area of the circle which is the locus of the middle points of

all chords passing through a point taken at random in the surface of a given circle .
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.

.

II. Solution by JOHN DOLMAN , Jr., Philadelphia, Pennsylvania.

If the random point be taken upon the circumference of a variable

circle, concentric with the given circle , the area of the circular " locus" is evi

dently always one quarter of this variable circle. Again : As the random points

are equably distributed over the area of the given circle, the variable circle

must always increase in area hy equal increments, and, as it varies from zero to

the full area of the given circle, its mean area is, of course, half of the given

circle . Therefore the mean area of the locus named is ( one half of one quarter

or one eighth of the given circle .

23. Proposed by F. P. MATZ. M. Sc ., Ph . D.. Professor of Mathematics and Astronomy in New

Windsor College, Now Windsor. Maryland.

Find the average area of all the triangles that can be drawn perpendicular

sided to a given plane scalene triangle .

Solution by G. B. M. ZERR, A. M. , Ph. D., Vice-President and Professor of Mathematios and

Sciences, Inter State College, Texarkana, Tox88 .

Lot ABC, be the given scalene triangle ; EL, FM , GN the perpen

diculars to AC, AB, BC respectively , forming the triangle PQR. Lut AC,

AO be the axes of co-ordinates. Draw BD,

FII, GK perpendicular to AC.

0

Let AD = d , BC = e, BD=h, AC = b, B

AB= c, BC = a , AE = u , AH = v, AK = w .

Then FH = hv / d, GK = " ( - 10).

1 .

R

hv du

+

dix hlb- 10)

+

(h- dr--10)

h

-

y Ε Η Ν .
hy=

CZ

K D

MM

e

are the equations to LE, FM , and GN

respectively.

hºev + d evtwihad -de+ bde)—hadh c ? ev ta' dw - hdb
is the

bde hde

abscissa of Q. Let A , =area PQR , A = area ABC.

A (cev + adw - hdb - bdeu ) ?

.. An (c*ev + a’dw - hºdh - bdeu) .

bdeh

The limits of u are 0 and b ; of v , 0 and d; of w , d and b.

SOSSA, du dv dw

bde
A , du du dro

SSS dudv duo

d 1

- white SS { ( c + en + e *db_bden) : —(0*en–W* bd+a*d*--bden)•} du do

= 34thlete S {(cºe+e+ly --ben)e– ( e ° – beu ) • – ( o*o – h *b + a *d - berita
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+ (a'd - h2h- beu) 4 { du

ariable

1

60a73ch
{ (a? + bd ): – (a ? — be)"— 66c6-5525 }

6

vinte
- 1900awa {( *+* +eº) – (C++ ? ="") - (***** )

- % ** = *)"}

larter

484

15a'bc
{ (cot A + cot B+ cot C )5 -cots A- cots B -- COL5 C }

# R

AC.

C

q * +34 +0+

484

The last four expressions are the same and show the beautiful rela

tions existing between the terms of the triangle .

This problem was also solved by F. P. MATZ. His solution is published in tnis issue as solution or

problem 24, that problem being identical with 23

24. Proposed by F P. MATZ , M. So. , Ph. D. , Professor of Mathematics and Astronomy in New

Windsor College, New Windsor, Maryland.

The average area of the triangle formed by three perpendiculars drawn from

the sides of the triangle ( a , b, c) , is A= (a + +64 + ) 48A ,

Solution by the PROPOSER.

Let BC=1, CA=h, AB = c, BF=1, CH = y, and AD = 2 . The

OMNO is similar to the SABC; and it may be wholly within, partly within,

or wholly without , the A ABC. Put L NAD = 0,

and LMBD = #; then AN = ( - y ) / cos (A- )

=2 cos ....(a ), and ND = 2 tan ....( B ). By

means of (a) , we have from (B) , ND =[(-y)
E

N

-2 cos A ] sin A ....( 1). Also , BM = (0-2) / cos F

( B- 1) =x / cos H....( v), and MD = (0-2) tan

(B— A) .... ( 8 ) . By means of (v) we have from ( 8) ,

А

MD = [x-(cz)cos B ] / sin B .... (2) . Subtracting

A D B

(2) from (1 ) , we have the expression :

b sin B+ c sin A cos B- (c sin A +y sin B + z sin ( ?)
MN = .. (3 ).

sin A sin.B

The first two terms in the numerator of (3 ) may be symmetrical
ly written

tbus :
a sin B cos C+ b sin C cos A + c sin A cos B, = ( a sin A + b sin B

+ c sin C) .... ( 8) . Transforming (3) by means of ( a ) , we have

MN =

(a– 2.r)sin A + (1-2y)sin B + (0–22) sin C
. (4 ) .

2 sin A sin B

Representing the numerator of the right-hand member of (4) hy N,

we have (by symmetry) the expressions :

NO=N / 2 sin C sin A , and OM=N / 2 sin B sin C;
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The exand , consequently, the AMNO= }(N ) / sin A sin B sin C....(5 ).

pression for the average area of the AMNO, therefore, becomes

1

A= (N )' dxdydz

8abc sin A sin B sin C.

aº sin A ha sin B ca sin c at + ht tot

+ +

sin B sin c sin C sin A
48 s

[Note . - Problems twenty- three and twenty -four are identical. This

fact was not observed until after they were both printed. Ep.]

sin dinin )

PROBLEMS.

31. Proposed by B. F. FINKEL, A. M. , Professor of Mathematios and Physios in Drury College,

Springfield, Missouri.

Find the average length of a line drawn at random across the opposite sides

of a rectangle whose length is land breadth b.

32. Proposed by F. P. MATZ, M. So. , Ph. D. , Professor of Mathematios and Astronomy in Irving

College, Mechanicsburg, Pennsylvania.

Find the average area of the random sector whose vertex is a random point

in a giveu circle .

MISCELLANE
OUS .

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

M.

17. Proposed by SAMUEL HART WRIGHT, M. D. , M. A. , Ph. D. Penn Yan, New York .

A bright star passed my meridian at 7 P. The Chronometer soon after

ran down and stopped , but I set it again when the same star had a true altitude of

300 What time was it then , my latitude being 42 ° 30' N = 1 , and the star's

declination 600.N.Pd

II. Solution by the PROPOSER .

Let B be the north pole, A the zenith , C the star , IMI' the horizon ,

All and All ' each = 90 °, AII ' being a meridian, Al a verticle circle , Bil'

the altitude of the pole = the latitude = L,

AB = co -latitude = C, BC=a= polar distance of

the star = P, AC = h = the zenith distance of star .
B

CII = A = altitude of the star , and the angle

ABC= the hour-angle of the star = Tin siderial
ūLP

time. Put r= f ( a + b + c), and s - ara', * - b = h ' , A
8 = b , b

C

and s - c = c . Then by Sph. Trig.
H

sin é sin a

sin c sin a

H3

L

1

Α .

b
o

sin ?T= (sin e sin
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{ T = 51 ° 40'18 " .5.... ( 1 ) or cos } T = , ( sin 8 sin (8-)) cosec e cosec a ), and

} T = 51 ° 40' 18 " .5 ....( 2 ), or in terms of A, L, and P ; pat s ' = }( A + L + P ),

then s = (180 °-A- L + P ) = 90 ° - & ' + P = 90 ° — A - L + , and 8 - P = 90º -- 8 ,

and s- (90 ° – L ) = 8'- A. Whence, sin ; T = [ sec L cosec P cos s' sin (s — 1 ) ],

ana 7 = 51 ° 40' 18 " .5 ... (3 ).

. :: T =103° 20 ' 37" = 6 br. 53 min . 22.467 sec . of siderial time = 6 hr.

52 min. 14.75 sec . mean solar time. To this add 7 hrs. , the time the star was on

the meridian , and we get 1 hr. 52 unin . 14.75 sec . of the moruing of the next

day, for the time when the chronometer was set.

In Bowditch's Practical Navigator, pp. 209-210 , the rules for finding

Tare translations of eqs. (2 ) and (3 ) , but no reasons for the rules are given, and

no formulas from which they are derived. The above formulas, ( 1 ) , (2 ), ani

(3) are as applicable for obtaining correct time ou land as at sea . [This solution

is important as showing how the Rule in Bowditch's Navigator is obtained , - .

which some very good mathematicians have failed to comprehend . - EDITOR .]

20. Proposed by SAMUEL HART WRIGHT, M. D. , M. A. , Ph. D. , Penn Yan , New York .

When does the Dog -Star and the Sun rise together in latitude 42 ° 30' N. = 1 ,

given the R. A. uf Sirius= 6 brs. 40 min . 30 sec . , and its Dec. = 16 33 ' 36 " S. ?

11 . Solution by G. B. M ZERR, A. M , Ph. D , Professor of Mathematios and Science in Inter Stato

College, Texarkana, Texas.

Let I= latitude of observer, a=R. A. , = declination , t = hour angle

of Sirius. a, = R. A. , 0 , = declination, t , = hour

angle of sun , { = obliquity of the ecliptic, w=

distance from vernal equinox to the sun's posi

tion , T = line of sun -rise before six o'clock.
A

E

Then
get cost = - tan tan d .... ( 1 ) .

cost = -tan 1 tan 8 , ....
.. ( 2 ). sin , = lan 8 ,

col E.... (3 ). , -t, = a - t = A, or a , = A+ t , B

a

... (4) . sina , = sin ( 4 + t , ) .... (5) . cos = cota

tan a , ....(6 ), sin r = tan tan , .... (7). From

( 3) and (5 ) , sin ( @+ t , ) = tan 8 , cot & .... (8) . From (2 ) and (8 ) ,

we

tan ,

7sin ( +7)

cot E

cost ,
(9 ) .

tan

From ( 9) , tant ,

cot &+ sin A tap 1

cos O tan
( 10 ).

But I = 42° 30' , a= 6 hr. 40 min. 30 sec. , 6 = 16 ° 33 ' 56 " S. , * = 23 - 27' 13 " .

From ( 1 ) , t = 74° 10' 57 " .81 = 4 h . 56 m. 43.85 sec .

a- t= H= 1 h . 43 m . 46.15 sec. = 25 ° 56' 32" .25 = siderial time when Sirius rises.

From ( 10) , t , = 1070 3' 20 " = 7b . 8 m : 13.33 sec .

From (4 ) , a , = t, + H= 8 h , 51 m , 59.48 sec. = 139 ° 59 ' 52" .25.

From (3 ), 8 ;=17-36 ' 16 " .85. From (6) , w= 130 ° 32 ' 38 " .5 .
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S

E

ol

From ( 7 ) , T= 16 ° 51' 12 " .41 = 1 h . 7 m . 36.83 sec. before six o'clock .

...The sun rises 4 h . 52 m . 23. 17 sec. after mid -night. It takes the

sun 186 days to go from the verpal to the autumnal equinoxes.

. : . 1807 : 186 = 130 ° 32' 33.5 : 131.8955.

March 20 + 184.8955 = August 2. . : The event takes place August 2, 4 h . 52 m .

23,17 sec. To find the time when the sun and Sirius set together we have

H = a + t = a , + t , = 11 h . 37 m . 13.85 sec. The rest of the calculation is the

same as that given above.

III. Solution by tha PROPOSER.

Let II ' be the horizon, EQ the equator, PQ the ecliptic, S the sun

at rising, $ Sirius at rising, D'S the Dec. = f, D'Q= 12 h.-R. A. =79

52 ' 30 " = a ', PQE = apparent obliquity of the ecliptic

= 23° 27 ' 20 " = B , SOD ' = SOD = 90 ° -1, SQ=a PР H

= 180º --sun's Long. Required DS the slin's Dec.

Q

north . Then sin D' (= tan 1 tan 8 , and D0= 15 ° 49'

2 " = m , and 0Q=q-m = 64° 3' 28 " = c, and

cos ( B - ycotc
D

cot a =

Cos y

and a = 49 ° 31' 22" , where cot y ' = cotl cosc, and

Y ' = 64 ° 28 ' 47" . Whence sin DS = sin B sin x . : DS= 17- 38 '.. DS = 17 ° 33 ' 16 " north ,

and sun's Long. 180 ° - « = 130 ° 23 ' 38 " . The sun's Dec. and Lung. found.

give by the common solar Tables, the date of August 2d, eleven days before and

after this event is the beginning and end of “ Dog -Days. "

It is well tro note that the assertion of Prof. Matz, in his solution in the

June number, that the hour-angles of the Dog - Star and the sun are equal, is

not true. For the hour-angle of the sun must be the supplement of that of the

Dog -Star, instead of equal to it . That of course makes the hour-angle of the

Dog-Star from the upper meridian = that of the sun from the lower meridian , ils

it should have been stated .

NOTE . - On page 134 , Prof. Matz asserts that when the moon is

through her last quarter she will have a reversed crescent of the same size as

when through her first quarter. This is not true. The Moon can be only }

through her last quarter, when such a crescent is seen . --S. H. W.

H

PROBLEMS.

31. Proposed by F. P. MATZ, D. Sc. , Ph. D. , Professor of Mathematics and Astronomy in Irving

College, Mechanicsburg, Pennsylvania.

In order that a vertical cylindric stalk may be severed by a blow ofminimum

force, the stalk must be struck at what inclination by a sharp wedgeshaped blade ?

32. Proposed by S. H. WRIGHT, M. D. , M. A. , Ph. D. , Penn Yan, New York.

Intermittent reflections of flashes of light on a clear sky after dark , indicated

a storm was progressing below the horizon . Refraction of 34 ' on the horizon , brought

the upper edge of the storm-cloud up to the horizon, and was just visible . How far

off was the storm if the cloud was one mile above the earth ?
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QUERIES ANĎ INFORMATION .

Conducted by J. M. COLAW , Monterey, Vs. All cortributions to this department should be sent to him .

The American Mathematical Monthly in Spain .

The leading article of the Spanish Journal “ El Progreso Mathematico"

for March 1895 speaks of " la rica literatura que forman en conjunto las abras

escritas en estos ultimos anos acerca de los diversos sistemas geometricos de los

Sres. Flye Ste. Marie, Frischauf, Erdmann, Lipschitz, Scheffler, Killing, Bat

taglini, Cayley, Klein, Poincare, Bruce Halsted (* * *) , Vassilief; " and the note

is *** * *) Este ilustrado profesor de la Universidad de Texas publica actual

mente una serie de articulos sobre la Geometria non- Euclidea en the American

Mathematical Monthly ."

The trisection problem is considered in Petersen's Methods and

Theories (London 1879) p. 101. Also in the recently published Vortrage uber

ansgewablte Fragen der Elementargéomentrie, von. F. Klein, ausgearbeitet

von F. Torgert (Leipzig 1895) , p . 11 .

David E. SMITH.

I reply to W. E. Heals inquiry on page 171 of AMERACAN MATHE

MATICAL MONTHLY as to the impossibility of trisecting an angle with rule and

compass as follows :

We can draw only circles and straight lines with a compass and rule

and can therefore express . by that means only the roots of quadratics . By

means of the compass we can find the square root. But the equation sin 3

A=3 sin A-4 sin A is a cubic and we have no method of finding the cube root

hy vreans of a compass.

OTTO CLAYTON .

NOTES ON THE DEMONSTRATION OF EUCLID'S ELEVENTH AXIOM .

Note 1. - To complete my demonstration in the May No. GF (in

third ) should be solved equal to the given constant DA. If G F be supposed friza

greater than DA , then GD and FA would converge toward DA, and when

folded over on axis DA, the corresponding lines DM and ANwould diverge,

making GDM and FAN broken lines, whereas, by hypothesis, they are

straight lines. Similarly , if GF be supposed less than DA.

NOTE 2.-Since mathematicians differ about the definition of parallels,

might not the term parallel be dispensed with and equidistant be substituted ?

WARREN HOLDEN ,

Girard College, Philadelphia.
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ANSWER TO “ READER'S" QUERY.

Some one signing bimself “ Reader " in the February issue, 1895, makes

u

inquiry as to the meaning of the word " psep/do spherical”. He will find an

answer to that part of his question in my article in the May No. of the

MONTHLY. Numerous points of " difference” between the Euclidiad and non

Euclidian Geometry are also indicated .

“ Reader” will find the term " Hyper -space " in the article on “ Measur

4 ment” by R. S.Bøll in the Encyclopaedia Brittanica, Ninth Edition. I do not

find the expression " Ideal Space " in either of my articles in the November issue

of last year. Kant maintained that space is purely subjective. Fichte reasoned

that if space is subjective, the material hodies contained in it must also be sub

jective . This is Idealism . The Kantian view of space may appropriately be

called Idealistic inasmuch as it is avowedly purely subjective .

John N. LYLE.

EDITORIALS.

THE MONTHLY will be published at Kidder until January after which

it will probably be published at Springfield .

DR. F. P. Marz has accepted the Professorship of Mathematics and

Astronomy in Irving College, Mechanicsburg, Pennsylvania . This is one of the

most flourishing Colleges in Pennsylvania ; and Dr. Matz is the recipient of a

handsome salary, as well as the holder of a very desirable position .

DR. ALEXANDER MACFARLANE, a contributor to the Monthly, and a

distinguished Physicist and Electrician, fornierly Professor of Physics in the

University of Texas, has accepted the chair of Lecturer in Electrical Engineer

ing in Lehigh University. Dr. Macfarlane's reputation as an investigator in

Mathematical Physics is international and the University to which he has been

called is to be congratulated for selecting such an able man .

Dr. E. S. Loomis, for the last ten years professor of Mathematics and

principal of the Normal Department inBaldwin University, hus been elected

Professor of mathematics in the West High School of Cleveland . This appoint

ment, coming as it does, at this time, from our neighboring city of Cleveland,

cannot be considered otherwise than as a vindication of Dr. Loomis' eminent

ability as a teacher of mathematics, and also shows that notwithstanding his

doubts that Jonah " swallowed the whale , " the Cleveland Educational author

ities believe him still capable of teaching that science. — Bered Advertiser.

We congratulate the Doctor upon his good fortune in being called to a

position in which his superior ability will be fully appreciated .

The National Normal University, Lebanon, Ohio, of whicn Dr. Alfred

Holbrook is the President, recently conferred (with the highest distinction) the

Degree of Doctor of Science (Sc. D. ) , upon our valued contributor, F. P.

Matz. The subjects of the theses submitted by him , were : (1 ) The Conditions
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Necessary to the Existence of Life and Mind ; (2) Neo- Vitalism considered from

a Monistic Standpoint; ( 3) New Methodsfor the Derivation of the Formulae

for the Perturbations of Comets.

Dr. G. A. MILLER, Professor of Mathematics in the University of

Michigan, has gone to Leipzig , Germany, to pursue his study in Mathematics.

Dr. Miller is contributing, to the Monthly, a series of articles on Substitution

Groups for which we are very thankful. This difficult subject is receiving a

great deal of attention from eminent Mathematicians. Dr. Miller is now pre

senting the subject to the readers of the MONTHLY in a way that will be greatly

appreciated.

Drs. ZERR and Matz both sent strong replies to Counselor Dolman's

Comments on Problems 14 and 15 , Average and Probability, but we thought

best not to use any more space in the discussion . The published solution of

problem 14 is unquestionably correct.

PROFS. J. F. W. SCHEFFER and A. H. Bell should have received credit

for solutions of problem 49, Arithmetic Department.

WE HAVE received several calls for copies of the following books :

Salmon's Treatise on the Higher Plane Curves (Latest Edition) ; Salmon's Trea

tise on the Analytic Geometry of Three Dimensions (4th Edn. 1882) ; Salmon's

Modern Higher Algebra ; B. Price's Treatise on the Infinitesimal Calculus

(4 vol . ) . If any of our readers have copies of any of the above named books

and wish to dispose of the same they should write to us at Springfield, Mo. Or,

if any of our readers have other books and wish to dispose of them , we shall be

pleased to publish the name of such books and the price of same, in the next

jssue of the Monthly. We can thus be of service to those wishing to obtain

books and those wishing to dispose of them.

All communications and subscriptions shoull be sent to B. F Finkel ,

Springfield, Mo. Persons failing to receive their copies should write to the

Publishers, Kidder, Mo.

BOOKS AND PERIODICALS.

Algebra for Beginners. By H. S. Hall and S. R. Knight. Revised

and Adøpted to American Schools by Frank L. Sevenoak, A. M. , M. D. , Pro

fessor of Mathematics and Assistant Principal in Stevens School , Academic De

partment of Stevens Institute of Technology.

Small 8vo. cloth , vin + 188 pp. Price, 60 cents . New York : Mac

millan & Co.

This neat little work treats of all subjects to and including quadratic eyqa

tions usually presented in an elementary algebra. The aim of the reviser has been

to tboroughly adøpt the book to the wants of all those who do not require a know

ledge of Algebra beyond Quadratic Equations . In this, he has not failed . Each

subject contains a long list of well selected examples , a very commendable feature in

any Mathematical text -book . B. F. F

Tri
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1

186 pp .

i

Bellum Helveticum for Beginners in Latin. By Cornelius Marshal

Lowe, Ph . D. , Heidelberg University, and Nathaniel Butler, Jr. , M. A. ,

University of Chicago. 8vo. cloth , 312 pp. Chicago : Albert, Scott & Co.

This book is an introduction to the reading of Latin Authors, based on the

inductive method illustrating the forms and construction of classical Latin prose.

The book is written to satisfy the demand of many teachers that Latin be made at

the beginning , a living subject for the student. We consider the book a most excel

lentone and do not hesitate to recommend it to the favorable consideration of teachers

of Latia . B. F. F.

The Essentials of Arithmetic, Oral and Written By Gordon A.

Southworth, Superintendent of Schools, Somerville, Massachusetts. 8vo. cloth,

Boston, New York and Chicago : Leach, Shewell & Sandborne.

This book is designed for use in the third, fourth , fifth , and sixth -year

grades of Public Schools. Oral and written exercises are happily blended through

out the entire work . The answers to the exercises are appended at the close of the

book . B. F. F.

An Elementry Algebra, Theoretical and Practical . By J. W. Nichol

son , A. M. , President and Professor of Mathematics in the Louisana State Uni

versity and Agricultural and Mechanical College . 8vo . Half Leather back,

284 pp. New York and New Orleans: University Publishing Co.

This is a splendid elementary algebra in which the author has treated a

number of subjects in an original manner. The book contains about 2500 problems.

B. F. F.

Elements of Geometry, after Legendre with a Selection of Geometric

al Exercises, and Hints for the Solution of the same. By Charles S. Venable

LL. D. , Professor of Mathematics in the University of Virginia. 8vo. cloth ,,

413 pp . New York and New Orleans : University Publishing Co.

This is a complete translation and adaptation of the latest edition of the stand

ard work of Legendre . A number of changes have been made. These consist mainly in

the discussion of parallels ; in the treatment of tangencies ; in the addition of some

theorems and the omission of a few ; the substitution of the method of limits for the

reducto ad absurdum in the treatment of the measure of the circle and of the " three

round bodies ; " etc. All these changes are for the best. Much might be said in com

mendation of this excellent work . B. F. F.

The Review of Reviews. An International Illustrated Monthly Maga

zine, Edited by Albert Shaw. Price, $2.50 per year. Single Number, 25

cents. The Review of Reviews Co. , New York City .

The leading features of the August Reriew of Reviews are : “ Theodore Roose

velt , " a character sketch by Julian Ralph ; “ The Clearing of Mulberry Bend , ” the

story of the rise and fall of a New York slum , by Jacob A. Riis ; " The Third Salisbury

Cabinet,” by W. T. Stead , and " The Record of the Rosebery Administration ,” - all

four articles well illustrated . The Review of Reviews is an illustrated summary of

the world's progres3 . B. F. F.

The Cosmopolitan: An International Illustrated Monthly Magazine.

Edited by John Brisben Walker. Price, $1.00 per year. Single Number,

10 cents.
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The price of the Cosmopolitan, which wils among the lowest of any of the

great magazines has been still further reduced so that now the price of this tine maga

zine is $ 1.00 per year. There is no reason why the Cosmopolitan should not take the

lead in circulation . Its contributors rank among the best in the world and the ar

tisti , features and mechanical execution are unsurpassed. Subscribe tor the

Cosmopolitan
B. F. F.

ERRATUM.

In Dr. Martin's solution of Diophantine Problem 15 , p . 43 , Vol. I.

for ( + 1 + 3 ) = 16mº +240 + 1 = S (21 . + 3m ) +1"

l'erud 4 (m + 3 ) = 16. ? +241 +9 = ( 21 ? + 311 + 1) +1.
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BIOGRAPHY .

PROFESSOR DE VOLSON WOOD .

BY F. P. MATZ.

D

E VOLSON WOOD was born near Smyrna, New York, in 1832. To 1852

he enjoyed the educational advantages of the common school , of six

weeks in a private academy, and of one term in Cazenovia Seminary.

He began teaching public school, in 1849 ; and in his native town, Smyrna, he

taught three terms. In 1853, he wils graduated by the Albany (State) Normal

School; and during 1853 and '54, he was the Principal of Schools, Napagoch ,

Ulster county. He was Assistant Professor of Mathematics in the Albany Nor

mal School, 1854-1855 ; Assistant Teacher and Student, Rensselae Polytechnic

Institute, Troy, 1855-1857; from which Institution he was graduated with the

Degree of Civil Engineer ( C. E. ), in 1857; was hmored by Hamilton College,

in 1859, with the Degree A. M. He was a Professor in the University of

Michigan, from 1837 to 1872 ; and from this University, he received the Degree

of M. Sc., in 1859 . He served Professor of Mathematics and

Mechanics in Stevens Institute of Technology, Hoboken, New Jersey , from

1872 to 1885 ; and in the capacity of Professor of Mechanical Engineering, he

is serving this Institute, since 1885 .

Professor Wood was a member of the American Society of Civil En

gineers, from 1871 to 1885. He has been a member of the American Associa

tion for the Advancement of Science , since 1879 ; and he was the Vice President

of this Association, in 1885. Professor Wood is a member of the American

Mathematical Society, and an honorary member of the American Society of Ar

chitects. He has been a member of the American Society of Mechanical En

gineers, since 1886 ; was the first President of the Society for the Promotion of

Engineering Education; and was the Engineer of the Ore -Dock , Marquette,

as
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Michigan, in 1864. He is the inventor of “ Wood's Steam Rock -Drill, ” 1866

and later ; and he is , also, the inventor of other machinery,

Among the articles contributed by Professor Wood, to various maga

zines , books, etc., may be mentioned : Alligation , to the " New York Teacher "

---and highly commended in “ Brooks's History of Arithmetic ;" Foundations,

in “ Johnson's Cyclopedia ;" Mechanics,in Appleton's Cyclopedia of Mechanics;"

Luminiferous Aether, in the “ London Philosophical Magazine"--and in Van

Nostrand's Science Series, No. 85 ; and Radiant Heat not an Exception to the

Second Law of Thermodynamics, in the " American Engineer.”

Professor Wood has contributed to the " AMERICAN MATHEMATICAL

Monthly , " to the “ Michigan Journal of Education ,” to the “ Journal of the

Franklin Institute , ” to the “ Railroad Gazette , ” to the " Mining and Engineer

ing Journal,” to the “ National Educator, " to the “ Mathematical Visitor," to

the " Analyist,” to “ Van Nostrand's Engineering Magazine,” to the “ Educa

tional Notes and Queries ," to the " American Engineer,” to “ Science, ” to the

“ Annals of Mathematics," to the “ New England Journal of Education , ” to the

“ Mathematical Magazine,” to the “ Engineer,” to the “ Biroes E lucational

Monthly, " to the “ Mathematical Messenger , " etc. , etc.

Professor Wood is the author of the following books: Trusses , Bridges

and Roofs, published in 1872 ; Wood's Elition of Mohan's Civil Engineering,

published in 1873 ; Treatise on the Resistance of Materials, published in 1875;

The Elements of Analytical Mechanics, published in 1876 ; Wood's Elition of

Magnus' Lessons in Elementary Mechanics, published in 1878 ; Co-ordinate

Geometry and Quiternions, published in 1879 ; Key and Supplement to the Ele

ments of Mechanics, and Key and Supplemºnt to the Mechinics of Fluids, both

published in 1884 ; Trigonometry, published in 1985 ; Thermodynamics, published

in 1887 and enlarged in 1333 ; and Turbines, published in 1895.

Professor Wood was born, and raised , on a farm . In fact , until he

went to the Albany Normal School , in 1852 , the farm wis his home. He be

gan teaching at the age of seventeen ; piil by teaching, the expenses of his edu

cation, and has been teaching every year since. The only position Professor

Wood ever sought, was the first one he ever held ; and the income during the

three months was thirty dollars + the privilege of doing all the work from Prin- ,

cipal to Janitor + the obligation of boarding around.

After he was a graduate of the Rensselaer Polytechnic Institute, he

" wended westward ” his way—not knowing whither he was going; but while ,

traveling through Michigan, something prompted him to visit the State Uni

versity. After arriving at Ann Arbor, he called at the office of the President ,

Dr. H. P. Tappan, who (after the manner of these Dignitaries) inquired about,

his aims and qualifications, and then asked him to teach a few days—-until they

heard from a recent appointee. He began teaching, that day ; and, also , re

mained fifteen years . During this time, Professor Wood organized the De

partment of Civil Engineering; and this Department has existed since that time.

Soon after he began teaching in the Michigan State University, his funds were

exhausted ; and one day he declared he would write home, if he had five cents ;
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and just then , at the door of the University Building, he saw a dime lying in the

sand ; quickly he picked it up, and wrote home at once. While Professor Wood

was teaching at Napanoch, be was granted å vacation of one week ; and dur

ing this week, he attended the closing exercises at the Albany Normal School.

As he entered the Principal's office, the Principal greeted him thus: “ Ah ! I was

just writing to you and offering you the Assistant Professorship of Mathemat

ics. Will you take it ? ” The offer of the Assistant Professorship of Mathemat

ics was promptly accepted; and at the opening of the next scholastic year, Pro

fessor Wood was a member of the Faculty of the Albany Normal School .

The neighbors used to say : “ The stones on Mr. Wood's farm are

covered with figures which his son , De Volson, bad used in the solutions of

problems."

Possibly the greatest satisfaction to Professor Wood is the pleasure

and success he bas bad in the class room , Men, years after graduation, have

complimented him on his success . They have asked for the secret of this suc

cess. They have asked him to tell how he inspired with labor - and why stu

dents would, in many cases, put twice the labor on his subjects rather than on

the subjects of others and why he did not scold his students-and why he was

universally respected by his students, etc.

Brush (of Electric fame) , Cleveland, Ohio, says : “ Professor De Vol

son Wood got more genuine study out of me than any other teacher I ever was

under .”

The civil , mechanical, and electrical , engineers, architects, railroad

managers and presidents, college professors and presidents, etc. , who formerly

were Professor Wood's students and who now are scattered over the whole

world, would, if simultaneously rounded up ,” form the most intelligent army

that ever moved on the face of this mundane sphere.

Some years ago , Professor Wood went to New Mexico --he, also,

visited Gunnison, Colorado; and during his visit, he was in only one place in

which he could not immediately have been identified at a bank , by one of his

former pupils. Stepping off the train at Topeka, Kansas, on bis return , he met

a former student who had been a passenger on the same train . To him Pro

fessor Wood expressed the desire of having cashed a fifty -dollar check. The

foriner student quickly stepped to the ticket-agent, requested him to cash the

check, and Professor Wood promptly received the desired fifty dollars.

The books written by Professor Wood have proved of great assistance

to science, although no radical reforms or changes in them are attempted .

Professor Wood has unceasingly sought to make the books written by himself

his
own ; and to that extent, he made them original. His books have found de

sirable places in foreign lands. He is now engaged in enlarging his work on

Turbines; and he hopes to make it not only rigidly theoretical , but also as prac

tical as the solution of so difficult a problem can be made by a finite mind

working with its own products - under the guidance of common sense and reason .

Professor Wood was married to Miss Cordera E. Crawe, Euriville , New

York, in 1859. She died in 1866 ; and two years after her death, he married

1
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Miss Fannie Hartson , Mexico, New York. By the first marriage, one son was

born to them, who died in 1889. The second marriage was blessed with six

children, five of whom are living. Professor Wood is a member of the Metho

dist Church - and, also , a member of the Official Board of the Methodist

Church .

NON-EUCLIDEAN GEOMETRY: HISTORICAL AND

EXPOSITORY.

By GEORGE BRUCE HALSTED, A. M., (Princeton ), Ph. D. , (Johns Hopkins) , Member of tho

London Mathematioal Society, and Professor of Mathematios in the University of Texas, Austin, Texas.

[Continued from the July August Number .)

SCHOLION I. In which is weighed the attempt of Proclus. After the

theorems so far demonstrated by me, independently of the Euclidean postulate,

toward an exact demonstration of which they should all conspire; in my judg

ment it is well if I diligently weigh the labors of certain well -known geometers

in the same endeavor.

I begin from Proclus, of whom Clavius in the Elements after P.

XXVIII, Book 1 , gives the following assumption:

If from one point two straight lines making an angle are produced in

finitely, their distance will exceed every finite magnitude.

But Proclus demonstrates indeed (as

A H

Clavius there well remarks) that two straights

( fig. 20 ) as suppose AII, AD going out from D

the same point A toward the same parts, all

B C
Ways diverge the more from each other, the

greater the distance from the point A , but not

also that this distance increases beyond every finite limit that may be designated ,

as was requisite for his purpose.

In which place the aforesaid Clavius cites the example of the Conchoid

of Nikomedes, which going out from the same point d as the straight All to

ward the same parts, so recedes always more from it, that nevertheless only at

an infinite production is their distance equ::l to a certain tinite sect AB stand

ing perpendicular to All and BC produced to infinity toward the same parts.

Why may not the same be said of the two supposed straight lines All,

AD, unless a special reason constrains to the contrary ?

Nor here can Clavius be blamed that he opposes to Proklos this prop

erty of the Conchoid , which cannot be demonstrated except with the aid of many

theorems resting upon the here controverted postulate.

For I say from this itself the force of the Clavian rebuttal is con

firmed ; for it is certain from this postulate being assumed that truly it follows

manifestly , that iwo lines protracted to infinity, one straight, and the other

FIG . 20 .
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curved, can recede one from the other ever more within a certain finite deter

minate limit ; whence at any rate may arise a suspicion lest the same may be

able to happen for two straight lines, unless otherwise demonstrated .

But not therefore, after I in the corollary to the preceding proposition I

have made manifest the absolute truth of the aforesaid assumption, is it possible

immediately to go over to the assertion of the Euclidean postulate. For pre

viously must also be demonstrated , that those two straights AH , BC, which

with the transversal AB make two angles toward the same parts equal to two

right angles, as for example each a right angle, do not also, protracted toward

these parts to infinity, always separate more from one another beyond all finite

assignable distance. For if one ' chooses to presume the affirmative, which is

indeed entirely true in the hypothesis of acute angle; it certainly will not be

a legitimate consequence, that the straight AD in any way cutting the angle

HAB, hence of course making at the same time two internal angles DAB,

CB A toward the same parts less than two right angles ; that, I say , this straight

AD, produced to infinity must at length meet with BC produced; even if it

were at another time demonstrated, that the distance of the two AII, AD pro

duced to infinity ever greater goes out beyond all finite limit that may be

assigned .

But that the aforesaid Clavius should have judged the truth of this

assumption sufficient for demonstrating the postulate here in question ; that

ought to becondoned because of the opinion preconceived by Clavius about

equidistant straight lines , which we may discuss more conveniently in a

subsequent Scholion.

INTRODUCTION TO SUBSTITUTION GROUPS.

By G. A. MILLER, Ph . D. , Laipzig , Germany.

( Continued from the July-August Vumber .)

CONSTRUCTION OF INTRANSITIVE GROUPS.

Suppose that we have an intransitive group ( G ) involving the six let

ters a , b, c , d , e , f and that in this group a is replaced by b, c, and d but not by

corf. This group must have at least one substitution ( $ ) in which a is replaced

by b, one ( x2 ) in which a is replaced by c and one (83) in which a is replaced by

al. In some power of s , ( which, from the definition of a group, must also be

in 6 ) b is replaced by a . * Let this substitution be denoted by s ' and consider

the following substitution of G :

s'u s ' , 82 , s ' , $ 3

In the first of these b is replaced by a , in the second by c and in the

third by d . Hence we see that the hypothesis
that a is replaced by each of the

*suppose 8 , were one of the following substitutions: ab , abc , abcd, ab.cd ; then b would be replaced

hy a in the first power of the Arst and last substitutions, in the second power of the second substitution

and the third power of the third ,

1

8
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other letters in the first set of four requires that the other letter of this set or

system have the same property, for what we proved in regard to b can be proved,

similarly , in regard to c and d.

It is further evident that there can be no substitution in G which re

places one of these four letters by e or f; for suppose that the substitution repre

sented by has this property, replacing, for instance, b by e, then would ®t

replace a by e, which is contrary to hypothesis . Hence e and f can only replace

euch other in the substitutions of G. Since this proof could clearly be used with

respect to any number of letters we have arrived at the following important

theorem ;

Theorem 1 . In every intransitivegroup the lettersmay be divided into

such systems that the substitutions of the group will connect the letters of the syx

temx transitively and no substitution willreplace a letter of one system by one of

another systemit

Since each of these systems must form a transitive group it follows

that every intransitive group can be formed by conbining transitive groups, such

that the sum of the letters in these groups is equal to the number of letters in

the intransitive group .
trairaline

The main problem before us is, therefore, the developmeat of such

methods as are most helpful in combining the transitive groups. The two in

transitive groups in the list of the groups of four letters are instances of the

simplest methods of combination . One of these

1 , ac, bd , ac.ba

is obtained by multiplying every substitutioa of one group (ac) * by every sub

stitution of the other (bl) . It is evident that by this method we can always

construct an intransitive group from two or more groups each involving differ

eat letters, p.g. the intransitive group of five letters which may be obtained in

this way from abc) and (de ) is

1 , abc, ach , de, abc.de, ach.de

The other intransitive group in the given list

1 , ah.cd

is obtained by the process called simple isomorphism or 1 , 1 correspondence.

The process consists in associating substitutions of the component transitive

groups which have the same properties with respect to the groups. The given

intransitive group is obtained from the groups

1 1

ab cd

It is at once evident that I may be associated with 1 and ab with cd ,

and we thus obtain the required group

1

ah.cd

tcť . Jordan : Traite des Substitutions, Art. 40; also Netto's Theory of Substitutions ( Cole's edi.

tion ), page 70 .

+ che parenthesis is used to indicate the group generated by the substitution enclosed : thus , ( ac ) :

1 , ac ; (abc)= 1 , abc , acb ; etc. In case the group cousists of more than two substitutions the abbreviation

for cyclical is commonly written after the pareathesis : thus , (abc ) = (abc) cyc.
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Similarly we may obtain an intransitive group of six letters from

( abc) and (def ), viz .

1 , abc.def, ach.dfe

Instead of a 1 , 1 correspondence we may have an a , b correspondence,

at and b representing any positive integers. In this way we obtain the intransi

tive group

transitive groups.

1 , abc, ach, ab.de, ac. de, bc.de

from the two groups

1 , abc, ach , ab, ac , bc

and 1 , de

by a 3 , I correspondence.

We have now given the main methods employed in constructing in

We proceed to find all the

Intransitive Groups of Five Letters .

All these groups are composed of a transitive group of three and an

other of two letters : for the only way of dividing five so as to get two or more

letters in each system is to divide it into the parts three and two.
The com

ponent groups are therefore,

, , 1 , de

1 ; abe; ach, ab, ac, be

It is evident that (de) can be combined with (abs) only by multiplying

the two groups together. We this obtain the intransitive group given above

as an illustrative example.

By combining (ded with the second group on the left we obtain , in a

similar way ,

1 abe ahe.de alle de

ach ach.de ac.de ab

bc.de ac

bc

In this case the combination in ay be effected in one more way.
Since

the first half of the substitutions in the second group on the left form a sub

group we may let 1 of (ile ) correspond to these and ide to the remaining substi

tutions. We thus obtain the intransitive group of five letters which was given

above as an illustrative example of an a, b correspondence.

From this we see that there are only three intransitive groups in five

letters . In Professor Cayley's list these groups are denote:1 by

(ribe)cyc .(de ), (abc }all(ile), { (ahe)all (de) { pos.

There are twenty-one intransitive groups involving six letters. The

component groups mav involve any of the following systems of letters :

2 , 2 , 2 ,

4 , 2

3 , 3

We expect to apply the given methods to the construction of all these

groups. This, it is believed , will give sufficient exercise in the construction of

this class of groups and we shall then proceed to the construction of the transi

' 1

9
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tive groups.

The reader who desires a thorough working knowledge of this subject

could very profitably work over this field and compare his methods and results

with those that we shall give.

THE GOLDEN SECTION.

By EMMA C. ACKERMANN, Instructor in Mathematics, Michigan State Normal School.

In the number for November 1892, of Lehrproben und Lehrgange aus

der Praris der Gymnasien und Realschulen, there appeared an article by Prof.

Dr. O. Willman, entitled Der goldene Schnitt abs ein Thema des mathematis

chen Unterrichts. The article is interesting not alone to students of geometry,

but to all who are at all concerned with the question of concentration , a ques

tion which is at present creating for itself an active interest among all educators.

The article is a resume of a work on the golden section by F. C. Pfeifer, Der

goldene Schnitt und dessen Erscheinungsformen in Mathematik, Natur, und

Kunst, Augsburg, Huttler, 1885. The statements bere presented are intended

as a summary of the article .

It is very necessary that the connection between instruction in mathe

matics and in the remainins courses of study should be carefully considered be

cause the subject of mathematics is an abstract one and according to its na

ture tends towards isolation,

To assist in bringing about this connection, there should be prepared mathe

matical problems and exercises which will show the application of mathematics

to technics and to observations in nature on the one hand, and on the other fur

nish an insight into the history of mathematics, by means of which historical

and classical instruction can be connected with the mathematical. A subject

which meets these demands and is at the same time well adapted for purely

mathematical instruction is the theme of the golden section , a theme which does

not appear in a complete form in our modern text-books.

The simplest division of any magnitude, involving the fewest condi

tions is the division into two equal parts. Calling a line so divided , s, the

SS

parts p, we have S = 2p, p= 2, P= },{= 1 . Contrasted to one case of
2 ' p р

division into two equal parts stands an infinite number of divisions into two un

M

equal parts ; and the ratio of the smaller (m ) to the larger (M) ,
or the ratio

m '

M M

of one of the parts to the whole, or and ex

S

pressed by many different numbers. In one case only is there no need of

figures to determine the ratio of the parts to the whole ; and that is when

SR

m m

or can be

m + M m +M
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m

m

»we have

т

or

m m ጎin

in

M

Mm+ M
Such a division constitutes the golden section.

From the proportion m : M = M : m + M , we have in Mum = M or

( M + m ) ( M - m ) = mM ; or in the golden section , the sum of the parts multiplied

by their difference equals their product. It also follows that the greater part

is the geometric mean between the smaller part and the whole. Let S= m+M;

then S - m = V Sm ; or the difference between the whole and the smaller part is

the geometric mean of those two parts. Also both parts form with the whole

a continued proportion, m : M = M : m + Morm : M : m + M , distinguished from

all other proportions by the fact that the third quantity is at the same time the

M M + m M M

sum of the other two. From 1+

M M
--1 ;

M

that is, the quotient of the two parts is greater or less than its reciprocal by

unity. Call the ratio e, then we have the equation e= 1 += 1 + , solving

5+ 1

=1.61803 + .

2

Of the three elements of the golden section, each two can be expressed

15-1

by the third . The simplest is that of m and S by means of M; m= M ;
2

V5+1
3-15 1 /5-1

S = M. Also in = S and M S, that is, the major part

2 2 2

becomes the minor, when the whole is considered the major. If m is the base

1 5 + 31 5 + 1
M

2

For the construction and consideration of the golden section , the num

ber 5, which appears in the value of e is very suggestive. 5= 1 +4, and there

fore can be expressed by the Pythagorean theorem ; 5 is the area of the square

on the bypotenuse, if 1 +4 are the squares on the other two sides . The sides

themselves are 1 and 2, and the hypotenuse, 5. Half of 15 increased by }

of unity will then express the value of e, and diminished by of unity, its re

ciprocal . A line AB is divided into medial section therefore, if in the right

triangle ABC, with right angle ABC, we make BC = ;AB, draw AC, lay off

CD=BC, and then lay off the remainder AD or AB as AE; then AB is divided

into medial section .

The number 5 may be used in another way to illustrate the ratio of m

π 2π 2π

to M. An isosceles triangle with angles is constructed . By bi .

5

secting one of the equal angles, we have a triangle similar to the first. Let the

triangles be ABCand ABD respectively, angle B being ; then CB is divided

in medial section, from principles of similar triangles. The triangle ABC is

M
15=1

m , Ss m .

>
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middle part of a pentagon which is completed by placing two triangles congru

ont to triangle ABD on AB and BC. AD produced will then pass through

an angle of the pentagon and CD becomes the smaller part and BD the larger

part of a dia zonal . Therefore in a regular polygon of five sides the smaller

part of a diagonal cut off by a second diagonal, forms with the side of the pen

tagon and the diagonal, the proportion of the golden section. The triangle is

also an element of the regular decagon and will produce it if repeated ten times.

In the division of magnitudes into two equal parts, the whole may be

considered as one of the parts repeated; so in the gokilen section, each one of

the parts may be considered as the starting point and the next as a repetition

of it augmented or diminished . If we proceed from the minor part, the major

is a repetition of the minor increased, and the sum of the two bears the same

relation to the major, the ratio in each casebeing e . So if we proceed from the

whole to the major, and from that to the minor. With this view of the case,

there is no necessity for stopping with three elements, since this augmenting or

diminishing repetition can evidently be carried on indefinitely. In this way the

geometric proportion of the golden section becomes a geometric progression

1

which from analogy is called the golden progression, the ratio being e or

The golden progression differs from the other geometric series in this that each

of its members is also the sum of the two preceding,

If its first term is a, then this progression has the form a, ae, ae , aes,

ae ....ae", or a, ae, atae, a + 2ae, 2a + 3ae , 3a + 5ae....

Then a =a( 1 + e) ; ae} = a + 2ae; aet = a (2 + 3e), etc. If a = 1 , then

V 5 + 1
sincm es

= 1.61803, the series is : 1 , 1.61803+ , 2.16803+ , 4.23607+ ,

6.185410+ , 11.09017+ , 17.94427+ , 29.03444+ , etc. If we should tenta

tively place e also equal to 1 , that is, 0.61803 too small, then as a geometric

progression simply, the series remain stationarv . But using the other property

of the golden progression, the series becomes 1 , 1 , 2 , 3, 5, 8 , 13 , etc. The quo

tient of any two successive members is alternately smaller and larger than e,

but as the series advances, the quotient approaches nearer to e, as at I = 1.618.

This shows that a series beginning with the smallest natural numbers and ad

vancing according to the second condition above, forms in its continuation an

approximation to the golden progression .

The golden progression can be represented graphically thus : A pen

tagon is drawn whose sides are F and diagonals D; the intersections of the

diagonals determine a pentagon whose sides aref and whose angles are at a dis

tance a from the vertices of the original polygon. Then f, a, F , D form a

golden series. By making the original polygon the enclosed polygon of a larger

pentagon, whose sides and diagonals are F ' and D' respectively, we can con

tinue the progression as an ascending series ; or , by drawing polygons within

the pentagon, as a decending series.

Another interesting figure might be given here. The line AB is di

vided in medial section at C,AC being the major part; perpendiculars BD,

1



263

1

en = 66

en = 66

(F,of length AC are drawn at Band C , and are divided at E and G respectively

into medial section, BE and .GC being the major parts. Then AB, AC

( = BD = CF), BC( = BE = CG ) and DE ( = FG ) form a golden series. Connect

Fand A , G and A, E and A. Let AC be taken as a radius or unity ; AC then

represents the side of a hexagon ; AF the side of a square; AG, of a regular

pentagon, EB or CG, the side of a decagon ; and AP, the side of a regular

triangle, all of which is evident from the right angled triangle.

Another figure may be obtained by making m , M , m + M the radii of

concentric circles. Their areas are then am®, a M², 7 (m + M ) ', the area of the

inner ring, r, is (M® – m %) and of the outer ring, R, [ ( M + i )? – Mº]. If

m = l, then M = e, m + M = e' , ( M + m ) = e* , MP -m' = -1 , and ( M + m )

--M = et - e? = e' (e ? -1) = e3. Then the following series arises :

a = area of inner circle, f;

en= ring, r;

" middle circle, F ;

outer ring , R ;

e+ = circle, F.

This series can be extended both as increasing and decreasing; the

members with even exponents as e , e8 , e-?, 4 correspond to circles; those

with odd exponents to rings.

Countless illustrations of the proportions of the golden section are

found in nature and the works of man . The golden section follows closely up

on bisection (the basis of symmetry) everywhere, and the forms which are based

upon the proportions of the golden section though not so evident are more

widely distributed than would appear at first thought. Whenever, in the pro

ducts of art or manufacture, there is no equal division, (symmetry) , the artist

or workman unconsciously employs the proportions of the golden section . Ir

regular inequality and capricious division is disagreeable to both eye and hand;

and the por portion of the golden section seem to be the only acceptable ones .

Accordingly, the form of writing -paper, books, a page of the MATHEMATICAL

MONTHLY, furniture , especially tables and chairs, doors, windows, dimensions

of pictures, foundations and often the facades of buildings, all reveal these pro

portions.

This is true of not only modern art and technics, but also of the

ancient. We find the same proportions in the pyramids of Cheops, in the tem

ples at Karnak and at Ombos, in the Grecian temples, and many cathedrals .

In verses of poetry and in music, the same relation is found, and most

abundantly in nature. In leaves, plants, lower animals, and man ,

portions have been verified .

The subject of the golden section is not discussed by Euclid ; he had a

knowledge of it and mentions it in his works, though not under this name. The

name, though it has aln ancient ring, is not found in ancient literature. Aris

totle does not mention the subject, but it is claimed that in his philosophical

reasoning, there rules the principle of the golden section ; i. e.: the relation of

the whole to the part and the parts to each other. His ideas were not carried

these pro
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out by the ancient philosophers but they were the source of much of the specu

lation in mediaeval times, when mathematical and philosophical thought were

closely allied. One writer, John Campanus of Novava, thought that the princi

ciple of the golden section descended from the gods. Keplerfcompared it to a

precious stone, and called it proportio divina, but not proportio or sectio aurea .

The latter name has originated since his time .

THE RECTIFICATION OF THE CASSINIAN OVAL BY MEANS

OF ELLIPTIC FUNCTIONS.

By F. P. MATZ, So. D. , Ph. D. , Professor of Mathematios and Astronomy in Irving College, Me

chanicsburg, Pennsylvania .

(Continued from the July - August Number.)

The central-polar equation of the Cassinian Oval may be written

p4 - (2c cos 24) r ? = m * - * ....( 1 ).

74— (m * -c )

2c272

. : cos 24 40*y [p*–(**—c*)]).
(4c* 45

apd sin 2A =

404 74

12

..P = smº Sat 3 tek yol—[p*–( *—c*))°

2 dr

a

=8m2

S

padr

ov ' } [(ma + c %) 2 -- p4 ] * [74- (m ' - cº ) ? ]

( 2) .

Reducing (2 ) under the supposition that

74 = ( m ? + c ) cos + (m ? - ?) sinº 6,

= 4m ?
.... ( j),

P = 4 * $*%* - ' SSo * +e * * ?

So m + ?d

S' 0)

Sof(mé +64)+% *c*coe 26]

= 4m2

= 4m2
(3 ).1

Let 20 = , and make 2mc / (m * + c ) = C ; then , after obvious trans

formations, (3) gives
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2010

ere P=

[montaj: S.[1+ CC0814]

.. (1 ) .

NS

After expanding (4) into a series of not less than two dozen terms, and

observing that the negative terms of the series will vanish on taking the inte

gral limits , we obtain a series expressing the perimeter of the Cassinian Oval.

Since m = 5 and c = 4 ; that is, since the semi-axes of the Cassinian Oval in

consideration are 3 and 1 lipear units, we have C= 41 . After a rather labori

ous calculation , we find P = 14.9831 + linear units. On page 223 of the July

August MonthLY, ( != ! i ; and four terms of that resulting series give a

perimeter ( P = 12.7329 + linear units ) too small by 2 ; linear units. Since the

moduli of these functions are almost unity, the resultiny series will not con

verge rapidly ; and with this same trouble, it must be remembered , M. Legen

dre also had to contend . Possibly some of the talented readers of the MONTHLY

will succeed in expanding ( j) , or (4) , into a rapidly- converging series.

After performing certain rather elaborate transformations of premises

approximative in derivation , we deduce the following two remarkable formulae

for the perimeter of the Cassinian Oval :

II . Transforming the Cartesian equation of the Cassinian Oval by the

formnlae, r = r cos 6 and y = r sin H, we have

p = ( m - ct sin ? 20) + c ? cos 2A . ... ( 1 ) .

Mt

... ),
... rdo --c ' *

-c ? [1/ (m * -c sinº 2A) + c ? cos 24] sin 2AJA

1 (on -csin ? 24)

c * [ 1 / (m * —-4 sin ? 24) +62 cos 24]sin ? 24

m * -ct sin ? 20

( B ) .

and ( o )Gr * = W m * * *

. : . P = 4mº Lave

1 ( m * - + sin 29 ) + c ? cos 24

mt - c4 sin ? 28 24 )24....(2).

Put (cºm ?) ? = ('2 ; then ( 2) can easily be transformed into

P = 4m

( 1 - C sin 24) + C ( 1 - sin ? 24 )
do

1- (' ? sin 2H
Sv( ' l= "

= +mv(1+ 0)SV[1+( 241 + 0*)=(2+ (?)sinº 20 ].4

1
(1+ C)/241 + 0+)=C1)S: 1 [1- (1-241 + =)= siu*

( + 0)[24

2 - ]24.

(1+C)/241 +
(-4)=C1) [1-2(1.3.2.6.2021

1.3.5 ( " )"

M2

2n - 1 - ]= ima
2

of which elliptic function M is the modulus, and n may have all consecutive in

tegral values from unity to infinity. When m² = 5 and c? = 4, P= 14.9652.
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III . From the Cartesian equation of the Cassinian Oval, we deduce

y ' = (m : + 4c? ? ) – (cº + xº).... (3 ),

an equation which gives all the real points of the Oval in consideration.

4c4 — 4c , ( x * ].z.

( m * + 4 % 2X ) [1' ( m + 4c* x * ) - ( c? + x² )]

.... ( v ) .

.

Representing the semi-axis major of the Cassinian Oval by

11 ,= 1 (m ? + cº ), we have

P= 4

2c - m '

m ' , (m ' - 0 "

m * (mº - cº)

(2c' -m ')

tic

(

2 [ [ [ *(m * — )

Jax

-mº)!!)JCE )

V [m * (m2 - c ) + (m + c ) (20 ' - mº)

m ?

+

m 1 (mº - cº)

20% -m
2

+c 2e

, ( )
log ((268 –mº),”(m®+c*)+vy*(028 5.:*)+(mº+c*}{2c*=m *)*?)] .

+ } log (9+1 (206))] =
= 14.9833,

3 / (106 )

- [ 2013

when m ? = 5 and c = 4.

(To be continued . }

POSTULATE II. OF EUCLID'S ELEMENTS .

By Professor JOHN N. LYLE, Ph. D. , Westminister College , Fulton, Missouri.

" Let it be granted that a terminated straight line may be produced to

any length in a straight line. ”

Euclid lays down the statement just quoted as his second postulate

regulative of geometrical constructions. Wherever in unbounded space any

point may be located to which a straight line has been extended, Euclid assumes

that the straight line may be lengthened out beyond that point.

Riemann assumes that every straight line is finite in length , and if ex

tended will ultimately return to the starting point .

If a straight line that is produced from a given point eventually re

turns to the same point, Euclid's postulate 2 is false.

On the other hand , if the second postulate of Euclid is true, the Rie
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mannian hypothesis that contradicts it must be false. This follows inevitably

by the logical law of Excluded Middle, according to which if one of two propo

sitions that mutually contradict each other is true, the other must be false .

According to the Euclidian view the longer a straight line is the

further apart are its ends.

According to the Riemannian view a straight line may be lengthened

until its ends approach and ultimately meet.

The hypothesis of Riemann and the 2nd postulate of Euclid contradict

each other. Hence, both cannot be true . To accept both is to discredit logical

law. To
say that we do not know which is true is to confess that we are not in

possession of geometrical Science.

According to the laws of lo zical deduction, if Euclid's postulate 2 is

false, the geometrical System derived from it is not true.

On the other hand, if the assumption that contradicts Euclid's postu

Jate 2 is false, the system logically deduced from it is not true. Sound geo

metrical propositions are not obtained by logical deduction from false data.

According to the Riemannian hypothesis the angle sum of a rectilineal

triangle is greater than two right angles. But Lobatschewsky proves in his

theorem 19 that the angle sum of a rectilineal triangle cannot be greater than

two right angles. The hypotheses of Lobatschewsky and Riemann, therefore,

are seen to clash with each other as well as with the axioms, postulates and

theorems of Euclid's Elements.

The chords of arcs of circles are not identical with the arcs subtended

by them . Hence rectilincal triangles should not be treated as identical with

spherical triangles. This statement holds whatever the length of the radius of

the sphere may be. The radius of every sphere has two ends, one at the centre

and the other at the surface. But every straight line with two ends is finito.

We are now face to face with Postulate III . of Euclid's Elements.

SUBSTITUTION GROUPS.

THE CONSTRUCTION OF INTRANSITIVE GROUPS CONTINUED .

Before seeking all of the possible intransitive groups of degree* six it

seems well to call attention to several facts which may be employed to advan

tage in this work. To illustrate we shall employ a group which was given be

fore, viz .

* The degree of a group is equal to the number of letters it involves. Thus (abel) pos is of the

fourth degree.
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abcach

(abcd ) pos. † = 1 ab.cdbdc bed

ac.bd adb abd

ad.bc acd adc.

If t and 8 represent any two substitutions then is

t- 187

( where t-' represents the substitution which reverses the operation indicated by

t ) called the conjugate of 8 with respect to t. t and t - are said to be the inverse

of each other, since tt -1 = t--1t = 1 .

We proceed to find the conjugates of ab.cd with respect to the other

substitutions of (abcd ) pos. We obtain the following results :

ac.bd ab.cd ac.bd = ab.cd

abc ab.cd ach = ac.bd

ach ab.cd abc = ad.bet

It can readily be verifid that all the substitutions in one of the above

columns transform ab.cd into the same substitution.

Definition. If all the substitutions ofa group transform all the substi- •

tutions of a subgroup into substitutions of the subgroup, the subgroup is called

a self conjugate subgroup of the given group.

1 , ab.cd , ac.bd, ad.be

constitute a self conjugale subgroup of (abcd) pos, while the subgroups

1 , ab.cd and 1, abc, ach

are not self conjugate. If we exclude identity and the entire group from

the subgroups, it can easily be verified that only one of the eight subgroups of

the given group is self conjugate.

Since all the intransitive groups of a given degree n can be obtained by

combining transitive groups such that the sum of their degrees is equal to n it

follows that all the intransitive groups of degree six can be found by com

bining

( 1 ) a transitive group of degree three with a transitive group of de

gree three,

(2) a transitive group of dregree two with a transitive group of de

gree four, and

(3 ) a transitive group of degree two with two transitive groups of de

We proceed to find the intransitive groups for each of these divisions

separately . We shall thus not only find all the groups but also each group

only once since it is evidently impossible for one group to belong to two of

these divisions.

[ To be continued .)

By (abc .... ) all we mean all the substitutions that can be formed with the letters a , b , c , .... d and

by ( abc .... ) pos we mean the subgroup of the preceding group which involves only its positive substitu

lions ; i . e . all its substitutions which indicate an even number of interchanges of two letters , In place

of ( abc) pos it is customary to write (ahc) cyc or joerely (abc) .

#The conjugate may be obtained by replacing each letter by the letter which follows it in the

substitution with respect to which it is conjugata. For let 8 = 1, a , a, .... ani let b , b , b, ...beth : le ters in

order which in t succeed the given letters of 8. Then t- 18t replaces ) , by a ,, a , by d.g , and a, by 6,: i . e . it

replaces ) , by 0, and similarly it replaces b, by bg . If aa is not explicitedly found in t we have to observe

that ba = Q q in using this method .

*Every group is transitive whose degree (n ) satisfies the inequality net.

gree two.
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ARITHMETIC.

Conducted by B. F. FINKEL, Springfield, Mo. Al contributions to this department should bo sent to him .

SOLUTIONS OF PROBLEMS.

*

50. Proposed by F. P. MATZ, M. So., Ph. D. , Professor of Mathematics and Astronomy in Irving

College, Mechaniosburg, Pennsylvania.

If A can walk to the city and ride back, he will require m = 5 hours; but if

he walk both ways, he will require n = 7 hours. How many hours will be require to

ride both ways?

1. Solution by A. L. FOOTE, Middleburg Connectiout.

Taking it for granted that he can walk or ride either way with equal

facility, we find that he could walk to the city in = 34 hours and can ride

back in m- = 5} –3 } = 1} and he can also ride to the city in 11 hours, so he

will
take 13x2=34 hours. On any other supposition the problem is

indeterminate.

II. Solution by H. C. WILKS, Murraysville, West Virginia, and J. P. W. SCHEFFER , A. M. ,

Hagerstown, Maryland

A can walk up and walk back in n == 7 hours. He can walk up and

ride back in m = 5 hours.

.. times of walking back and riding back differ by n - m = 1f bours.

Also times of walking round trip and riding round trip differ by

2112 — m ) = 34 hours. But he walks round trip in n= 7 hours.

Hence be rides round trip in n - 2 ( n -- m ) = 7–34 or in 2m - n = 3 ] hours.

III. Solution by Professor P. S. BERG, Larimoro, North Dakota .

To walk one way he will require hours. Hence to ride one way he
2

n

willrequire (m ) hours, and to ride both ways he will require

2 (mm)34 hours.

IV . Solution by G. B. M. ZERR , A. M. , Ph. D. , Professor of Mathomatics and Vice President in

Texarkana College, Texarkana, Arkansas.

= number of hours to walk one way, and

2m - n

= number of hours to ride one way.
2

2(?m = ^ )

.. 2
= 2m - n = number of hours to ride both ways.

2

But m = 5 , n = 7.

. : 34 hours=required time.

This problem was also solved by Professor COOPER D. SCHNITT, and the PROPOSER.9
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51. Proposed by F. P. MATZ, M. Sc ., Ph. D. , Professor of Mathematios and Astronomy in Irving

College, Mechanicsburg, Pennsylvania.

A banker , in discounting a note due in m = 4 months at g = 3 % per annum

charges C = C12 more than the true discount. What is the face of the note dis

counted :

1. Solution by G. B. M. ZEER , A. M. , Ph . D. , Vice President and Professor of Mathematics in the

Texarkana College, Arkansas

10m +1

m months +3 days grace - months.

10

( 10m + 1 ) 10m +1

= bank discount on $ 1 at ro% for months.
12000 10

1200 +mr

amount of $ 1 at 10% for m months.
1200

1200

= proceeds of $ 1 at r% for m months.

1200 +mr

1200 mr

1 1200 +'mo

= true discount.

1200 + inr

(10m +1) mr (1200 + 10mºr +mr)r

= difference.

12000 1200 +mr 12000 (1200 +mr)

12000 ( 1200+ mr) C
face of note.

( 1200 + 10m * r + mr) r

Substituting m = 4 , r=3, C= 12) , we get face of note = 835099.29.

II. Solution by the PROPOSER.

Represent the face of the note by X , and the number of days of grace

by 9 ; then the bank discount is (30m + g}rX / 36000, and the true discount is

nrX (1200+ mr). According to the problem ,

30m +9

X = C .... ( 1),

36000 1200+mr

36000 ( 1200+ mr)

of $ C , = $35099.2908, which is the face

[(30m + g )mr + 1200g ]r

of the note required.

Note-Make g=0 ; then X = 123725.00, which is the result of Mis

cellaneous Problem, No. 844, Lock and Scott's Arithmetic for Schools, page 281 .

III. Solution by COOPER D. SCHMITT, Professor of Mathematics in University of Tennesee,

Knoxville, Tennesee .

Interest for 4 mon. 3 da. at 3% on any principal is dit of the prin

cipal and bank discount is same as simple interest.

In true discount , the three days of grace are not counted .

The true discount on any principal for ; of a year at 3 per cent . is the

same as for one year at 1 % , which is 16t of the principal.

Hence, (1886-10u) of the principal = $ 121, or 113 & o of princi

pal=$121 , and the principal = 1411309 of 121 = $ 35099.29.

This problem was solved with different results by P. S. BERG, J. F. W. SCHEFFER, A. L. FOOTE

ጎቪ

[ 39m

. : X

and
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54. Proposed by D.P. WAGONER . A. B. , Principal of the School of Languages, Westerville, Ohio .

A man bought a farm for $6,000 and agreed to pay for it in four equal annual

installments at 6 % annual interest compounded every instant. Required his annual

payment. B. F. Burleson .

55. Proposed by J. C. CORBIN , Pine Bluff, Arkansas.

How long will it take to count a million , in the following manner: the count

er is to pronounce each syllable in the names of the successive numbers at the rate of

one per second

ALGEBRA

Conducted by J. M. COLAW, Monterey, Va. All ooctributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

46. Proposed by WILLIAM HOOVER, A. M., Ph. D. , Professor of Mathematics and Astronomy,

Ohio University, Athens, Ohio.

Find A from cos A + cos 3H + cos 5H = ( ....( 1) .

Solutions by JOE A. JOHNSON, Student of the Sophomore Class, University of Mississippi; E. L.

SHERWOOD, A. M. , Professor of Mathematics, Mississippi Normal College, Houston, Mississippi ; J. B.

PAUGHT, A. B , Indiana University, Bloomington, Indiana; J. C. CORBIN, Pine Bluff, Arkansas; G. I.

HOPKINS, Department of Mathematios in High School, Manchester, N. H.; OTTO CLAYTON, M. B. ,

Maxwell, Indiana; 0. W. ANTHONY, M. S. , Missouri Military Academy, Mexico, Missouri; and A. H.

BELL, Hillsboro, Illinois.

I. Equation ( 1 ) = cos H+ (4 cos3 A-3 cos A) + ( 16 cos5 A— 20 cos ' H

. + 5 cos 0) = 16 cos5 H- 16 cos3 A + 3 cos H = cos H ( 16 cos : A 16 0 + 3 ) = 0

... (2 ) . Whence cos 0 = 0 , . :: A = *
2

get cos? H= , or . .. cos H= #1v3, . ,, A 37, or and jn , which

3

are all the values < . J. A. Johnson .)

COS

7 7T

6
9

MT

II . Factoring (2 ) , (4 cos? A - 3 )(4 cos ? H -- 1 )cos H = 0 . Whence

π 5 2 4 1 3

cos H= + 1V3, + , 0 . NT , 31,

66 ' 6 6 3'3 r ; ;3 ; ,3 2

[ E. L. Sherwood. ]

7

.. NT >
7

1 , .

III . From equation (2) , we find cos t = 0; +1/3, or $ } . . : H=
2
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7
T

7 77

7 £ +

6 3 ( 2n + 1)ato:
9

6 atz ; or in general, n75 , 2n4nat

+ , (2n + 1)11)a =

n

22177
[ J. B. Faught.]

39

IV . From equation (2) , cos H = 1) . ..H = 90 °, 270 ° , .... If x = cos? H ,

the second factor becomes r ' - x = -16 , and c , = 1, 2 , = 1. , : cos 6 = 13

and cos H= 1 . . : A = 30 , 3300 .. , and H = 60º,60 300° . for particular

values.
[J. C. Corbin .]

V. Contracting the last two terms of ( 1 ) into a product of cosiner, by

the formula cos x + cos y=2 cos } (x+ y ) cos } (.c-y) , we have cos 6 + 2cos 40 cos A

π

= ( , or cos (( 1 + 2 cos 4A) = 0 , .. cos H = 0, and H= or 90 °, or in general

( 2n + 1 ); also , 1 + 2 cos 18 = 0 , .. cos + 0 = - , and H = 30 °, 60 ° , or in general

# (3n + 1 ). [ G. I. Hopkins, Otto Clayton .]

cos 3A sin 31

VI . Equation ( 1 ) = = ( ) . . : cos 3H = 0 ....(a ), or ,
sinA

sin 38 = 1)....(b ). From (a ), H = 3 ( 2n +1) 7 ; from ( b ), H = žna .

[ 0. W '. Anthony :]

1

VII. cos 31= cos Hcos 24- sip & sin 24 ; cos 5 = cos A cos 4H - sin A

sin 44. sin A= l'1- cos ? H, sin 28 = 2cos 1 - cos? H ; sin 1H = 4cos H (2cos H — 1)

ľ 1.- cos " H, cos 24 == 28 = 2cos A- 1 . Substituting, etc. , the given equation

becomes cos 44 - cos? = -1% ; whence cos H= 1 or 113, giving H = 60 or 30

for particular values. [ 11. II. Bell.]

7

NOTE . — The particular values given for this problem in Bowser's

Treatise om Trigonometry, page 128, are 1.- Editor,

2

Also solved by P. S. BERG , A. L FOOTE, F. P. MATZ, P. I. PUILBRICK , J. F. W. SCHEFFER

C. D. SCHMITT , W. 1. TAYLOR , and G , B N. ZEER .

47. Proposed by LEONARD E.DICKSON, A. M. , Fellow in Mathematics, University of Chicago,

Chicago , Illinois .

Prove that ( -1 ) ( - 1 ) = +1 .

Solutions by the PROPOSER ; G. B. M. ZEER, A. M , Ph. D. , Professor of Mathematios in Inter

State College , Texarkana, Texas; H. W. DRAUGHON, Olio , Mississippi ; P. H. PHILBRICK, M. S.,

Chief Engineer for Kansas City, Watkins & Gulf Railway Co. , Pineville, Louisiana ; J H. GROVE,

Professor of Mathematics in Howard Payne College, Brownwood, Texas; P. S. BERG, Apple Creek , Ohio;

W. I. TAYLOR, Baldwin University, Berea , Ohio : Professor J. F. W. SCHEFFER, A. M. , Hagerstown,

Maryland : A. L. FOOTE , C.E , Middlebury, Connecticut; and F. P. MATZ, Sc . D. , Ph. D. , Professor of

Mathematics and Astronomy in Irving College, Mechanicsbu
rg

, Pennsylvani
a
.

1. Assuming the distributive law to hold, (-1) { ( + 1) + ( - 1) , or 0 ,
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= (- 1 )( + 1) + (- 1) (– 1) . Assuming the commutative law, (-1 ) ( + 1 )= ( + 1 )

(-1) =- 1, . , - 1 + ( - 1) ( - 1) = 0, or (-1)( - 1 ) = +1.

This proof was suggested by a longer one due to Professor D. A. Hull

of Upper Canada College [ L. E. Dickson .]

II . (-1)( - 1) means that – 1 is to be taken subtractively one time.

. : 0 - ( - 1) = + 1. . : ( - 1) ( - 1 ) = +1. ( G. B. M. Zerr .]

. ' . -1III. -lxa= -0. - 1x ( - 1) = - (a - 1) = - a + 1.

x [ la-- 1 ) -a)=-a +1 - ( -a) =-a+ l + a = 1 [ P. H. Philbrick .)

IV . (-1) ( - 1) = ( - 1 )( + 1) - ( - 1)( + 2) = - 1 - ( - 2) = - 1 + 2 = +1.

[ II. W. Draughon .]

V. Definition : -n is the number which added to n = 0 . We know

that (-1) x1= -1 ; suppose (-1 ) X (-1) =x. Adding we get, ( -1 ) (1-1 ) =r- 1 .

But (-1)(1-1) = 0....0-1 = 1..: x = + 1 . . : ( - 1 ) ( - 1) = +1.

( J. II . Grove.]

VI. To multiply one number by another we do tu the first what is

done to unity to produce the second. [See Smith's Algebras, Vau Velzer and

Slichter's Univ. Alg. ] . : 1-5 )( - 3 ) = ( - 5 )( - 1-1-1) = - ( - 5 ) - ( - 5 ) - ( - 5 )

= + 5 + 5 + 5= 15. Similarly , (-1 ) (- 1 ) = (- 1 ) (- 1 ) = - (- 1 ) = + 1 .

[ P. S. Berg, F. P. Matz.]

VII. According to Wood's Elements of Algebra, 17th edition, we have

1-5) (- 3)= +15. Here -3 is to be subtracted 5 times ; that is, -15 is to be

xubtracted . Now , subtracting -15 is the same as adding +15. Therefore, we

have to add +15. Similarly , ( -1 ) (- 1 ) = +1 .

[ W. I. Taylor, F. P. Matz .)

VIII. The case( -a) ( - 5) = tab is purely conventional and conse

quently an assuinption, which, however, does not deprive the result of its great

importance to algebraic operations. [ J. F. W. Scheffer.]

IX. For illustration , (a -- b) (c — b ) = (c - ba- (c - b )b, but (c—b)a=

16 - ab and ( c - 6 )b = ch - b.b, and we have ( a − b )(c - b) = ac - ah- (ch - bb). Now

as we are to take ch less b.b from ac - ab, we first take ch and we have ac - ab

-ch; which is too much by b.b ; we therefore add 3.b and get ac - ab - cb + b.b,

but 6.8 is found from (-6) (- ) = +6.6. Take b = 1 , then (-1 ) (- 1 ) = +1 .

[ A. L. Foote.]

X. Revolve the vector ( + a) about its origin A , through an angle of

180 ° , and it will become the vector (-a) , or will be multiplied by (-1 ) .

Making a equal to unity, then revolving the vector (-1) about its origin A ,
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through an angle of 180 ° , and it will become the vector (+1), or will be multi

plied by (-1) ; that is, (-1) (- 1 ) = + 1.
( F. P. Matz.]

PROBLEMS.

· 56. Proposed by CHAS. E. MYERS, Canton, Ohio, and Hon. JOSIAH H. DRUMMOND , LL . D. ,

Portland, Maino.

(a) , How much can be paid for a bond , bearing 5 % interest and having ten

years to run , so as to realize 3 % ou the investment? [ C. E. Myers ]; (b) , At what price

must thegovernment sell 5% $ 100 bonds to run ten years, interest payable annually ,

to make them the same to the buyer as 3% bonds at par, to run ten years, interest

payable anually , provided the buyer can invest all interest received at 4 % interest

payable anually ? [ J. H. D. ]

57. Proposed by J. C. CORBIN, Pino Blaf, Arkansas.

Find the quotient of

| (8-a , ) a , 0 , ....... 0 ,

a , (8 - a , ) .a , de la 0 ,

az (8 - a3)
.03

-a ,
2

.02

nzi + (13 ( 3
8-13

9

ani ... .8-an an an ....
-Anl

GEOMETRY.

Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

46. Proposed by B. F. BURLESON , Oneida Castle, Now York .

Determine the radius of a circle circumscribing three tangent circles of a

radii a = 15 , b= 17, and c= 19.

1. Solution by the PROPOSER ; J. F. W. SCHEFFER , A. M. , Hagerstown, Maryland; A. H.

BELL, Hillsboro, Illinois; and F. P. MATZ , M. So., Ph . D. , Mechanicsburg , Pennsylvania.

The problem has two cases : first, when the three given circles are tan

gent internally to the required circle, as in the problem ; and, second, when the

required circle is tangent to them externally . But one solution involving the

resolution of a quadratic equation, will give the answers to both cases.

give the figure for the first case only .

We
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OLE

C D

Join the centers of the three given circles forming the triangle ABC.

Put AF = a = 15 ft . , CH = h = 17 ft. , and BG=c

F

= 19 ft. Draw CE perpendicular to AB. Let 0
АA

be the center of the required fourth tangent cir

cle. Draw the radii R = OC'll = 0AF = ( BG .

Drop on C'E the perpendicular 00' , and op AB
Hн

the perpendicular OD. We have AC = a + b,
B

AB = a + c and BC=h + C. It is evident that

40 = R - a, B0 = R - c, and C0=R -- h. We

have in the triangle ABC, by geometry :AB:BC

+ AC :: BC-AC:BE-AE ; that is, cta : a + 2)

+0 :: c - a : (a + 25 + c )(c - a ) = BE - AE.

.. AE = ( a ? + ac + ab -- bc) + (c + a ), and BE= (c? + ac + bc - ab) + (c + a ).

Again in the triangle AOB, we have 1B :A0 + BO :: A0 - BO : AD- BD;

that is, c + a : 2 R -- (c + a) :: c - a :(2R - A — c)(c - a ) - (c + a ) = AD - BD...

AD = (a ? + ac+Re -Ra)+ (c+a) , and BD= (c? + ac- Rc+Ra)-(+a) . Now

00 ' = DE = BE - BD = (bc - ab + Rc-Ra)+( c+) ; also EO = DO

= (BO): --BD ) = 2 (Rac - Ruo' - Ra'c) + (c + a ). The perpendicular

( E = 2 , [abc(a + b + c )] = (c + a ). Now CO’ = CE - EO' = { 2 {abc(a + b + c) ]

-2 , ( R%ac- Rac – Rac) + (c+ a ) . Again C0 = 1 ' (CO ' ? + 00'3) =

✓tabc + tabac + 4abc' + 4Rac - 4Rac? -4Rac + bc - ab + Rc - Ra)?

-8 , [abc(a + b + c)(R’ac -- Race - Rac)] } - (c+a) . Putting this value of

( 0 = R - h and clearing the resulting equation from radicals by two success

ive involutions, we obtain the quadratic eqnation , after dividing by (c+ a) * :

[ Pabela + b+ c)- (02)2 + a% c? + 2C% )] R ?– 2abc(ab+ ac+bc)R=a l?c?.

Whence hy resolution ,

abctab + ac + bc) + 2abcv abc(n + b + c) 4181235–4941901 95
R

2abc(a + b + c) - (aº ) 2 + a ? c?+ 6* c ?)
243611

= 36.93594828+ feet, or — 2.60880378 + ft . The negative value of R , regarded

as a positive quantity, is the radius of the circle that is tangent to the three

given circles externally.

II. Solution by G. B. M. ZERR, A. M., Ph D., Vice President and Professor of Mathematios in the

Texarkana College, Texarkana, Arkansas .

Let BG = a, = 19, CH = h = 17 , AF = c = 15, OG = OH = OF = r.

7,2 + ab+ bc - ac

.. cos BCA =

72 + ab+hetac

97

192

cos BCO =

1 +ab+ ar-br 306-+ po

artbr- 72 - ab 18-306
9

12 + bc + cr - hr

COS ACO =

crtbr - 6² bc
ACO

272-r

16--272

But cos BCA=cos (BCA + BCU ).
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2

abc ab + ac + bc + 2V abc(a + b + c) } { 863£1021'95 / 4845 .
..r =

4abcia + b + c ) - (ab + ac + bc)
243611

..r = 36.93595 or-2.608803 .

The first value is the radius of circumscribing circle, the second is the

radius of the circle inscribed in the space enclosed by the three circles.

PROBLEMS.

V 50. Proposed by B. F. FINKEL, A. M., Professor of Mathematics and Physics in Drury College,

Springfield, Missouri.

Draw a line perpendicular to the base of a triangle dividing the triangle in

the ratio of m to n .

v 51. Proposed by G. B. M. ZERR, A. M.,Ph. D. , Vice President and Professor of Mathematios in

the Texarkana College, Texarkana, Arkansas.

To construct a trapezoid ; given the bases, the perpendicular distance between

the bases and the angle formed by the diagonals.

CALCULUS.

Conducted by J. M. COLAW , Monterey, Va. All coctributions to this department should be sent to him

SOLUTIONS OF PROBLEMS.

36. Proposed by H. C. WHITAKER , B. 80. , M. E., Professor of Mathematics, Manual Training

School, Philadelphia, Pennsylvania.

A cube is revolved on its diagonal as an axis . Detine the figure described

and calculate its volume .

Solution by G. B. M. ZERR, A. M. , Ph. D. , Vice President and Professor of Mathematics in the

Texarkana College , Texarkana, Arkansas.

The surface of the solid is that generated by revolving ADECB about

AB as an axis.

Let AD = BC = a be the side of the
D С

cube. Then AC=BD=aj 2,

all
2a

AC2 .
.. AK =

G

( 'K' ! = AK . BK = AKAB - AK ).

A
Ο Η κ Β

.. CK =

AB=aV3,

13

41
2

13

a/2

GH = { CK =
EO:AO = CK : AK . .. EU =

313
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Area ACB = area ADB= ?AB.CK ="*, 2 = A.

3a 2

Area 1 B = LIB.E ( =

8

l = ruquircil volume=2(21 G 11. A ) — 24 E0.4

23a3a

. ; P =

for

33

a3a3

8

23a% 11,3

722413

a

37. Proposed by J. A. CALDERHEAD , Superintendent of Schools, Limaville, Ohio .

A man ties two mules—one to the outside of circular wall , the

other to the inside . If the lengths of the ropes of each is one-fourth the circumfer

ence of the wall, and both together can graze over one acre of ground : ind the cir

cumference of the wall .

1. Solution by COOPER D. SCHMITT, Professor of Mathematios in the University of Tennessee,

Knoxville, Tennessee.

Let S be the point where the mules are fastened. The mule grazing

on the outside, grazes over the semi-circle EGF + IISE and FSP. The mule

on the inside grazes over the segment SHA + segment SKD + sector ASD .

We must find the area of these different portions

and their sum equals one acre or 160 sq . rods. E

1. To find the area of sector ABDSA. Since

IS =

we have cos ISB = 7. :: ASB = 38 15 ' ,2 G S

and area of sector =
764 A ? 7 ?

360 4

FI KD

2. To find area of segment SHA . LSC1
Р

= 103.30 '.
Segment SHA = sector SHA - AASC

103

360 -Api- } sin 103 " Segment DSK-segment SANI.

777

.

3.

A rea of EG F = $7(****).

4.
Area of involute ESHA = area CHE + area EC'S - area SCI

S( ' 3

= {by the Calculus) + $ SC.rar But SC = r . . :: involute

67

ESIIA = ([ar)3 + 67 + 1.Ar.r— 14p2 = 18737 %.

The area of involute FSLK = area of involute ESJA .

Combining these different areas, we have

153 73 207

+ -1 - sin 1031 ° + + = 160.
360 8 24» [

n3

]

5173 207 7

-+ 7 - .9724+
960 360 6f'] 160,



278

211 207

-0 % +

-960

-- . 9724

360

-160 ,

pº[6.8148 + 1.8064 - .9726 ] = 160, 7 ° (7.6486) = 160, 7 = 20.91, r = 4.57.

2nr = 28.714 + the circumference of the wall .

II. Solution by G. B. M. ZERR , A. M. , Ph . D. , Vice President and Professor of Mathematics in the

Texarkana College, Texarkana, Arkans& 8.

Let ASD, in Fig. above, be the given wall . S the point where the

mules are fastened, a= radius of wall , p= _ KCL, PL = P , = radius of curva

ture of involute KPF, A= LASC.

We now have the three areas to find :- ( 1 ) area SHABDKS, ( 2 ) the

the two equal involute areas SHE and SKF, ( 3) area semi-circle EGF.

Si= SE = na.

. : . Area semi- circle EGE= 473a .. ( 1 ) .

Area of an element between two consecutive radii of curvature is

1A = pdo = ļa pºdy, since prag.

.:.Area (SITE + SKF) = a*S *4ºdq = 31,7 *9*...(2).

butArea common to both circles = 1 ' ( 1 + 2A cos 24- sin 24) ,

2a cos H = an , . , cos.A = ,

.. Area common to both circles

4

. ' , a
8

n

= q * * + 1(7* – 8)cos-1 1 16-7 ?16–77 ...(3)

qe --
673 + 1 + 1(7--8)cos -1 | 15-7 } = 160 sq . rods.

4

. : a ( 7.337 +.4674 cos-- 1

a*(7.

- 160
sq . rods.

. :: 7.64896a = 160, a = 4.5736 rds.

2na=28.7368 rods, = circumference required .

Also solved by A. H. BELL and F. P. JATZ.

1
7

PROBLEMS.

45. Proposed by Dr. GEORGE LILLEY, Portland , Oregon.

A fly starts from a point in the circumference of a table, 33 feet in diameter.

and travels uniformily along the diameter to a point in the circumference of the table

directly opposite the starting point . The table moves uniformily to the right

about a center axis in such manner that it makes one complete revolution while the

fly passes over its diameter. Find the absolute path described by the fly and the

ratio of rates of movement of the table and the fiv.
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46. Proposed by H. C. WHITAKER , M. E. , Sc. D. , Professor of Mathematics, Manual Training

School, Philadelphia, Pennsylvania .

There are four points A , B , C , and D in space . Point D remains fixed with

its co -ordinates ( 1 , 2 , 2 ) feet . At a given time A is at (2 , 3 , 4 ) feet, is moving in a

straight line at the rate of 3 feet per minute, and has passed through (5, 9 , 10 ) feet:

B is at ( 1 , 4 , 2 ) feet, moves in a straight line at the rate of 7 feet per minute, and

will pass through (-2, 2 , 8 ) feet ; C is at the origin and moves along the axis of X in

the direction of x positive at the rate of 6 feet per minute.

The motion of the points being continuous before and after the given time,

required the times when the volume of the tetrahedron whose edges are the lines join

ing these points will be 108 cubic inches.

MECHANI
CS.

Curlusted by B. F. FINKOL, Spriaziold , M ) . All oontributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

26. Proposed by F. P. MATZ, M. Sc. , Ph. D. , Professor of Mathematios and Astronomy in New

Windsor College, New Windsor, Maryland.

If an elastic sphere be electrified in such a manner that the initial internal

pressure remains constant, determine an expression for the ratio of the electrical densities

when the volume of the sphere has been increased to (m +1) times its initial volume.

1. Solution by the PROPOSER.

Assuming r as the initial radius, and R as any greater radius, we have

Y ?

+ y + z = p .... (1) and 2% + y + z = R ' ....(2) , as the result of the volume

increase. These Cartesian equations are transformable by means of the well

known equations, x = p cos and y =psin A. Choosing the integral limits so as

to give the total internal pressure, we have for the work done in increasing the

initial sphere , radius r , to a sphere of radius R, when 2, = 1 /(2 * -p%) and

zx = R : -pº ),

w-s( )S * "
S'2pdødpx8S" S "S" pdpdz-SS"płpdz]dø

> (ST)[ 2 – ° ]....( 3).

Specializing in (3 ) , for R' = mp3 and for R ' = (m + 1) ; 3; representing

the electrical densities, the ratio of which is to be determined , by Am and

Am + 1;

then equating the specialized results obtained from (3 ) , to the poten

tial energies of the electrifications similarly specialized , -that is, according to

Helmholtz's formula, to

O

8S" S"2pdvap]'.

we have the required ratio ,
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Am

V (1- .... (4)Am+1

Let P

II. Solution by G. B. M. ZERR , A. M. , Ph. D., Vice President and Professor of Mathematios in the

Texarkana Collego, Texarkana, Arkansas.

be the excess of pressure, on the assumption that the external

pressure is costant.

Let u = original volume, then when the sphere is n times its original

volume, the work done in this electrification must be

p (n - 1 )u , (see Minchin's Statics).

Let v be the potential, Q the charge of this electrification , r = radins of

sphere, 6 = electrical density.

. : energy of electrification = fvQ. But r =But r = ? and Q = 47786 .

:: p(n - 1)u = } { *= 87*;*09.= 812730 ° . But j1273 = nu .

. : p (n - 1)u = 6nno’u.

. : p ( n - 1) = 6n7o .

Similarly, when the sphere becomes ( mn + 1) times its original size we

yet, if o , is the density, pm = 6 (m + 1)70,.

(nn + 1 ) (0-1) -1

0

1

6

if n = m .

1 m ?mn

27. Proposed by G. B. M. ZERR, A. M., Ph. D. , Vice President and Professor of Mathematios in the

Texarkana Collogo, Toxarkana, Arkansas.

One thousand balls, each having a mass of 10 grams, and each moving with a

velocity of 10 kilometers per second, are confined in a certain space with elastic walls.

Into the same space are now introduced one thousand balls each of 1000 grams mass.

and moving with a velocity each of 10 kilometers per second ; collisions take place,

and finally , after a number of encounters , the average kinetic energy of each of the

two thousand balls is the same. Show that this is 5.75( 10) 11 in the centimeter-gram

system .

Solution by 0. W. ANTHONY, Profossor of Mathematios and Astronomy, Now Windsor College, New

Windsor, Maryland and the PROPOSER.

By Avogadro's hypothesis and kinetic theory, if M, M are the masses

and 1 , V , the velocities of two balls, then ! M V and ļM V"? are their re

spective kinetic energies. As the average kinetic energy of each ball is egnal,

we get !MV ? = M , V.

.. The average kinetic encrgy = } (IMI" + M , V'? ) = E.

.. E=IMV ? + M , V :).

Let V = V1, then E =IM + M ,) V ?.

V = 10 kilometers = 106 centimeters.

M=10 grams, M , = 100 grams.

.. E = {( 10 + 100) 101 ! = " 1 x 1013 = 2.75 1013 = 2.75 (10 )13.

Also golved by F. P. MATZ.
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PROBLEMS.

33. Proposed by F P. MATZ, M. So , Ph. D. , Professor of Mathomatics and Astronomy in Irving

College, Mechanicsburg, Pennsylvanis

At what angle with the axis of a stalk must a sharp wedge-shaped blade be

struck, in order to sever the stalk with the least force?

34. Proposed by 0. W. ANTHONY, Profossor of Mathematios and Astronomy, Now Windsor Col

lege, New Windsor, Maryland

A particle is placed within a thin cylindrical shell without ends . Find the

resultant attraction , the cylinder being composed of matter attracting according to

the laws of nature .

AVERAGE AND PROBABILITY ,

Conducted by B. F. FINKEL, Sprin ;fald , M ) . All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

25. Proposed by G. B. M. ZERR, A. M., Ph. D., Vice President and Professor of Mathematics in

Texarkana College, Texarkana, Arkansas.

The probability that the distance of two points taken at random in a given

convex area , A , shall excel a given limit ( u ) is

1

( C3 – 3aC + 2a3)apda,

34: SS(09–3
a6

where ( ' is a chord of the area , whose co -ordinates are p 4; the integration ex

tending to all values of p, 4, which give a chord Cza. What is when the

area is a circle ? If in the circle q = r = radius, A

3,3

17

Solution by the PROPOSER .

Let ST be the chord ; P, Q the random points, OR = p, the perpen

dicular, LROA=0 , SQ=I, PQ = Y, ST = C .

An element of area at Q is dpdx ; at P , ydHdy. The limits of x are o

and C - a ; of y, ( -x and a , and doubled.

Since two points can be taken in A ways in the area A , we get for the

required chance
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1
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S

s = å SS avdp SO "Spyurdy,

- SandpS 07–9C+++* - * ydr.

BASS « • 2a

R

P

А

!3–3a ( '+ 2a3 )dHilp. Q

Now let the area be a circle with the origin at

T

centre. Then ('= 2V7 —p?, when r - radius. The limits of H are 0 and ,

doubled , of p, ( and {V 4p? --a ', and doubled.

4
# 1 #r ?-as

{ * ' - ) : ,

3n ? 4

1

27 " pt
(a * + 2ar®)(+r:–q*):+8:*( –q*)sin- (1- ?)" }S **

* ; (2+ ) - ) + ( )-in-|(1-3)

+

If a = i , A

3,3

401

26. Proposed by J. WATSON, Middloorook, Ohio .

Find the average area of all right- angled triansles baving a given hypotenuse.

1. Solution by F. P. MATZ, M. So., Ph . D. , Profossor of Mathematics and Astronomy in Irving

Ojllego, Moohaniosburg, Pennsylvania.

Let h = the given hy potenuse , and x = the base ; then will , (7-7 ) =

the perpendicular, and the area of the triangle is 1 = 1 + 1 (1, -r ). Hence the

required average area becomes, if ih , 2 = 1 ,

A-SA +S"., 1s4 =( 2, 2-1 ) .

Socond Solution.

Represent the base by h cos 6 , and the perpendicular by h su Hi then

we have 1= $h* S*"sin 6cos hd# + "cos#df.=;' °(2.12–1).

0 0

II. Solution by G. B. M. ZERR, A. M., Ph. D. , Vice President and Professor of Mathematics in

Texarkana Colloge, Texarkana, Arkansas : 0. W. ANTHONY, Professor of Mathematios , New Windsor

College, New Windsor, Maryland; J. F. W. SCHEFFER, A. M. , Hagerstown, Maryland; and H. W.

DRAUGHON , Olio , Mississippi.

Let AC = 2a = hypotenuse of triangle, AD = D (' = DB = a , and

LCDB = A
... BE = a sin 8 .
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.. Area = u ” sin 8. Perimeter=2a(cos # + sin H + 1.

Let A = average area, P=average perimeter.

2a

. : =

: Sſ " sin Hall

Sa

7

dH

24 S"(cos40+ sin £ 6+ 1 } ah
201 ( 4 + 1)0

P =
7T

S

da

0

III. Solution by 0. W. ANTHONY , Professor of Mathematics, New Windsor College , New Windsor,

Maryland; P. S. BERG, Larimore, North Dakota ; and H. W. DRAUGHON, Olio , Mississippi .

Let ( = the hypotenuse, and x one of the sides.

Then the area of the triangle = }XV (RP — ?) and the required average

itrea

6

S" 1.4 ( 4 * –- *)

Sadu

NOTE.--We have published these various solutions in order

that the authors
may compare

their results and decide upon

some definite method of solving this problem . It is our opinion that the result ,

27 is correct; for the number of triangles is equal to the semi-circnference

whose diameter is the given hypotenuse a , that is to say , the number of tri

angles is proportional to the locus of the vertex of the right angle and not pro

portional to the variable sides. But if this method of solution is adopted

for this problem , it will vitiate the solutions of a great many problems in

Arerage and Probability, --solutions that have gone in print in numerous Jour

nals and text books.

Dr. Artemas Martin proposed this problem in the Educational Timex,

London, England, for October, 1869. The published solutions both in

the Times and the Reprint give the answer Dr. Martin says, Mathematical

Magazine, Vol 1. , p . 216, " I do not regard that method [ the method assuming

that the vertices of the right angle are uniformly distributed on the semi-cir

cumference of a circle whose diameter is a] as correct. The vertices of the

right angle will all be situated on a semi-circumference whose diameter is a , but

they will not be uniformly distributed on it . In order to obtain all the tri

angles, one of the legs should be made to vary uniformly from 0 to a."

He then produces a very beautiful solution without the aid of the cal.

culus and gets as a result, } a . Then he gives another solution which is the same

as ini. above.

21
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Now it seems to ns that whether the triangles are uniformly distributed

on the semi- circumference or not is of no concern in the solution of the problem .

The question is ( 1 ) , how many right triangles are there whose hypotenuses are

m ; and ( 2 ) , what is the area of each one of these triangles ? Having found the

numbers answering to these questions, we divide the sum of the areas of the

triangles by the number of triangles, according to the principle of Mean Value,

and get the required result. The sum of the areas of the triangles is easily

found by the aid of the Calculus and the number of triangles is equal to the

semi-circumference of a circle whose diameter is a . This is, in our opinion, the

correct solution and agrees with 11. above. All of the above solutions are,

dloubtless, correct from the stand -points of the authors, but the stand-points

of some must be wrong. As it is the object of the Monthly to aid in the

establishment of sound principles in all departments of Mathematics, we

shall be pleased to publish, in the next issue, brief notes on these solutions from

various contributors.
[ EDITOR .]

PROBLEMS.

33. Proposed by F. P. MATZ, M. Sc , Ph . D , Professor of Mathematios and Astronomy in Irving

College, Mechaniosburg, Pennsylvania.

Find the average area of all regular polygons having a constant apothem .

34. Proposed by B. F. FINKEL, A. M. , Professor of Mathematios, Drury College, Springfield,

Missouri.

Two points are taken at random on the circumference of a semi-circle. Find

the chance that their ordinates fall on either side of a point taken at random on the

diameter .

DIOPHANTINE ANALYSIS .

T

Conducted by J. M. COLAW, Monterey, Va. All ooctributions to this department should be sent to him .

DIOPHANTUS' EPITAPH.

Hic Diophantus habet tumulum , qui tempora vitae

Illius mira denotat arte tibi ,

Egit sextanten juvenis ; languine malas

Vestire hinc coepit parte duodecima.

Septante uxori post haec sociatur, et anno

Formosus quinto nascitur inde puer .

Semissem aetatis postquam attigit ille paternae

Infelix subita morte peremptus obit .

Quatuor aestates genitor lugere superstes

Cogitur: binc annos illius assequere.

1
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"* = +* +y*+ 2°+ * + (134 + 23 + rn +ya +y9 + zn
3

1,90 + 30)]'

11

An Equation for the Sum of Squares equal a Square" by R. J. ADCOCK , Larchland, Illinois.

The following identical equation for the sum of squaresra square,

have not seen published. If u = x + y + z + v + w , u * = 22 + y2+32 + 12 + 2° + 2.cy

+222 +2.00 + 2.cw + 2yz + 2y» + 2yun + 2zv +220 + 2vw ; and if the sum of products

ry + x2 + xv + ya + yvtzv

two in a set = 0), = 1 " + y + + 72 + 2 * ,
x + y + 2 +

ry + x3 + .ro + ya + ya + 20

x + y + i + v

ry + xz + rv + yzi + yut

: + y + 1
x + y + z + v

Clearing of fractions and reducing, [ + ( x + y + z + v )]? + y ( x + y + z + v )

+ zº (. + y + 2 + 0 ) +7 ( + y + z + v ) : + (ry+12+x2 + y2 + yv +20)? = (.7 ° + y + 2

+ 72 + ry + r2 + r + ya + y + zr ) . True for three or any greater number of

letters.

COMMENT. - In the solution of problem 21 , page 163, Vol. 11 , May No.,

Dr. Martin uses an ingenuous method for finding a general formula 'to find

nine integral square numbers whose sum is a square number."

The saine formula, expressed for finding n integral square numbers

whose sum is a square number, may be produced , more directly , from (2pq )?

+ p ' - , *)' = (p: +9 ) ? Put pe -- 10 ; +mg + mga+ .... + m *---- and qe =mº ,,

in which m ,mg, ing, ....mn represent any w integers.

We readily obtain (2m , men ) + (2m2mn) ?+ (2m2mn)? + ...

+ (21n -1m . ) + (m + more + mg + ... + m - ; - m , ) = (m ; +me +mga + ....

+ mm .

Illustration . Let n = 9 , and put m , = 1 , ing = 2, mg = 3, in , = +,

mg = 5 , " g = 6 , mq = 7 , mg = 8 , and m , = 9 . Substituting these values in the

formula and dividing by 12, we obtain 1 ° + 2 ° +3 ° + 1° + 5 ° + 6 °

+ 7 ° + 8 ° +11 = 20 ' .

1

1

PROBMEMS.

37. Proposed by A. H. BELL, Hillsboro. Illinois.

non - 3 )

Find the first four, integral values of n in

This is the general form of septagonal numbers, 1 , 7 , 18 , 31, 55 , etc.

38. Proposed by H. C. WILKES, Skull Run West Virginia.

Let , be any number and let 3 + 1 = .. Then ? + ( 2.1-3)3 + (n.4. - 3n ) ?

= n " .03. How can this be demonstrated ; it will always be found true on trial.

39. Proposed by F. P. MATZ, M. Sc. , Ph. D , Professor of Mathematios and Astronomy in Irving

College, Mechaniosburg, Pennsylvania .

The mth root of the nth power of an integral number is a perfect pth power,

What is the number ?
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MISCELLANEOUS.

Conducted by J. M. COLAW, Monteroy, Vå. All oortributions to this department should bo sent to him.

SOLUTIONS OF PROBLEMS.

16. Yale Senior Prize Problem .---Contributed by H. A. NEWTON, LL. D. , Professor of Mathemat .

ios , Yale University, New Haven Connecticut.

The axes of two right cylinders whose bases are circles of t and 6 inchies

radius respectively, intersect at right angles. Compute to four decimal places the

lengths of the curves of intersection of the two surfaces .

Solution by F. P. MATZ, D. Sc , Ph . D. , Professor of Mathematics and Astronomy in Irving College,

Mechanicsburg, Pennsylvania.

Make m = 6 inches, and n = 4 inches; then the Cartesian equations of

the cylinders become : + r ? = m ....( 1) and y ? + r ? = n ....(2 ).

7d :

dar
( 3 ),

1 (m " -7 )

and

dr
(n - 1 )

. ( 1) .

Hence the expression for the lengths of the currex of intersection of

the two surfaces becomes , Todhunter's Integral Calculus, p . 116 ,

L - sS / (1+ + -(s)
.

+

Make ' = 1 m , and = n sin d ; then darn cos pild . Transforming (5 ) , etc.,

L =slim dresſ-->)dr =s» ], 14 -efsini Sad

= 8n "[1+ feºsinº $ + (3c6 – £u*)sin*6+(1% .*— }ĉ )sinº€ + etc.Jdó

1 ] = 51

= 1711 +

16

111ct

+ + etc .

4016
= 51.9363 + inches.

20. Proposed by SAMUEL HART WRIGHT, M. D. , M. A. , Ph . D .. Pena Yan, Yates County,

New York

When will the Dog - Star and the Sun rise together in lanitude 1 = + 42-30 ',

if the right Ascension of the said star be a = 6h . 40m . 30s, and the Declieation

O = -16 33 ' 56 ' ' ?

Solution by F. P. MATZ, Sc. , Ph. D. , Professor of Mathematics and Astronomy in Irving College,

Mechanicsburg , Pennsylvania.

According to Chauvenet's Spherical and Practical Astronomy, Vol. 1. ,
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N

IW

218, Art. 153, we have for the hour-angle ofthe Dog-Star,

* = £ cos - [ - tan 1 tan 8] , =74° 10 ' 57." 77 , = th. 56m . 43.851s. The sidereal

time of the rising of the Dog-star is , therefore, A=a- t,= 1h. 43m . 46.1498.,

= 25 ° 56 ' 32 " .325.

The problem now is to find on what day of the year the Sun will rise

at the sidereal time of the rising of the Dog -Star.

In the accompanying diagram, let E represent

the Sun just rising; _VPQ=0; QZ = 1 ;ZP = 90-1;

VP = 29 = 90 ; LPVE = 90 ° ; and LEVE = 23 ° 27' 18 ".

82. Now, LPVE = 66 ° 32 ' 41'.18 ; and from the
E

spherical triangle PVZ, we deduce _PVZ = 25 ° 32 ' 24 " , 10

and VZ = 18 . 30' 8 " . Obviously z ZVY = 90°

- ( PVZ + LEVE ) = 41 ° 0' 17 " .18 .

S

From . the spherical triangle VZE, we deduce 2 VX2 =

29 ° 26 ' 18 " , and VE = 131 ° 25' 23 " .t. Now, VE is the longitude of the Sun at

the time the Dog -Star and the Sun rise together. With a mean daily motion of

59 ' 8".3302,the Sunreaches this longitude 133 } days immediately succeeding the

tinenty-first of March, or on the first day of August.

This problem can be solved in four different ways; and some of the re

sults of these solutions indicate the second day of August as the required date.

22. Proposed by F. P. MATZ, D. So , Ph . D. Professor of Mathematios and Astronomy in Irving

College, Mechaniosburg, Pennsylvania.

From what kind of dry wood must a ship's log be cut , in order that the log

inay float with its center of gravity at tlie water's surface?

1. Solution by B. F. BURLESON , Oneida Castle , New York, and the PROPOSER .

The ship’s log, a circular sectant in form, floats with the conver part

immersed. If the central semi-angle be a, the portion of the log not immersed

is ara. Consequently, the portion of the log immersed , becomes,

1 = ( x - 4 sin a tan a 9a ? ) ? ....(1 ).

If
= the specific gravity of the log,

1 9a - 4 sin ? a tan a

9a3

8,3

N3
= .5531096,

110

which, according to Hutton's Table of Specific Gravity of Bodies, is the specific

gravity of Dry Fir; and , according to Scribner's Table of the Specific Gravity

of Bodies, is the specific gravity of Dry White Pine.

II. Solution by G. B. M. ZERR , A. M., Ph. D , Vice President and Professor of Mathematics and

Sciences in the Texarkana College, and Conservatory of Music, Texarkana, Arkansas.

Taking the “ log ” in the shape of a quadrant of a circle and supposing

it to float with the arc down, let G be the center of gravity p = density of the

110
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try =

87

OP = OQ =
За"

B

Q

wood, 1.026 the density of the sea -water. Then 0G

472

За

3272

. : area P'OQ= 977 , area quadrant = far , area

32

QBEAP
Q

= far ?

3272

.. 1.026 iap2 -
{97 ? 97

= arep.

. :: p= 1.026 (1(1–175 )) =.5554.

G

0

PA

This is the density of Juniper tree (dry) and very nearly the density

of white pine (.554) .

23. Proposed by G. B. M. ZERR, A. M. , Ph. D., Prolessor of Mathematics in Texarkana College,

Texarkana, Arkansas.

Pliny says, “ Thales determined the cosmical setting of the Pleiades to have

happened in his time 25 days after the veroal equinox” . Determine the time when

Thales lived from the following data :—Latitude of Miletus 37° 30 ' , the precession of

the equinox 50 ".34 anually, the R. A. of Alcyon (n Tauris) Jan. 1. 1895 , 3h . 41m .

15 sec . declination 23 ° 46 ' 49 " N.

Solution by the PROPOSER .

Let I= latitude of Miletus, a , o, t, a ,, ,, tr, the R. A. declination ,

and bour-angle of Alcyon and the Sun respectively ; < = the obliquity of the

ecliptic, w= the distance the Sun has traveled on the ecliptic after the vernal

equinox.

Then cos t = -tan 1 tan 8 .... ( 1 ) . cost , -tan 1 tan 8 , .... (2 ) .

sina, = tano, cot & .... (8 ) . a , + t = a+ t= H, or a , = H- t , .... (+ ) .

sin ( H- t , ) .... (5 ) . From ( 3) and (5 ) , sin (4 - t, ) = tan 8 cot & .... (6 ) . From (2 )

sin ( A — , )
and (6 ) , tan ,

.. ( 7 ) . From (7 )cot a tau a

sina ,

cost ,

tanti

sin Atan 1 + cot a

(8) .
cos A tan 7

Also cot w = cos E cot a
(9 ) . Now 1 = 37 ° 30 ', 8 = 23 ° 46 ' 49 " , a=3h . 41m .

15 sec ., E = 23° 27' 13 ' ' . From ( 1) , t = 109 ° 45 ' 43 " .57 = 7h . 19m . 2.9 sec.

a + t== 11h . Om. 17.91 sec. = 165° 4' 28 " .57. From (8) t, = 106 ° 30 ' 10 " .94

= 7h . 6m. 0.73 sec. From (4), a , =3h. 54m. 17.18 sec. = 58 ° 34' 17" .7. From

( 9 ), w = 60 ° 43' 28" 47.

In one day the Sun moves 59 ' 8 "'. 35 . (59 ' 8 " .35 ) * 25 = 24 ° 38 ' 28 ' ' 75.

60 ' 43' 28" .47—24 ° 38 ' 28' ' . 75= 36° 4 ' 59" .72 = 129899''.72. 129899 ".72

--50" .31 = 2580.44 + years. 2580.44-1894 = 686.44 B. C. , when Thales de

termined the cosmical setting of the Pleiades. 600 43 ' 28 ''.47 + 59'8".35

=61.6085 days after vernal equinox. 61.6085-25 = 36.6085 . 59 ' 8 " .35 ;

50 " .34 = 70.48768 years . 79.48768 x 36.6085= 2580.448 + . 2580.438–1894

= 686.448 B. C.

Also solved by F. P. MATZ.
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24. Proposed by D. H. DAVISON , C. E. , Minonk, Ilinois.

For the purpose of locating the most eligible point for a county -seat, it is re.

quired to determine the centre of a county whose dimensions are as follows : Begin

ning at the S. W. corper, thence E. 15 miles , thence N. 333 miles, thence W. 6 miles

to the north end of the meridian running south through the county, thence south

westerly to a point 6 miles W. from the meridian and 9f miles S. of the north end of

said meridian , thence S 3 miles, thence W. 3 miles,and thence S. 21 miles to the place

of beginning.

Solution by G. B. M. ZERR , A. M., Ph. D. , Professor of Mathematics and Science in Texarkana

College , Texarkana, Arkansas; and F. P. MATZ, D. Sc . , Ph. D., Professor of Mathematios and Astronomy

in Irving Collega , Mechaniosburg, Pennsylvania.

Let 2, 7, be the co-ordinates of the centroid, and divide the county in

to three parts as in the figure, then we eaily get with A as origin

NA

D

SS"xdxdy +SL.Flvdy + S S *xdxdy

ST"ddy+ SI" "Erdy +SS*dxdy

SSdedy+SS." "Erdy +S. S *dedy

E

= 839 miles. G
F

0

+ yd:rdy +

-.9 191 +382

KK

A HP B

. :: Measure east from beginning 8:47 miles, then north 15,44 miles.

[The proposition that , “ The point of the area of a triangle, which has

the sum of its distances to all other points of the area a minimum , is the centre

of gravity of the area ,” which I thiok holds for other figures, practically solves

problem 24, No. 2. I have made out the proof for the triangle but it occupies

two pages. R. J. ADCOCK, Larchland , Illinois.]

Also solved by P. S. BERG .

A CORRECTION.-On page 246 of the Monthly, my remarks in the

lower four lines above the Note, are not true and should be expunged . They

were hastily made upon insufficient investigation . In proh . 20 , those remarks

bold almost true, but in the general problem they can not ever be true. My

solution is not at all affected by those misstatements. The solution may be

more easily understood by adding, that, " when Sirius rises, some point of the

ecliptic is then rising, and as the Sun is always on the ecliptic the Sun must be

at that point, in order to rise synchronously with Sirius.

S. H. WRIGHT.

34. Proposed by GEORGE LILLEY , Ph .D., LL. D. , Park School, Portland, Oregon .

A hare is at 0, and a hound at E , 40 rods east of 0. They start at the same

instant each running with uniform velocity . The hare ruos north, The hound runs

directly towards the hare and overtakes it at N , 320 rods from 0. How far did the

hound run ?
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DI. Solution by J. M. BANDY , A. M. , Professor of Mathematios in Trinity High School Trinity,

North Carolina .

= 11 ,

da = 11 +

yder
NB

yd

70

Let OE = a , ON= b, r = rate of bound, r ' = rate of bare, , ratio

of their speed; co-ordinates of P = ( x, y) , and 2= EP. By the theory of curves,

dx
yilir

dy .... (1). Now bf =

dy ? - dy '
, ly being a decreasing function of :

is negative) . X

EP

. : Of=x+ By the problem ,

-dy "

- dy ។9

yd :
= n , or EP = n ( +EP =n (x+ - )... (2) . PР

vodom- S11+ dy ...... (3 ) . Put A Y

then dr = pdy, and we have, 1 - py = ;Svi+ pe dy .... ( +) . Differ

entiating ( 4 ) and observing that dư = pdy,we have, – ydp = 1 + på dy..( ).

dy

From . (5 ) ,
.. ( 6 ). Integrating ( 6 ), we have . logſp + 1 1 + 1 *

11 + p ny

1

_1 log y + C = 1 loglog - + C .... (7 ) .

Р

be
е

dir ?

dy?

H

dy
= P ,

n n

When r = 0 , p =0, and y=a, and ( '= -log a.

22

1 a

log (8 ) . Passing from log, p + 11 + pn
y

. :: logſp +v1+ p

= (%). (9). Solving for p, we have, 2p= (,)* -- ( 6) ..(10). But

(%)* dy- ( ) ay ....(11). Integrating ( 11 ) , 2 =

But
pady

2dx =

1

1

11

ylt -

+ ('....( 12).

aä(1+ )

When x = 0 , y =d, and ( 12) gives val . of ( ' =

2na

7 ?-1

at yană yeten

..

2no

+

nº - 1
1 · ( 13 .

1 an( 1+

n
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This is the equation of the curve described by the dog,and it is called the

" Curve of pursuit . ” When the dog overtakes the hare , y = 0 , l = ON = h ,

:: (12) becomes, b . . ( 13 ) . Solving (13 ) as a quadratie in

n ? - 1

have, n = (a+ V # * + *),or n = 1.0644 + . Substituting this value of , in

( 2 ) , remembering that when the dog overtakes the hare, EP=x, x = 320, y = 1 ) ,

we have, x= 1.0614 X 320 = 310.624 + rods .

1

PROBLEMS

33. Proposed by Professor ALEXANDER ROSS , C. E. , Sebastopol, California.

From a point P without a rectangular field ABC, the distances PA , PB, and

PC measured to the corners are , respectively , 70, 40 , and 60 chains. What is the

area of the field ?

34. Proposed by THOS. U. TAYLOR, C. E. , M. C. E. , Department of Engineering, University of

Texas, Austin, Texas.

Given a variable parrallelogram ABCP, where P remains fixed . A moves on

an irregular plane curve (closed ) and C moves on another plane curve (closed ) whose

plane is parallel to the plane of (A) curve. The generator PC moves completely

around and returns to its initial position, AB always moving parallel to PC, and, of

course, returns to its initial position. If distances hetween planes (A ) and ( (' = h ),

show by elementary mathematics and without using theorem of Koppe that volume

of solid generated by variable parallelogram ABCP = sh (area generated by .1P +

area generated by BC ).

QUERIES AND INFORMATION .

Conducted by J. M. COLAW, Monterey, Va. All coctributions to this department should be sent to him .

SPACE.

Space is an entity, outside of the human mind, extended in three die

rections at right angles to each other, continues, immaterial, immmovable, inflex

ible and illimitable. It is an entity, sui generis, neither psychical nor

physical.

It is cognized but not created by the mind of man and is, doubtless,

what it is cognized to be.

A fourth dimension bas never been discovered .

Arthur Willink in " The World of the Unseen ," pages 90 and 91, lo

cates his hypothetical “ Higher Space" in an unknowu direction from our space.
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A straight line drawn from us can never reach it and a straight line drawn from

the “ Higher Space " " towards our space will only pass through one point in our

space." For, says he, “ If it could pass through more than one point we should

know its direction , since two points in a straight line are sufficient to deter

mine the direction of that line."

Pripcipal Campbell in his Philosophy of Rhetoric distinguishes be

tween the “ unintelligible" and the “ absurd ” . Arthur Willink's speculations re

specting “ Higher Space" are magnificent specimens of the " absurd. ”

John N. LYLE .

THOSE ASTRONOMICAL CRITICISMS.

To Dr. S. H. Wright's criticisms on page 246 of the July -August

MONTHLY, I beg to make a few remarks.

1. Without wasting any time and energy in the discussion of supple

mentary hour-angles, my method of calculation by running the solar system on

Dog - Star time, " gets there ” far more expeditiously than does Dr. Wright's ad

mirable though elaborate and rather unintelligible method .

II . Since I am sixty miles from my copy of Bartlett : Spherical

.Istronomy from which I substantially borrowed the sentence relative to the re

versed crescent" illuminated on the “ Waning Moon," I am unable to deter

mine whether I correctly transcribed this sentence which Dr. Wright so vigor

ously attacks; but from what I glean from the Encyclopedia Britannica and

from the astronomical works of Professors Newcomb, Young, etc. , I am led to

exclaim : “ Our flag is still there." F. P. Matz .

LAMBERT'S REASON FOR HOLDING THAT THE PARALLEL -AXIOM NEEDS PROOF .

Lambert called by Kant " der unvergleickliche man " is reported as

saying that the parallel axiom needs a proof, since it does not hold for the

geometry on a sphere . "

He here assunies without proof that the parallel-axiom does not hold

for the geometry on a sphere. That is, he regards this assumption as axiomatic.

Grant that the parallel-axiom does not hold for spherical geometry,

what has that to do with its holding or not holding for plane geometry ?

A plane surface and a spherical surface have some features in com

mon but others in which they fundamentally differ .

Some things are doubtless axiomatically true for a spherical surface

that are not for a plane surface , and vice versa .

Some things, also, are demonstrably true for a spherical surface

that can be demonstrated not to be true for plane surfaces, and vice versa .

Three distinct views emerge in the answers given to the question—Is

the parallel-axiom as restricted to a plane surface self evident or does it need

proof?

1 . Euclid assumes its axiomatic character.
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2. Many geometers believe it to be a sound geometrical statement but

regard it as needing proof.

3. The Non -Euclideans do not view it either as axiomatic or as dem

onstrable. They deserve no credit for taking this ground , since they can

find no foothold except by doubting or denying that it is either self evident or

capable of being proved . Their position , however, is plainly that of geometri

cal agnosticism . To call it geometrical science would be a misnomer.

Finally, let us go deeper and ask the question — Is the parallel-ixiom

considered as a geometrical statement true or false ?

The Euclideans respovd that it is a true geometrical statement. But if

true the statement that cantradicts it must be false. Two propositions that

mutually contradict each other can not both of them be true while the laws of

pon -contradiction and excluded -middle stand unrepealed among the statutes

of logic.

The Non -Euclideans answer that they do not know whether the twelfth

axiom of Euclid considered as a geometrical statement is true or false.

The geometer who refuses to confess with proud humility that he is

in the same exalted condition of learned ignorance respecting geoinetrical fact

must submit to being classed with that large majority who know some things

and , also, know that they know them. The Non -Euclidians must not become

discouraged , however, if they find the school houses full of geometers incor

rigibly persistent in maintaining the Ilypothesis anguli recti, and an angle sum

strictly equal to two right angles.

Lobatschewsky in his theorem 19 proved that the sum of the three

angles of a rectillineal triangle can not be greater than two right angles .

It is further believed that in his theorem 23 he could have demonstrat

ed tuat the angle sun can not be less than two right angles , if he had not over

kvoked the important fact that the sum of two of the angles in each of the tri

angles constructed and admitted into the series is equal to one right angle + the

acute angle , (1, common to all the triangles.
John N. LYLE.

EDITORIALS

" The MONTHLY is a tonic, and an excellent one. " - [ E . L. Sherwood ,

A. M., Mississippi Normal College, Houston , Miss.]

Prof. C. A. Waldo, forinerly of Greencastle , Iud ., is now at the head

of the Mathematical Department in Purdue University, Lafayette, Ind .

PROF. P. H. PHILBRICK is now located at Pineville, La ., where he is

very busily engaged in work for the Kansas City, Watkins & Gulf R R.
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Prof. ( ) . W. ANTHONY, M. Sc . , late of the Missouri Military Acad

emy, Mexico, Mo., is now at New Windsor College, New Windsor, Md .

" I think the MONTHLY is doing a good work and hope it will be sus

tained ." — [Geo. A. Osborne, S. B. , Prof. of Mathematics in Mass. Inst. of Tech

uology , and author of Osborne's Diff. and Int . Calculus ( 1891 ) ] .

" I Find very many articles in it that are interesting and instructive,

and I trust the Monthly may have a prosperous career." - [William J. Milne,

Ph . D , LL. D. , New York State Normal College, Albany , N. Y.]

Prof. E. S. LOOMIS, of Cleveland, Ohio, writes , “ I find my new field

of labor very agreeable, and I am now free to think as truth leads me out. I

am so constituted that I can not build to fit an idea, but to find one'."

The American Mathematical Society held its Second Summer Meeting

at Springfield , Mass ., Aug. 27th and 28th , at which time and place were held

also meetings of the American Association for the Advancement of Science and

several other scientific societies of a national character .

We have been obliged to issue another double number, from causes

which we could not control. We hope our readers will bear with us patiently

until we have completed our arrangements for the publication of the Monthly

for next year. After that time we hope to have the MONTHLY appear regularly

cach month

Our contributors should please observe the following in reference to

their contributions: ( 1 ) Write out their solutions of problems on substantial

paper having a width of from * to 10 inches; (2 ) observe punctuation and capi

talization; ( 3 ) write each solution on a separate slip of paper ; and (4) sign your

naine to each solution or contribution .

" I PRIZE the Monthly very highly indeed . Taken all in all it is the

best mathematical journal that has appeared in our country. I only wish I

could find time to work out some of its excellent problems, and add a word now

and then to its interesting discussions.” — [Edward Brooks, A. M., Ph. D. ,

Superintendant's Office, 713 Filbert St. , Philidelphia, Pa .

UNDER “ Queries of Information , ” we have published two brief articles

from the pen of Dr. John N. Lyle. These two articles speak for themselves .

Dr. Lyle may be regarded as the greatest Anti -Non - Euclidean Geometer in

America , and he has furnished many papers for publication in the MONTHLY.

These we shall publish as our space permits. Truth has nothing to fear at the

hands of any one, and if the Non -Euclidean doctrine is true, Dr. Lyle's papers

will only aid in establishing it . Every great advance in science, every great

discovery in nature, and every great invention has had its crowd of ridiculers;

and So Euclidean Geometry is no exception . The Editors of the MONTHLY

belong to the Non -Euclidean school of thought, even though the knowledge of

that school respecting geometrical facts is an " exalted condition of learned ig

norance .” A school of thought represented by such men as Cayloy , Sylvester,

Klein, Gauss, Lambert, Lobachevsky, Halsted, Moore, and a great many

others, can not be very far wrong " respecting geometric truth."
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BOOKS AND PERIODICALS.

Muster and Man. By Lev N. Tolstoi. Translated from the Russian

by Yekaterina Alexandroona and Dr. George Bruce Halsted. Volume two of

the Neomonic Series. Published at THE NEOMƏN, 2407 Guadalupee St. , Austin,

Texas.

The translation of this interesting story by Dr. Halsted, has indebted the

whole literary world of the English speaking people to him . The story is very in

teresting from beginning to end and teaches a very useful lesson . This would have

been lost to a great majority of the English people had not Dr. Halsted given them

this translation . B. F. F.

The Vumber - System of Algebra, Treated Theoretically and Historical

ly. By Henry B. Fine, Ph. D. , Professor of Mathematics in Princeton College.

8vo. cloth , 132 pp. Price, $ 1.00Price, $ 1.00 Boston , New York and Chicago : Leach ,

Shewell & Sanborn .

In this little book, are treated concisely the following subjects:

I. Theoretical. The Positive Integer ; Subtraction and the Negative Inte

ger: Division and the Fraction ; The Irrational; The Imaginary and Complex Numbers:

Graphical Representations of Numbers; The Fundamental Theoren of Algebra; De

fined by infinite series ; The Exponential and Logarithmic Functions.

II .
Historical. The Primitive Numerals ; Historic System of Notation; The

Fraction ; Origin of the Irrationals; Origin of the Negative and the Imaginary; Ac

ceptance of the Negative, the general Irrational, and the Imaginary as Numbers:

Recognition of the Purely Symbolic Nature of Algebra.

This little book should be read by every teacher of Algebra and by every

student desiring to pursue the Modern Higher Mathematical Analysis. The theoreti

cal part is very instructive and the historical part full of many interesting facts.

B. F. F.

Text-Book on Algebra through Quadratic Equations. By Joseph V.

Collins, Ph . D., Professor of Mathematics in Miami University . 8vo. cloth ,

468 pp. +18 pp . of Ans. Price , $ 1.00 . Chicago: Albert, Scott & Co.

This book is supplied with well chosen problems and each subject is pre

sented by numerous illustrative problems. This is a very commendable feature .

The definitions and the explanations are stated with sunlight clearness . On

pages 362-366 is a discussion of the Validity of Processes of Solution of Quadratic

Equations. This discussion is very appropriate and should be incorporated in all al

gebras. On pages 4+ 1-444 is given a correct demonstration of the theorem of Unde

termined Coefficients . The demonstration of this theorem in many of our text- books

on algebra is fallacious. We consider the book a credit to the subject of Elementary

Algebra . B. F. F.

Geometrical Treatment of Curves which are Isogonal Conjugate to a

Straight Line with respect to a triangle. By Dr. I. J. Schwatt, University of

Pennsylvania. Price , $ 1.00. Boston, New York, and Chicago : Leach, Shew

ell, and Sanborn .

The first part of ihe book continues the properties of Steiner's Ellipse and

Kiepert's Equilateral Hyperbola , treated as isogonal conjugate curves .
The writer

has endeavored to give the propositionsof the triangle on which the properties of the
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curves are founded in a pure geometrical way . The book will prove of interest , even

to such readers as are only interested in the beautiful properties of the triangle ,

without regard to isogonal curves . The book cannot be better recommended as it

is by the eminent French athematician Vigarie , one of the greatest authorities on

the Geometry of the Triangle:--

" The work has been admirably conceived , and in my beliet it is the first

essay of the kind that has ever been published . I do not doubt that the book will be

read with the greatest interest by all those who love and cultivate the geometry of

the triangle. I am convinced that the second part of the very interesting memoir

will meet with the same success . " - VIGARIE .

The second part will contain The Ellipse ( continued ), The Parabola , and

Higher Plane Curves . B. F. F.

Geometry Tablet for Written Exercises. For use with any text-book.

By Wooster Woodruff Beman, Professor of Mathematics in the University of

Michigan, and David Ugene Smith, Professor of Mathematics in the Michigan

State Normal School. Boston and Chicago : Ginn & Co.

This tablet is prepared to assist the student in expressing his demonstrations

of Original Propositions in a neat and attractive manner. Nearly all of our modern

text -books on geometry are well supplied with original propositions, some books hav

ing as many as 700 originals,

In geometry classes where a year is devoted to the stud the live and pro

gressive teacher of geometry bas all of these propositions worked into the daily exer

cise ; for geometry is low seldom taught as it was twenty years ago . A student is re

quired to do more than merely commit to memory the demonstration of a proposition.

He is now required to make the argument of the demonstration his own and until he

has acquired the habit to think and to not memorize in the study of geometry , his

work is that of a parrot .

The use of this tablet will enable the teacher to make careful criticisms, and

the student in turn has an opportunity to study the criticisms and profit by them .

I like the tablet so well that have recommended it to my class . The tablet could

'be improved by making two perforations at the top so that the leaves could be buund

together.
B. F. F.

The Basix. A weekly journal devoted to Good Citizenship , Public

Peace, Personal Security , etc. Edited by Albion W. Tourgee, Mayville, N. Y.

Price , $ 1.50 per year . Single copy, 5c.

Judge Albion W. Tourgee's Weekly Magazine devoted to Good Citizenship as

the only means by which Good Government can be surely attained , has a spicy de

partment of Good Government Clubs , conducted by Rev. Thomas R. Slicer, of Buffalo,

a department of our Women Citizens, conducted by Miss Ada C. Sweet, of Chicago,

and some bright interesting pages twice a month on Boy and Girl Citizens , by Prof.

W. K. Wickes , of Syracuse, besides the strong and original work of the editor in each

number.

The Basis is the only journal in the world devoted to citizenship and actual

government by the people. It is a thirty -two page weekly , magazine size, íudepend

ent , outspoken and progressive on all subjects . Though it adheres to the principles

of the National Republican party , it does not hesitate to discuss all themes with the

freedom from party -bias which characterizes the works of its distinguished editor. It

should be in the hands of everyone who desires to see healthful progress.
B. F. F.

1
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On The Inscription of Regular Polygons.-- This is a Reprint from " The

Annals of Mathematics" of an article by our valued contributor Leonard E. Dickson ,

M. A. , Fellow in Mathematics in the University of Chicago. Those who read the

author's series of articles in late numbers of the MONTHLY, treating this geometric

subject without the use of the customary complex imaginary , will find special interest

in the above paper, in which the author avoids the use of trigonometry also , basing

his treatment solely upon algebraic and geometric principles .
J. M. C.

The Ellucational News . A weekly Journal of Education. Edited by

Dr. Albert N. Raub . Price, $ 1.00 per year . Published by the Educational

News Co., Philadelphia, Pennsylvania.

This active and public spirited journal should be in the hands of every pro

gressive teacher in the land . It will prevent any teacher from getting into ruts - a

very common occurrence with certain classes. B. F. F.

Note on Infinite Determinants . - A dissertation presented to the

faculty of the University of Mississippi for the degree of doctor of pbilosophy by

Eugene Roberts, of Oxford , Miss. The article is based to a great extent upon von

Koch's second paper ( Acta Mathematica, t . 16 ) , but in the method of treating the

subject , that of considering an infinite determinant as an infinite series, the terms of

which are infinite products, the author believes to be entirely new . As the result of

special study of the subject Mr. Roberts has produced a very creditable paper. We

are indebted to Dr. Hume, of the University of Mississippi , for a copy of the above

paper in pamphlet form .
J. M. C.

Tlu Review of Reviews. An International Ilustrated Monthly Maga

zine. Edited by Albert Shaw. Price, $ 2.50 per year . Single number, 25

cents. The Review of Reviews Co , New York City.

The special features of the October Review of Reviews are : Religious Jaurpal

ism and Journalists, by George P. Morris ; the Carnegie Libraries .-Notes on a popu.

lar educational movement in the Greater Pittsburg ” , by William B. Shaw ; Malab

eleland under the British South Africa Company,by Sir Frederick Frankland , Bart.:

The Maori.--- Politics and Social Life of the Native New Zelander, by Lois Becke &

J. D. Fitzgerald ; the Civil Service Problem in Australia ,by the Secy of the New South

Wales Royal Commission on Civil Service ; the Manitoba School Question , by the At.

torney-General of the Province. These articles contain numerous illustrations .

B. F. F.

.

The American Journal of Mathematics for October contains the fol -

lowing papers : -— "0o the Deformation of Thin Elastic Wires" , by A. B. Basset ; " In

vestigations in the Lunar Theory ”, by Eraest W. Brown ; “ Ueber den Sinn der Wind

ung in den singularen Puncten einer Raumcurve” , by Von Otto Staude .

Some Considerations showing the Importance of Mathematical Study.

By 1. J. Schwatt, Ph . D. , University of Pennsylvania. This paper contains

the opening address of the Mathematical Department of the third summer meeting of

the American Society for the Extension of University Teaching . We are grateful to

Dr. Schwatt for a copy of this inspiriting address, which is rich in illustration and

forcible in presentation
. J. M. C.

The Cosmopolitan. An International Illustrated Monthly Magazine.
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Edited by John Brisben Walker . Price, $ 1.00 per year . Single Number, 10

cents ,

The principal articles in the October Number of the Cosmopolitan are : Cuba's

Struggle for Freedom , by J. Frank Clark; the Greatness of Man , by Richard Le Gal

lienne ; State Universities, by Richard T. Ely , Ph . D. , LL. D.; Mowgli Leaves the

Jungle Forever, by Rudyard Kipling ; Are We Old Fogies? by J. C. Ayres, Capt.

U. S. A.

The Jungle Stories which have created so much interest during the spring

and summer , end with this number. B. F. F.

Philosophy of the “ Ne « Law in Geometry", leading to the solution of

unsolved problems. By Theodore Faber. We extend our thanks to Editor S. C.

Gould for a copy of this reprint from Notes and Queries .

The following periodicals have been received :-The Kansas University

Quarterly, (July) ; The Monist, (October ); The Mathematical Gazette, ( May) ;

Journal de Mathematiques Elementaries, (July) ; Educational Times, (October );

L'Intermediaire des Mathematiciens, ( September) ; Bulletin of the American

Mathematical Society, ( July); El Progresso Matematico, ( June); Mexcellaneoux

Votes and Queries, (November) .

ERRATA .

JULY-AUGUST NUMBER.

p. 247. ninth line from bottom of page, for ''solved " read proved .

p . 248 , second line from top of page , for "psendo " read pseudo .

p . i sevenih line from top of page , for “ Bell” read Ball , and

seventh line from top of page , for " Brittanica" read Britannica .

seventh line froia bottom of page, for “ Bered " read Berea .

p.249. eleventh line from bottom of page , for " adopted read adapted.

P. " fourth line from bottom of page, for adopt" read adapt.

P. “

P.
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ORMOND STONE .

BY F. P. MAT2 , sc . D. , Ph . D. , PROFESSOR OF MATHEMATICS AND ASTRONOMY IN

IRVING COLLEGE , MECHANICSBURG , PENNSYLVANIA .

O

RMOND STONE was born January 11 , 1847 , at Pekin , Tazewell County ,

Illinois , and was the oldest son of Rev. E. Stone, a travelling preacher

of the Illinois Conference of the Methodist Episcopal Church . His

father was of New England origin ; his mother, Scotch - Irish .

In those early days, Illinois was on the frontier ; and the Methodist

preachers had large circuits which they changed every year or two . Among the

places in which he lived were Canton, Nauvoo, and Carthage. From the last of

which places the family moved in 1853 to Cook County , and have remained since

then in Northern Illinois .

The boy showed a love for mathematics, when a mere child . At the age

of seven , while living in the village of Libertyville, he discovered a copy of a

new arithmetic , Adams's , which an attempt had been made to conceal from him .

This he read twice, working all the problems each time, in a space of less than

six weeks .

The next year his father moved to DeKalb Center , where his interest in

mathematics was further advanced by an acquaintance with Dr. Matteson , a

notice of whom has already appeared in this journal . A few years afterwards

his father was stationed in Chicago, where the youth passed through the public

schools of the city.

While still in the High School , the Dearborn Observatory was founded in

connection with the old University of Chicago , whither Professor Safford
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was called and remained in charge until the great fire in 1872. Young Stone

soon made his acquaintance and almost immediately became his pupil , and thus

began his career as an astronomer ,

After graduating at the High School, he taught one year at Racine Col.

lege ; after which he returned to Chicago to continue his studies at the Univer

sity . In 1869, in company with Professor Safford, he went to Des Moines, Iowa ,

to observe the great eclipse of that year . While there , he made the acquaintance

of the astronomers sent from the Washington Observatory ; and as a result , the

next spring, he became an assistant in that institution . He was assigned to the

Meridian Circle , on which he was employed for the next five years .

In 1875 , he was called to the Directorship of the Cincinnati Observatory.

Here , in connection with his assistants , he employed the 11- inch Equatorial of

that institution in an extended and practically complete series of measures of the

then known southern double- stars north of 30° south declination . Here, also , he

commenced his work as a trainer of young astronomers, of whom now probably a

larger number occupy important astronomical positions than the pupils of any

other teacher in America,

In 1882 , he was invited to take charge of the new Leander McCormick Observ

atory of the University of Virginia. This had not then been built . The great

26 -inch telescope was finally ready for use in the spring of 1885 . This building

is memorable
as possessing the first large dome made by Warner and Swasey.

For the first time, also , in this country , electricity was applied to the illumina

tion of the circles and micrometer
of the great Refractor.

As the southern double- stars had been observed at Cincinnati , it was

appropriate that he should devote this larger instrument to observations of south

ern nebula . As a result , hundreds of new nebulæ were discovered ; and in 1893

there was published a catalogue of the micrometric measurements of the positions

of southern nebulæ ,-the only extended series of such measurements ever made

in this country .

Meanwhile Professor Stone has made a special study of the great nebula

of Orion , including a great number of photometric observations of the condensa

tions of the Huyghenian region , and of the stars , especially of the variables , con

tained therein .

On the completion of the tenth volume of the Analyst, published by the

late Dr. Hendricks, of Des Moines , Iowa, when that journal ceased to exist ,

Professor Stone began the publication of the Annals of Mathematics. For a time

the editorship was shared with him by his colleague, Professor William M.

Thornton ; but at the close of the second volume, Professor Stone took entire

charge , and the journal has been in his hands ever since .

In this elegantly printed bi -monthly journal , some very select problems

are proposed for solution ; and the solutions of the problems proposed are pub

lished as soon as possible. The main object of the publication of the Annals of

Mathematics, by Professor Stone, is to encourage mathematical research .

Professor Stone is a brother of Mr. Melville E. Stone , of Chicago , the well
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known journalist , the founder of the Chicago Daily News, and the general man .

ager of the Associated Press .

Professor Stone has written various papers on mathematical and astronom

ical subjects, which have appeared from time to time in the Astronomische

Nachrichten, in Gould's Astronomical Journal , and in the Annals of Mathematics.

Professor Stone is also a member of a number of learned societies . In

1888 he was Chairman of the section of Mathematics and Astronomy of

the American Association for the Advancement of Science ; and he is at present

a member of the Council of the American Mathematical Society .

AN ELEMENTARY DERIVATION OF THE LAW OF GRAVITA

TION AS APPLIED TO PLANETARY MOTIONS.

By ORMOND STONE, University of Virginia .

The following derivation of the law of gravitation from Kepler's first two

laws of planetary motion without the use of the machinery of the infinitesimal

calculus is a modification of that given by Moebius . The loss by fire of a large

portion of the library of the University of Virginia prevents my giving the place

in his works where it may be found . As given by Moebius a slight knowledge

of solid geometry is required ; as here given all the operations are performed in

the plane of the orbit . The mass of the planet has been neglected .

Draw a circle having the major axis of the orbit as a diameter . Assume

a point P having such a motion that it is always at the intersection of the circum

ference of this circle and a straight line drawn through the planet P perpendicu

lar to the major axis of the planet's orbit . The components of the velocities of

P and P' in the direction parallel to the major axis are thus equal.

Draw QR tangent to the ellipse at

P , and QR' tangent to the circle at P' .

Q is situated on the major axis extended .
IR

If PR - V represent the velocity of P

and P'R ' = V ' represent the velocity of

P ", RR' will be parallel to PP'. Let P ,

and R, be the intersections of PP ' and

RR' with the major axis of the orbit .

Then by a property of the ellipse

a PF ROC

P , P = P , P'cos P, R , R = R , R ' cos P,

in which pis the angle whose sine is e , the eccentricity of the orbit .
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By one of Kepler's laws the sun is at F , the focus of the ellipse . PRF

represents the areal velocity of P , and P'R'F the areal velocity of P' with fer

ence to F. As is easily seen ,

PRF - P'R'F cos Q ;

whence, since by one of Kepler's laws PRF is constant, P'R'F= c' is also a con.

stant , and the acceleration of 1 is directed toward F (see Young's General As

tronomy, Art . 406 ).

Let A and A ' be the total accelerations of P and I ” , and A , and A , ' be

the components of these accelerations parallel to the major axis of the ellipse.

Evidently

A PF POF

A PF

A.'0 0

Fןיי

whence, since A , = A , ',

A PF

A'RIF

( 1 )

Let C be the center of the ellipse , and F ' the foot of the perpendicular

from F on P'C. The component of A ' in the direction PC is

1 "

A'cos FP'F = A '
FP

FP
(2)

a

( see Young's General Astronomy, Art. 411 ) .

Put FCP = E = eccentric anomaly , and FP = r = radius vector .

have also

We

CF = ae,

CF = ae cos E,

F'P = CP ' – CF” = a ( 1 - e cos E) ,

POP= a cos y sin E,

FP, = a (cos E- e) .

The last two equations give

FP = VFP," + PopPot = a( 1– e cos E) ;

whence

FP = FP = r,

and ( 1 ) and ( 2 ) give

V'2.FP

A = A '

FP
(3 )
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Since FF” is parallel to P'R' , the area of P'F'R ' is equal to that of P'FR ',

which has already been shown to be constant ; whence

2 c'

F'P ' P'R'=rV'= 2c' , or V ' =V"=26

Substituting this in ( 3) , we have

A =

_4c' 1

702a Q. E. D.

A NOTE ON MEAN VALUES.

By E. H. MOORE, Ph . D. , Professor of Mathematics in the University of Chicago .

A problem in averages or mean values usually reads thus :

(A ) Given a certain totality N [ 4 ] of objects 4 , and a certain function . ( 4 )

of every object ¥ ; required the mean value fo of the f ( 4 ) for the y's of the total

ity .22 [4 ] .

If the totality 2[4] contains a finite number n of objects X -41 , ....

un - then we have the formula

Žf(ti)

( 1 )
fo=

n

!

:
If the totality.Q [4 ] does not contain a finite number of objects, then the

problem as stated (A ) is indefinite. [The solution ( 1 ) cannot be directly gener

alized . To say that the number n is co means merely that the totality[ 4 ] is

without number, that there is no such number n.]

To make (A ) definite we must supplement it by an explicit statement of a law

of distribution of the objects y over the totality O [4] . In the ordinary cases this

law of distribution makes y depend uniquely upon certain m independent varia

bles u ,, Ug....Um, write it * = ( U ,.... Um ), in such a way that the totality

0 [ 4] defines a certain totality [ u , .... Um] , and the function f (4 ) becomes f (4 )

= f(u , .... Um ). Now if the m -ple definite integrals

( 2)

1, = S -... Silu .....Um) du , ....dum, 1,= S....Sdu,

.dum

taken over the totality Ū [ u , ....Um ] have definite meaning, (whether or not the

-
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integral can be explicitly evaluated in terms of the commoner functions) then

as the mean fe of f(4 ) for this distribution of 4 over 2 [ 4 ] we have

1
1

(3)
fo = 1,

-

As has appeared time after time in all periodicals having a department de

voted to mean values , when a problem is proposed in the indefinite form (A ) ,

different solvers introduce different laws of distribution , [each one the law

appearing to him the most natural , or often enough , the law for which he can

explicitly evaluate the integrals ( 2)] . These laws of distribution should be intro

duced explicitly as needed to make the problem definite . The possible laws of

distribution are without number.

There is no such thing as the correct solution of a problem stated in the in

definite form (A ) .

I make these quite obvious remarks for the sake of those persons who

enjoy plunging into the whirl of the integrations without due meditation on

the essential nature of the problem they are attacking.

The University of Chicago, November 5 , 1895 .

INTRODUCTION TO SUBSTITUTION GROUPS.

By G. A. MILLER, Ph . D. , Leipzig, Germany.

( Continued from September -October Number. ]

SYSTEMS OF INTRANSITIVITY 3 , 3 .

(a) By multiplying every substitution of one group by every substitution

of the other group we obtain

1 . A group of order 36 , viz :

1 1

abc def

acbdfe

ab de

ac df

bcef

multiplied into every oneThis notation indicates that every substitution on one side

on the other side.
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2. A group of order 18 , viz :

1 1

abc def

acbdfe

de

df

lef

3. A group oforder 9 , viz :

11

abcdef

acb dfe

(6 ) By making the identical substitutions in the two systems correspond

we obtain

4. A group of order 6, viz :

1

abc.def

acb.dfe

ab.de

ac.df

bc.ef

5. A group of order 3 , viz :

1

abc.def

acb.dfe

(c) By multiplying the divisions according to a self -conjugate subgroup of

one group into the corresponding divisions of the other we obtain

6. A group of order 18 , viz :

11 *

abc def

aco dfe

ab de

ac df

bclef

*This notation implies that the divisions of one column are to be multiplied into the corresponding di

visions of the other column, Thus, ab is multiplied into de, df, and ef.



306

SYSTEMS OF INTRANSITIVITY 2 , 4 .

There are five transitive groups of degree four, viz :

(abcd)all , (abcd)pos , (abcd) s , (abcd) ,, (abcd)cyc

(abcd) , = 1 ac ab.cd abcd

bd ac.bd adcb

ad.bc

(abcd) , = 1 ab.cd (abcd ) cyc = 1 ac.bd abcd

ac.bd adcb

ad.bc

By multiplying every substitution in each of these groups by 1,ef we clear

ly obtain five additional intransitive groups of degree six whose orders are 48 ,

24 , 16 , 8 , and 8 respectively . It remains to find the groups which can be ob

tained by multiplying the self conjugate subgroups which include half the substi

tutions of these groups by 1 and the remaining substitutions by ef.

Since (abcd)all and (abcd)cyc have one such self conjugate subgroup apiece ,

they give rise to two groups of the required type . (abcd) , and (abcd), have

three such subgroups apiece, but in the latter case they are all conjugate, as we

have already seen ; hence we obtain the following four groups from these two

groups :

(4 )( 1 )

1

ас

(2 )

1

ab.cd

ac.bd 1

ad.bc

( 3 )

1

ac.bd

abcd 1

adcb

bd 1

ac.bdl

1

ab.cd1

ac.bd ef

ad.bc

ac

bdef

ab.cd

ad.bclef

abcd

adcb

abcd

adcb

bd ef

ab.cd

ad.bc

We have thus found that there are eleven intransitive groups of degree six

whose systems of intransitivity are 2 and 4 .

SYSTEMS OF INTRANSITIVITY 2 , 2 , 2 .

If we restrict ourselves to the first two systems we obtain an intransitive

group of degree four. Our problem is thus reduced to the finding all the intran

sitive groups that can be obtained by combining one of the two intransitive

groups of degree four with the group 1 ,ef.

By multiplying every substitution of these two groups into 1,ef we obtain

two groups whose degrees are four and eight respectively . By multiplying one
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into the self conjugate subgroups of these groups and ef into the remaining sub

stitutions we obtain the following additional groups :

1 11

ac.bd ef
and

1

ac.bd 1

acef

bd

We have now worked over the entire field and found twenty-one intransi.

tive groups of degree six . These may be written as follows : *

LIST OF INTRANSITIVE GROUPS OF DEGREE Six ,

Order

2

3

4

6

8

No.

1

1

1

2

3

4

1

1

2

3

4-6

1

1

1

2

1

2

1

1

Group

( ac.bd.ef)

(abc.defcyc

( ab.cd ) (ef )

{ (ab )( cd ) (ef) { pos

{ (abcd )cyc( ef ) / pos

{ (abcd ), (ef ) * dim

(abc.def )all

( ab ) ( cd ) ( ef)

(abcdcyclef )

(abcd) , (ef )

{ (abcd ) . ( ef )

( abc) cyc( dej cyc

(abcd) ( ef)

(abc )all (def ) cyc

{ (abe)all( def all } pos

{ (abcd ) all (ef ) { pos

(abcd )pos (ef)

( abc )all( def all

(abcd)all (ef )

9

16

18

24

36

48

From what has been said it may be seen that intransitive groups

of a given degree n can be readily constructed provided the transitive groups de

gree k are known , where k=2 , 3 , 4 ,....1-2. When n does not exceed 9 it is

not difficult to write down all the possible intransitive groups , but for larger

values of n the number of groups is so large that the construction of all such

groups becomes comparatively quite laborious . The transitive groups seem

much more important than the intransitive ones and we proceed to give methods

by which they may be constructed .

Definition . If a transitive group is such that any Bletters may be replaced

* Cf. Professor Cayley : Quarterly Journal of Mathematics, vol. 25 , pp. 71-79.
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i
by any required set of B letters taken in any one of the B ! possible ways it is

said to be B -fold transitive. If ß= 1 the group is one - fold or simply transitive.

Definition.--A transitive group whose letters can be divided into systems

such that all the substitutions of the group perform upon these systems only one

or both of the operations ( 1) interchanging the systems as units and ( 2 ) permut

ing the letters in the systems, is called a non - primitive group .* All other transi.

tive groups are called primitive.

We shall consider separately the construction of these two classes of tran

sitive groups .

CONSTRUCTION OF THE NON- PRIMITIVE GROUPS .

Since the non-primitive group must be transitive it is always possible to

replace any system by any required system by means of some substitution of the

group . Hence it follows that the same number of letters is found in each system .

If G= 8 ,, 82 ,. ... , 8, is any non- primitive group and G , = 87 , 89 , .... , 89 ,

are the substitutions of G which do not interchange any of the systems then will

G , be an intransitive self conjugate subgroup of G.

G , is a group because the substitutions

B B= 1 ,

a = 1 , 2 , ....91

p= 1 , 2 ,....991

cannot interchange any of the systems. They must therefore be found in G ,

since they certainly belong to G.

G , is a self conjugate subgroup of G because

5,6,87 91 <x<9 + 1

must be a subgroup of G , which does not interchange the systems (the interchange

effected by s; being restored by 8y ) and must therefore be G , itself.

We may suppose that the transitive constituents of G , form the systems.

For if a ,,a ,,....,de and b1 , b2 , .... , bt are transitively connected by G , then G

contains some substitution
sy which replaces a , by by . We proved above that

a= 1,2 , ..

spa y = 8 B = 1,2,..... 9

I 1

91

Suppose 8ą so chosen that it replaces a , by a z. Then it follows that sy

replaces a,. by one of the given b's . Similarly , we may show that

all of the given a's by the given b's . Since the a's and b's can be interchanged

8y replac
es

*Such a group must be simply transitive, for if ß » l it would be possible to replace two letters of the same

system by letters of different systems .
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in this course of reasoning we have that e= k, or , more generally speaking, that

sy g <y<g + 1

either does not interchange any elements of two transitive constituents of G , or

it interchanges all . Hence the transitive constituents satify the definition

of systems. *

We are now prepared to see that the construction of non- primitive groups

consists of two operations :

1. The construction of an intransitive group G , whose transitive constit

uents are conjugate groups.

2. The construction of the substitutions of G which interchange the

systems ,

The first of these operations is a special case under the construction of in

transitive groups and needs therefore no further attention . With respect to the

second we shall first consider some special cases and then take up the general

problem .

(To be Continued .)

NON -EUCLIDEAN GEOMETRY : HISTORICAL AND

EXPOSITORY.

By GEORGE BRUCE HALSTED, A. M. , (Princeton ), Ph . D. , (Johns Hopkins) , Member of the London Mathemat

ical Society , and Professor of Mathematics in the University of Texas, Austin, Texas.

( Continued from September October Number. ]

SCHOLION II , in which is weighed the idea of that brilliant man Giovanni

Alfonso Borelli in his Euclides Restitutus.

This most learned author blames Euclid , because he defines parallel

straight lines to be those , which lying in the same plane do not meet on either side ,

even if produced into the infinite.

He offers as ground for his accusation , that such relation is unknown :

first, he says, because we are ignorant whether such infinite non -concurrent lines can

be found in nature ; then also because we cannot perceive the properties of the in

finite, and hence a relation of this sort is not clearly cognized .

But with reverence for so great a man it may be said : can Euclid

be blamed, because (to bring forward one among innumerable examples) he de

* Cf. Netto's Theory of Substitutions (Cole's edition ) , 967 .

It has not been proved that all groups of this form can be used for G, but that every G, is of this form .
The former cannot be proved.
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2

us .

fines a square to be a figure quadrilateral, equilateral , rectangular ; when it may

be doubted, whether a figure of this sort has place in nature ? He could , say I ,

most justly have been blamed , if, before as a Problem demonstrating the

construction , he had assumed the aforesaid figure as given .

But that Euclid is free from this fault follows manifestly from this , that

he nowhere presumes a square by itself explained , except after Proposition 46 of

the First Book, in which in form of a problem he teaches , and demonstrates the

description from a given straight line , of the square as defined by him.

In the same way therefore Euclid ought not to be blamed, because

he defined parallel straight lines in this manner, since he nowhere assumes them

as given for the construction of any problem , except after Proposition 31 of book

first, in which as a Problem he demonstrates , how should be drawn from a given

point without a given straight line a straight line parallel to this , and indeed

according to the definition of parallels given by him , so that produced indeed into

the infinite on neither side do they meet one another. And what is more ;

he demonstrates this without any dependence from the Postulate here controvert

ed . And so Euclid demonstrates without any petitio principii that there can be

found in nature two such straight lines, which (lying in the same plane) protracted

on each side into the infinite never meet, and therefore makes clearly known to us

that relation , by which he defines parallel straight lines .

Let us continue onward , whither the scrupulous accuser of Euclid invites

Parallel straight lines he calls any two straights

AC, BD, which stand at right angles to one certain

straight AB ( fig . with me 21 ) . I admit , that a definition

of this sort is set forth by a state (as he says) possible and El N

most evident ; since ( Eu . I , 11. ) from any point in the
G

H

given straight a perpendicular can be erected .

But precisely this both possibility and clearness I
A FM B

have just now demonstrated about the definition pro Fig. 21 .

pounded by Euclid .

Wherefore remains only to compare that known Postulate of Euclid with

this the other like postulate , which must be used for farther progress after new

definition of parallels .

But behold this other postulate in Clavius (to whom Borelli himself ex

pressly refers) in the Scholion after Proposition 18 , book first : If a straight

line , as suppose BD upon another straight, as suppose BA , moves transversely

making with it at its extremity B always right angles , its other extremity D de

scribes a line also straight , until this BD shall have come to congruence with the

other equal AC . I acknowledge the fitness of the postulate , that thence a tran

sit may be made to demonstrating that other Euclidean , upon which certainly at

length must be supported all remaining geometry . For Clavius had previously

declared ; that a line , of which all points are equally distant from a certain as

sumed straight AB ; as assuredly is ( from the hypothesis of the aforesaid con .

struction , the line DC ; this line also must be straight ; because certainly it will

G H
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be of this sort, that all its intermediate points lie ex aequo (such is the definition

of a straight line) between its extreme points D, and C ; lie ex aequo , say I , since

all are equally distant from this assumed straight AB, truly as much as

is the length of this BD, or AC. In this place Clavius introduces the example

of the circular line , of which we will speak more conveniently below ; where I

will show the clearest disparity in this part between the straight line and circle .

For meanwhile I say it is not sufficiently evident , whether the line

described by this point D is rather the straight DC than a certain curve DGC

either convex or concave toward the side of this BA .

For if from the point F bisecting this BA a perpendicular is supposed

erected , which meets the straight DC in E, and the aforesaid curves in G , and G ,

it follows surely (from P. II . ) that the angles at the point E will be right ; what

ever line DC is understood at length as described in this motion by the point D ;

and moreover ( from an easily understood superposition) the angles at the points

G will be equal according as the one or the other curve DGC may be described .

But again ; any point M in AB being assumed ; if a perpendicular is

erected , which meets the straight DC in N, and the aforesaid curves in H and H,

I will prove a little later that the angles on both sides at the point N will be

right , is as far indeed as this straight DC is supposed generated by the point D

in that motion of its , or in as far as the straight MN is decided equal to

this BD.

But if one or the other curve DHC is supposed generated ; from the like

aforesaid easy superposition will be demonstated that again the angles MHD,

MHC on both sides will be equal , wherever in the one or the other described

curve the point H may be assumed , from which to the straight line AB lying un

der the perpendicular HM is understood as let fall. But of this thing more fully

and more scrupulously in the other part of this book , where it has its proper

place .

To what end therefore , you will say , this untimely anticipation ?

To this end , say I ; lest from this indubitable property of the line gener

ated in this manner, proved by me most rigorously in the aforesaid place; and

indeed beyond any defect of any sort infinitely small; we may decide precipa

tately that the line can be only the straight.

Obviously the nature of the straight line must here be investigated more

profoundly, without which geometry scarcely grown beyond infancy must there

remain . Therefore in this affair cannot be blamed a greater investigation of a

certain most exact verity .

Nor yet do I here deny , but that by certain most accurate physical experi

mentation can be discovered , that the line DC generated by this motion might

be determined not other than a straight line .

But in so far as it may be here allowable to cite physical experimentation ,

I may forth with bring forward three demonstrations physico -geometric to sanc

tion the Euclidean Postulate .

Therewith I do not speak of physical experimentation extending into the
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1

infinite, and therefore impossible for us ; such as of course would be required to

the cognizing , that all points of the straight join DC are equidistant from

the straight AB, which is supposed to be in the some plane with this DC.

For a single individual case will be sufficient for me ; as suppose, if, the

straight DC being joined , and any one point of it N being assumed, the perpen

dicular NM let fall to the underlying AB is ascertained to be equal to BD or AC.

For then the angles on both sides at the point N would be equal (P. I. ) to the

angles corresponding to them at the points C and D, which again ( from the same

P. I. ) would be equal inter se . Wherefore the angles on both sides at the point

N, and therefore also the remaining two will be right .

Therefore we will have a case for the hypothesis of right angle ; and con

sequently ( by PP. V. and XIII . ) we will have demonstrated the Euclidean Pos

tulate . And this may be the first demonstration physico-geometric.

I pass over to the second . Let there be a semi

circle, of which the center is D, and diameter AC. If then

( fig. 17 ) any point B is assumed in its circumference, to
B

which AB, CB joined are ascertained to contain a right

angle , this single case will be sufficient (as I have demon

strated in P. XVIII . ) for establishing the hypothesis of right АA D C

angle, and consequently ( from the aforesaid P. XIII . ) for
Fig. 17 .

demonstra
ting

that well known Postulate .

There remains the third demonstration physico -geometric, which I think

the most efficacious, and most simple of all , inasmuch as it rests upon an access

ible , most easy , and most convenient experiment .

For if in a circle , whose center is D, are fitted ( fig . 22 )
I

three straight lines CB, BL , LA , each equal to the radius DC,

and it is ascertained that the join AC goes through the center

D, this will be sufficient for demonstrating
the assertion .

D C

For, DB, DL being joined, we will have three triangles ,

which ( from Eu . I. 8 and 5 ) not only will be equiangular to Fig. 22 .

one another , but also singly for themselves. Therefore since

the three angles together at the point D, indeed ADL, LDB, BDC are equal (by

Eu . I. 13 ) to two right angles ; also the three angles together of each of these

triangles will be equal to two right angles, as suppose of the triangle BDC.

Wherefore (from P. XV . ) will be established hence the hypothesis of right angle ;

and consequentl
y

(from the already used P. XIII . ) that Postulate will be

demonstrate
d

.

But if, before all attempt whether at demonstration or at graphic exhibi

tion , one wishes to compare inter se those two postulates , I grant indeed the

Euclidean may appear more obscure or even liable to objection . But after the

graphic exhibition , which I reserve for Scholium IV . following, it will appear

vice versa that the Euclidean Postulate indeed can retain the dignity and name of

postulate , but the other ought rather to be reckoned among the theorems.

But here I must explain (as a little above I have promised I was about to

B
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M

do) the manifest disparity in this relation between the circular line and

the straight line . Now the disparity arises from this ; that a line is called straight

in reference to itself ; but is called circular, as suppose ( fig. 23) MDHNM , not in

reference to itself, but to something else , forsooth to a

certain other point A existing in the same plane with
D

H

it , which is its center .

B
The consequence therefore is , as is demonstrat

ed most excellently by Clavius , that the line FBCL N

FA

existing in the same plane with it , and whose points

are all equidistant from the aforesaid MDHNM , is

also itself circular, truly equidistant in all its points K

from the common center A. , That in fact BD, which

is the continuation in a straight of AB, is the measure Fig . 23 .

of the distance of that point B from this circle

MDHNM follows from this ; because ( from Eu. III . 7 , which is independent of

the postulate here in controversy ) this is the smallest of all , which can fall from

this point upon this circumference . The same holds of the remaining CH, LN,

FM .

Since therefore also the wholes AM, AD, AH are equal as radii from the

center A to the line assumed circular MDHNM ; and also the sections FM , BD,

CH , LN are equal, which obviously are the measure of the equal distance of all

points of that line FBCLF from this line presumed circular MDHNM ; the con

sequence plainly is , that equal likewise are the remainders AF, AB, AC, AL ,

and therefore also this line is a circle with the same center A.

But now likewise , for demonstrating, that the line DC ( fig. 21 ) generated

through such a motion by the point D is a straight line will the equidistance of

all its points from the underlying straight BA be sufficient ? In no way.

For a line is called straight absolutely in reference to itself, or in itself,

doubtless as lying ex aequo between its points , and especially end points , so that

these remaining unmoved it cannot be revolved into occupying a new place .

Unless this state in some way be demonstrated of this DC it will never be cer

tain that this is a straight line , whatever relation finally is supposed or demon

strated of all its points to the underlying straight AB in the same plane ;

but especially we must not say analogically that no other line in this plane will

be straight which in all its points is not equidistant from this line AB supposed

straight.

Nor finally do I wish this dictum of mine so taken , as if I think it cannot

be demonstrated, that the line thus generated is itself a straight line , except after

truth demonstrated of the controverted postulate ; since rather I myself will

demonstrate it toward the end of this book, for confirming the like postulate

itself.

(To be Continued. )
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ASTRONOMICAL DETERMINATION OF THE TIME OF THALES.

By F. P. MATZ, Sc . D. , Ph . D. , Professor of Mathematics and Astronomy in Irving College , Mechanicsburg,

Pennsylvania .

According to Pliny , the cosmical setting of the Pleiades , during the time of

Thales of Miletus, occurred twenty - five days after the Vernal Equinox .

The geographical latitude of Miletus is l = + 37 ° 30 ' . The brightest star

of the Pleiades is n Tauri, popularly known as Alcyone. The apparent place for

upper transit of n Tauri, at Washington , for the Mean Solar Date, January 9.3 ,

1895, is , according to Professor Simon Newcomb, characterized by a Right Ascen

sion , a =3h . 41m . 15.498 ., and by a Declination , d = + 23° 47 ' 0 " .4 .

From these data the hour-angle of n Tauri is determined to be h = 1099

45 ' 54 " .6 , = 7h . 19m . 3.648 . Hence the sidereal time of the rising of n Tauri is

T , = 20h . 22m . 11.858 . , and that of the setting is T , = 11h . Om . 19.138.; that is ,

n Tauri is T= 14h . 38m . 7.288 . of sidereal time above the horizon .

This problem can now be solved in four different ways ; and possibly the

most expeditious method of mathematical solution , is to make Tg = (180 °–O)=

165 ° 4 ' 46 " .95 . Therefore O = 14 ° 55 ' 13 " .05 .

By a calculation analogous to that in our second solution of the “ Dog -Star

Problem , ” we find 1 ( 2 + 1 ) = 87 ° 27 ' 17 " .81 , and 1 (2-1 ) = 68 ° 54 ' 20 " .94 .

Therefore , Z = 156 ° 21 ' 38 " .75, and V = 18 ° 32 ' 56'.87 ; and 1 Z = 39° 57 ' 0 " .032.

The value of the obliquity of the ecliptic, as furnished us by Professor

Young, of Princeton , is w= 23 ° 27 ' 18 " .82 ; and , therefore, ZZVE = 90 ° - (1+

W ) = 47 ° 59' 44 " .31 .

Taking into consideration Refraction and Semidiameter, we have ZX = 90 %

50 ' . Ignoring the method of solution by right-angled spherical triangles , we ob

tain Z2V = 28 ° 30 ' 10 " .876 , = 28. Therefore , } ( V + Y ) = 38 ° 14 ' 57" .59, and

( V - 2 ) = 9 ° 44 ' 46 " .72 ; also , 1 (v + 0 ) = 65 ° 23 ' 30 " .02. Hence VS = 120 ° 13 '

11" .21, and ( 180 ° - 1Y ) = 59 ° 46 ' 48 ".79 , = L .

With the number of mean days in Hansen's sidereal year taken as

the basis , we have for the Sun's mean daily motion m = 59'.136554, = 59' 8 ".19324 ;

and in 25 days , we have 25m = 24 ° 38 ' 24 " .828 , = M .

The Precessional Slip , therefore , is P = ( L - M ) = 35° 8 ' 23 ".96 ,=

126503 " .96 .

After adopting Struve's constant of annual precession as given in Young's

General Astronomy, p . 528 , p = 50 " .264 + 0 " .000227 (t - 1900 ), and then ignoring

the right-hand term , we have T - P p = 2516.79 years , or 2517 years , to

be counted backward ( into the past) from January 9 , 1895, in order to determine

the time of Thales .

This count brings us to January 9 , 622 B. C. Dividing by the Struvian

constant of mean annual precession , we have January 9 , 628 B. C. Dividing

also by the corrected Bessellian constant of annual precession , 50 ".2479, we have

January 9, 623 B. C.
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According to the Encyclopædia Britannica, Thales of Miletus lived from

640 B. C. to 546 B. C .; and on May 28 , 585 B. C. occurred the total eclipse of

the sun , which he had predicted many years before its occurrence .

ARITHMETIC.

Conducted by B. F. FINKEL, Springfield , Mo. All contributions to this department should be sent to him.

SOLUTIONS OF PROBLEMS.

52. Proposed by F. P. MATZ, Sc. D. , Ph . D. , Professor of Mathematics and Astronomy in Irving College ,

Mechanicsburg, Pennsylvania .

By selling a horse for H = $ 150 cash , I gain p = 20 per cent . At what price should I

sell the horse and wait d = 90 days, money worth m=6 per cent . , in order to gain q - 25 per

cent. ?

Solution by the PROPOSER .

Obviously the cost of the horse is C= C1 - ( 1 + 100
100 ) ]

of $H, =$125 ;

and , consequently , the selling price , in order to gain q per cent., must be

P'= ( 1 + 160) of $C,= 8156.25 , which must be divided by the proceeds of $ 1 for

d days at m per cent.; that is , the required result becomes

(

100 +9 36000

Р

100 + p)(36000 dm )of $H ,= $158.6294
4
.

Also solved by H. C. WILKES.

53. Proposed by P. S. BERG, Larimore, North Dakota.

$500,
WOOSTER, Ohio, September 2nd, 1886 .

One year after date we , or either of us , promise to pay to the order of J. M. W. Five

Hundred Dollars for value received with interest at 7 per cent. from date .

J. C.

M. C.

Endorsed , May 13, 1893 , $ 75.00.

September 1 , 1894, $ 300.00 .

What was due April 1st, 1895 ?

Solution by H. C. WILKES, Skull Run, Virginia .

As the first payment $75 is less than the interest then due, compute the

interest to the time of the second payment.
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Principal , September 2 , 1886,
$ 500 .

Interest to September 1 , 1894 , 8 years less 1 day,
279.90

Interest on Interest= Interest on $35 for 28 years less 8 days, 68.55

Amount of Principal and Interest due September 1 , 1894, $848.45

Payments,
8375 .

Interest on $75 from May 13 , 1893, to Septem

ber 1 , 1894, 7.26

8382.26

Amount due September 1 , 1894, $466.19

Interest for 7 months ,
19.03

Amount due April 1st , 1895, 8485.22

3

PROBLEMS.

56. Proposed by F. P. MATZ , M. Sc. , Ph . D. , Professor of Mathematics and Astronomy in Irving College,

Mechanicsburg, Pennsylvania .

A , B , and C can walk at the rate of a = 3 , 6–4 , and c=5 miles, per hour. They start

from Washington, at m = 1 , n = 2, and p= 3 o'clock , P. M., respectively. When B overtakes

A , he is ordered (by A) back to C. When will B and C meet ? Suppose B had ordered A

back to C , when would A and C meet ? In case all three continue walking ahead, at what

time will they meet ?

57. Proposed by L. B. FRAKER, Weston , Ohio.

Suppose that in a meadow the grass is of uniform quality and growth and that 6

oxen or 10 colts could eat up 3 acres of the pasture in of the time in which 10 oxen and 6

colts could eat up 8 acres ; or that 600 sheep would require 2-weeks longer than 660 sheep

to eat up 9 acres .

It what time could an ox , a colt , and a sheep together eat up an acre of the pasture

on the supposition that 589 sbeep eat as much in a week as 6 oxen and 11 colts ? By Arith

metic, if possible .- Hunter's Arithmetic . (Unsolved in School Visitor . )

Solutions of these Problems should be received on or before January 1 , 1896 .

ALGEBRA.

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

48. Proposed by SETH PRATT, C. E. , Assyria , Michigan .

What is the interest of $500 for 10 years at 10 per cent . per annum , when the inter

vals of compounding are infinitely small ?
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1. Solution by Professor E. W. MORRELL, Department of Mathematics, Montpelier Seminary, Montpelier,

Vermont; and BENJ. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, Ohio.

The formula for P dollars at compound interest for n years payable

19 1

99 times a year at rate r , is P (1+ yon. In this case g is infinity ; let

whence q = rx and the formula becomes P (1 + ;-) enr, but ( 1+ )* = e at the limit

1 1 .

and we have the amount = Penr and the interest will be Penr-P. In this case P

= 500, e= 2.718281828 , n = 10 , r= .10 , and we have the interest = 500 ( 2.718281828

-1 ) = $859.1409142 .

II. Solution by W. H. CARTER, Professor of Mathematics, Centenary College of Louisiana, Jackson, Louis

jana ; and JOHN M. ARNOLD , Crompton, Rhode Island,

109

А A 1

P
( 1 = ( 1+ ) 109. Expanding the second member, and re

9
500

A
ducing , ( 1 –1 ) (1 –ió )(1-1 )= 1 + 1 + + +

500 2 ! 3 !

When the intervals are infinitely small the number of intervals (q) is in

finitely large, and the fraction in each factor of the numerator of each term

A 1 1

= 1 + 1+

+ +

500 2 ! 3 !

A

The sum of this series is the Naperian base . .. =2.718281828 . ..A.

500

= 1359.140914 , and A-P= $859.140914= interest required .

is zero .

III. Solution by Professor J. SCHEFFER, Hagerstown, Maryland.

Let y be the amount, a the initial principal , r the rate per cent . , and t the

rt
rydt

time in years ; then , we have from dy=
= Ce100 , but since for t =0 , y=

100

rt rt

a , we have (' = a . .. y = ae 100 , and interest = a ( € 100 –1) . For r = 10, t = 10 , we

have interest = 500 (e - 1 ) = 500 x 1.718281828= $859.140914 .

Also solved by 0. W. ANTHONY, P. S. BERG, F. P. MATZ, C. D. SCHMITT, H. C. WILKES. and G.

B. M. ZERR

49. Proposed by P. S. BERG, Larimore, North Dakota .

A man having lent $ 6000 at 6 per cent , interest payable quarterly , wishes to receive his

interest in equal proportions monthly, and in advance. How much ought he to receive

monthly ?
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Let $x=the sum he should receive monthly . But 6000 x .015=$90=

quarterly interest . .. 1.015x + 1.01x + 1.005x = $ 90 . ... 3.03x=$90 .

$29.70297+ .

Also solved by P. S. BERG, F. P. MATZ, J. SCHEFFER, and G. B. M. ZERR.

NOTE . - Solutions of Nos . 46 and 47 , Algebra, were received too late for selection from Prof. Benj . F. Yan.

ney, A. M. , Mount Union College, Alliance, Ohio.

PROBLEMS.

56. Proposed by D. G. DORRANCE, Jr. , Camden , Oneida County, New York.

Sum the series 1 , 1 , 1 , 2 , 3 , 4 , 6 , 9 , 13 , 19, etc. , to n terms ; also what is the nth term ?

57. Proposed by DAVID EUGENE SMITH , Ph . D. , Professor of Mathematics, Michigan State Normal

School, Ypsilanti, Michigan.

Prove that the product of the n nth roots of 1 is +1 or -1 according as n is odd

or even . Prove, and generalize, for the n nth roots of m .

58. Proposed by ROBERT JUDSON ALEY, M. A. , Associate Professor of Mathematics, Leland Stanford

Jr. University, Palo Alto, California .

Telegraph poles are a yards apart ; for how many minutes must one count poles in

order that the number of poles counted may be equal to the number of miles per hour that

the train is running ?

Solutions of these Problems should be received on or before January 1 , 1896 .

GEOMETRY.

Conducted by B. F. FINKEL . Springfield , Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

45. Proposed by GEORGE E. BROCKWAY, Boston, Massachusetts.

If an equilateral triangle is inecribed in a circle , the sum of the squares of the lines

joining any point in the circumference to the three vertices of the triangle is constant.

Solution by JAMES F. LAWRENCE, Breckenridge, Missouri.

Let ABC be the inscribed equilateral triangle and P any point in the cir

cumference of the circle . Join P with the points A , B , and C.

Then ABP = BP +AP - 2BP X APcos60 °

=BP: + AP - BPX AP, and
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ACP = CP2 .+ AP2 -2CP X APcos60 ° AА.

= CP2 + AP2 – CP X AP.

.. ABP + AC = BP + AP + P + AP 10

[BP X AP + CPX AP] .

But AP=BP+PC , AMERICAN MATHEMAT

ICAL MONTHLY , Vol . I. , No. 9, p . 315 , Prob . 19 .

APP = BPX AP + PCX AP, by multiplying
B

both sides of the above equation by AP.

.. AP2 — [BP X AP + PCXAP] =0.

.. ABP +AC ? = BP + AP + CP , and

BP? + AP + CP is constant.

Q. E. D.

Excellent solutions of this problem were received from P. S. BERG, G. B. M. ZERR, O. W. ANTHONY,

COOPER D. SCHMITT, J. F. W. SCHEFFER, JOHN B. FAUGHT, G. I. HOPKINS, and E. W. MORRELL.

Two solutions were received without the names of the authors signed to them .

46. Proposed by J. C. GREGG, Superintendent of Schools , Brazil, Indiana.

Given two points A and B and a circle whose center is 0 : show that the rectangle

contained by 0.1 and the perpendicular from B on the polar of A , is equal to the rectangle

contained by OB and the perpendicular from A on the polar B.

Solution by JOHN B. FAUGHT, A. B. , Instructor in Mathematics, Indiana University , Bloomington, In

diana ; P. S. BERG, Larimore, North Dakota ; and J. F. W. SCHEFFER, A. M. , Hagerstown, Maryland.

Let I be the polar of A , and M the polar of B. Let AP be a perpendicular

on M, and BA à perpendicular on L.

Draw OC parallel to M , and OD parallel to L.

Then OA.OA ' = OB.OB '

= R %, by definition .

ARC
ОА OB'

..0BOA

CP

BA L

0

Q

ID

The triangles OAC and OBD are similar.

AC CP AC + CPAP

:.0 B = BDE DA = BD DA
BD + DA DA

ОА

B

. :: OA.BA = OB.AP.
Q. E. D.

Excellent analytical solutions of this problem were received from G. B. M. ZERR, COOPER D. SCIIMITT,

and E. W. MORRELL. Prof. Morrell sent in two solutions .

A solution was also received without the author's dame signed to it.

PROBLEMS.

52. Proposed by F. P. MATZ, M. Sc . , Ph . D. , Professor of Mathematics and Astronomy in Irving College ,

Mechanicsburg, Pennsylvania .

If the center of a rolling ellipse move in a horizontal line, determine the surface

on which the ellipse rolls .
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53. Proposed by B. F. FINKEL, A. M. , Professor of Mathematics and Physics in Drury College, Spring.

field , Missouri.

A pole, a certain length of whose top is painted white , is standing on the side of a

hill . A person at A observes that the white part of the pole subtends an angle equal to a

and on walking to B, a distance a, directly down the hill towards the foot of the pole the

white part subtends the same angle . What is the length of the white part, if the point B

is at a distance b from the foot of the pole ?

CALCULUS.

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

22. Proposed by MOSES C. STEVENS, M. A. , Professor of Mathematics, Purdue University, Lafayette,

Indiana.

Solve the Differential Equation ,

dy

(623 + 20.cº - 2x)

d.cº

dy

- ( 9x2 + 10x + 1 ) + ( 1 + 9x)y=0 ,
da

Solution by F. P. MATZ, D. Sc . , Ph . D. , Professor of Mathematics and Astronomy in Irving College ,

Mechanicsburg, Pennsylvania .

Dividing the given equation by the coefficient of dạy /dx?, then represent

ing the coefficient of dy / dx by Q and that of y by Q ' , we obtain

dy

dy dx
224 + Q'y = 0 ......(1).

În order to reduce ( 1 ) to the typical form of the text - books Flydx ' dx²

dw d ” W dw

tw ,= (x + 1)aiz. (a ) ; then

dy

dix

assume w=

x + 1

=
dạy

and

dx2
( x + 1 )

dr ?

+2

da

By substituting in (1 ) , expanding , and reducing, we have

dir- ( *1-2).......(2)
.

By putting dw/dx=P , ( 2) becomes

dp = -64 *1- 2)dt......(3),
p
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in which the variables are separated. Integrating each member of (3) ,

dw

logp , = log
dx

log
[C8

TC( 3.cº + 10x - 1 )]

2 (x + 1 )
]......(4)

After passing to exponentials , etc. , ( 4 ) becomes

W =

CS(32

(32 ° + 10. - 1) d .

( x + 1)

( 5 ) .

In order to integrate ( 5) , put x=tan ; then

4tano

tan6+
1

v = 20 [3 secºbdø +4% 20-8844 ]= 2 [3tang –

= 2Ctano [Stanóri ]

= 3Cx
Burl] +c......(6).

tanº 0 + 1

Equating the values of w as given in (a) and (6) , we have

y = 2Cx (3.c - 1 )+(x + 1 ) . ..... (7) ,

which is the complete primitive , or general integral ; and this assertion the fol

lowing proof substantiates .

(8 ) .
y - 2C ( 3x- 1 )

From (7 ) ,
x+ 1

Differentiating (7 ) ,

dy

dx - ( 1)-1) =c.....

(9 ) .

Differentiating ( 9 ),

dy

2.73 /(9x+1)=C......(10 ).

dir

Eliminating C from ( 9 ), by means of ( 10) ,

dy 93–1 day

dar 9x + 1) dic ?
-2.c

( 11 ) .

Eliminating C from (8 ) , by means of ( 10) ,

dy

.. ( 12 ) .y

2+ 1

4.02

• (cu 11T + 1 7
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Equating the values of c as given in ( 11 ) and ( 12 ) ,

(*r*(32 (x +1 )

4x2 (3x – 1 ) — 2r( 9.x— 1) (x + 1) d’y
– — 9x )

dy

+

(9.c + 1 ) (x + 1 ) dx ? dx

y-
= 0 ...... ( 13) .

*+ 1

day dy
.. 2. (3.0 ° + 10.6-1) -- (92+ 1 ) (3 +1

' da² doc

+ ( 9x + 1 ) = 0 ,

which is the Differential Equation given by the Praposer of the problem .

Scholium . — The proposed Differential Equation is satisfied by the equa

tions, y = 1 + &......( a ) and y = 2x1 (32-1 ...... (B) ; that is , these equations are

particular solutions, or particular integrals , of the Differential Equation .

36. Proposed by H. C. WHITAKER , B. Sc. , M. E. , Professor of Mathematics, Manual Training School ,

Philadelphia, Pennsylvania.

Define the figure described and calA cube is revolved on its diagonal as an axis .

culate its volume .

II . Solution by the PROPOSER .

The edges adjacent to the axis of revolution generate cones ; the two edges

not adjacent to the axis generate a hyperboloid of one nappe . Take the axis of

revolution as the axis of z . The equation of the cones is +yº = 2(z = h 30 ) ,

the altitude of each being ty / 3a, the radius of each being dyba, the volume of

each being

273

a3.

27

The equation of the hyperboloid is 2x2 + 2y ? – 4z2 = a ?, the volume being

a

the integral of 7 (2za+ -) dz between the limits tay'3 and – taj 3 , this volume
2

573

being n . Adding the volume of the hyperboloid to the volume of the two
27

π

cones , the total volume is found to be al = 1.8138a3.

V
3

[This solution is given for comparison with that of DR. ZERR, published in last issue. EDITOR. )

38. Proposed by L. B. FILLMAN , St. Petersburg, Pennsylvania .

The diameter of the circular base of a dome is 10-a feet, which is also the distance

from any point on the circumference of the base to any point on the opposite side of the

dome from base to apex. Find the volume of the dome.

1. Solution by GEORGE B. MCCLELLAN ZERR, M. A. , Ph . D. , Professor of Mathematies and Applied

Science, Texarkana College, Texarkana, Arkansas - Texas ; and the PROPOSER.

Let º + y = aº be the equation to the circle that forms a section of the

dome perpendicular to the base . Then any section parallel to the base at dis
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tance y from the base has a radius = (1/ a ? -y2– ta) .

..v = TT

πα3

dy = (93-
47

),
24

=
1257

- ( 9 /3-47 ), when a = 10 ,

3

= 395.59 cubic feet.

II. Solution by Professor J. SCHEFFER, A. M. , Hagerstown , Maryland ; and P. S. BERG, Larimore, North

Dakota .

CD = CP = CA = 2a ; AE = y4a² - aºraj 3 .
Let

circular section PG be at distance ES=y , PS = x ; then

GA st

y
"ay 3

( a + x )² + y2=4a?. .ex = -atı:4a? —ya.

Capacity = r S *
22dy = 1AS " (522 — ye—2aj; 4a * —yº) dy

πα3
1251

(9,3-47 ), and for a = 5 , + (91'3—41 ).

3 3

0

E

III. Solution by FRANKLIN PIERCE MATZ , D. Sc . , Ph . D. , Professor of Mathematics and Astronomy in

Irving College, Mechanicsburg, Pennsylvania.

Let AC = PC = DC = r , = 10 feet ; ZACD = 0, = 60 ° = 11 ; ZPCD = ;

EQ=SP=x ; and PQ =SE=y . By well-known principles, then , we have CE = r

cosº ; and , therefore, from the right-angled triangle CPQ, since CQ = ( r cos$ + x) ,

we obtain the equation ( r cosø+r) ° + y * = p2 ( 1)... * ° = r ? ( cost - coso)

. (2 ) Now , y = r sinA. i . dy = r cosHdA ...... (3) ; also , from Calculus ,

V' == ) x dy ......(4 ). Transforming (4 ) by means of ( 2 ) and (3) , we obtain

=

V = Mp3

Scos4– cosø) costao

( cosH – coso ) cosHdH = tzar3 ( sin30 + 9 sino – 120 coso)cos ...... (5 ),

which is undoubtedly the simplest general result obtainable . Reducing ( 5 ) under

the supposition that 0 = 60 ° = 17 ,we have the well-known result V ' = 247 ( 9 , 3–

47 )p3, = 395.59 + cubic feet .

IV . Solution by W. L. HARVEY, 75 Gray Street, Portland , Maine .

AА.

S

The arc of the dome = 60 ° with radius= 10= a ;

hence, the sine - 5 , 3 = jay 3 , and this arc revolved

about this sine generates the dome .

The quadrant CEA , revolving about EA , gener

ates a hemi-sphere ; ESF is a semi-segment of radius

= EA . If the quadrant revolve a small distance , C

E С

H
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... TI

1

moving to L and G falling on M, and generating CEALE, and through MI a

plane be passed parallel to CEA , the semi-segment CGK = EFS generates

CKILMG, of which the part INLM = EFHS.

The volume generated by the semi-segment EFS in an entire revolution

will equal that generated by CGK minus the sum of the solids CKNIGM lying

about the circumference of the base of the hemi-sphere . But GMCKIN = K1X

area of the semi-segment CGK ; and the sum of all these parts is equal to the cir.

cumference described by EK as radius into the same area . EI = r,

ES=8, and the arc SF=p , we obtain for the solid generated by EAGK,

27 2π

( scº + a : - a *8 ) . Consequently the solid generated by CGK = ( a’s – 80 ) .
3 3

Then the sum of all the solids CNIKMG = semi-segment GCKx20c= t

If EA= a ,

2a 8

( cap - sc ? ), and the volume sought is ( a ? s — 80 ° ) - 7 (cap - scº) = 70 , +
3 3

cap ). Putting c ' =a ? - 82 this becomes , a (sa ? - -- cap ). In the problem

3

sc ?

3

83

a a a3 a

2 V3, c=

ап

3
Then

p= a (60 °)
2 '

and the contents arecap =
2.3

a3 (31/3

2 4 * ) = 395.59 cubic feet.
= 395.59 cubic feet. This method of solution was suggested by

a solution of a similar problem by Professor Seyford, of Colby University.

( From the MONTHLY of October, 1894. pp. 257-8, we have four other different solutions of a similar prob.

lem ; and each solution gives the result, V = N (913-47 ) a ", "357 (9j'3 -477 ) = 395.59027 + cubic feet. EDITOR.)

39. Proposed by J. C. GREGG , Brazil, Indiana .

Show that the curve

x = 9a sin8-4a sin

y= -3a cosH + 4a cos3H

is symmetrical to the axes , and has double points and cusps : find the lengths of the arcs ,

( a) between the double points, (b) between a double point and a cusp , (c) and the arc con

necting two cusps and not passing through a double point .
Johnson's Calculus.)

Solution by GEORGE B. MCCLELLAN ZERR, A. M. , Ph . D. , Professor of Mathematics and Applied Science,

Texarkana College, Texarkana, Arkansas- Texas.

ly

к
MM

CH

The equations as given in Johnson's Calculus are

x= 9a sint- 4a sin3A= 6a sino+ a sin34,

y= -3a cost + 4a cos3 A= a cos38.

... g ? =x² + y = a ? + 72a ? sinº4—48a sin44 ;

darba cos8 + 3a cos38, dy= -3a sin34 .

ds = 1 dx ? + dy' = 3a(4 cos ? H— 1 ) .

..s= 3a (4+ sin2 ) .

B
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7 271 41 5π

2

dy
sin30 0

when A =

da 2 cos8 + cos30 0
3 3 3 ' 3

57

.. There are cusps at C, D, E, F.
When A= -and x=4a , y=0, dy /dx=

6 6 '

1 11 n
1

when A= and x= -4a, y=0 , dy / dx = +

6 6 1
3

7n

V 3

CI

.. A and B are double points. The curve with the tangents at its double points

is given in the figure. It is symmetrical to the axes, has four cusps and two

double points.

( a) , 8 = AMB = 3a 0 + sin26[ 13 = 3a ( 5 +v3)=a(z–3/3),

( ) , o = AD=3a [6+sin2"]= + =0.

( c) , 8= DC = 3a [6 + sin20] =a[31/3–2) .

3

ha

Whole length of curve = 2AMB + 4AD + 2CD = 2a ( + 6 , 3) .

[ The given curve is one of the involutes of a 4 -cusped hypocycloid, which could be drawn surrounding

the figure. The curve as given by the equationsas first proposedis symmetrical to the axes , has two double

points but no cusps. EDITOR. ]

PROBLEMS.

47. Proposed by Professor J. SCHEFFER , A. M. , Hagerstown, Maryland .

The floor of a vault forms a square , and all sections parallel to it are squares. The

two vertical sections through the middle points of the opposite sides of the floor are equal

semi-circles. Find the convex surface and the volume of the vault.

48. Proposed by G. B. M. ZERR, A. M., Ph . D. , Professor of Mathematics and Applied Science , Texarkana

College, Texarkana, Arkansas- Texas.

I have a circular section basin 12 inches in perpendicular height; the diameters are

asfollows: At base , 2 inches ; one inch perpendicular height , 6 inches; two inches per

pendicular height , 18 inches;three inches perpendicular height, 54 inches; and so on , the

diameter being trebled for every inch in height . After a rain the water in the basin is six

inches deep, what was the rainfall ?

G
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MECHANICS.

Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

28. Proposed by 0. W. ANTHONY, Professor of Mathematics, New Windsor College , New Windsor, Mary:

land .

A movable finite wire carrying a current of electricity is perpendicular to and on one

side of an infinite wire also carrying a current . Investigate the motion of the movable

wire.

Solution by the PROPOSER .

Co

W

Let AB be the finite wire , and DC the infinite wire . Let the current flow

away from the infinite wire in the short one . Also call M ,, M

the current strengths of the two currents , and m the power of the

dxdz D
finite wire .

x = QS, z = PS . Resolv.
R

a

ing forces perpendicular and parallel to DC we have

Then dfpq = M1 M222 +22 P

xdxdz

dipr = M , Me (2 ? + za )!
SAPB

'Crdxdz

(x2 + 2 ) *

2ܕ

. M:

= 2 j1qHs 10g ( :)

2 My Mylog(;;) .

M ,M 10g( 3).-+ kıl+ ks

das

di

1

S

ጎኔ
21

29. Proposed by J. A. CALDERHEAD, A. B. , Superintendent of Schools , Limaville , Ohio .

Show that if a body be projected from the angle A of a plane triangle ABC so as to

strike the side CB at a point D, then , if its course after reflection at D be parallel to AB,

( 1 + ) cot B
tan < DAB =

1- ecot " B

Solution by ALFRED HUME, C. E. , D. Sc . , Professor of Mathematics in the University of Mississippi, Uni

versity P. O. , Mississippi .

The angle between the course of the body before impact and the side CB

is 180 ° - ( B + DAB).

tanB

tan[ 180 ° — (B + DAB)]

сC
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tanB+ tan A

- tanB = 0

1 - tanB tan A :

( 1 + e )tan B
tanDAB

tan ?B- e

( 1 + e) cotB

1- e cot ? B

Also solved by 0. W. ANTHONY, and J. SCHEFFER .

PROBLEMS.

35. Proposed by G. B. M. ZERR, A. M. , Ph . D. , Professor of Mathematics and Applied Science, Texarkana

College, Texarkana, Arkansas- Texas.

A man weighs 150 pounds ; his balloon with all its attachments weighs 500 pounds.

What volume of pure hydrogen must be made and put into the balloon so that it will be on

the point of ascending with the man ? How many kilograms of zinc and of hydrogen sul

phate will be used in generating the hydrogen ? Give volume of hydrogen in cubic feet

given that one litre of hydrogen weighs .0896 grams.

36. Proposed by 0. W. ANTHONY, Professor of Mathematics, New Windsor College, New Windsor, Mary

land.

A vertical slit is made in the middle of the side of a rectangular box containing

water . What is the time required to empty the box ?

AVERAGE AND PROBABILITY.

Conducted by B. F. FINKEL, Springfield , Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

26. Proposed by J. W. WATSON , Middlecreek, Ohio .

Find the average area of all right-angled triangles having a constant hypotenuse .

III. Solution by F. P. MATZ, D. Sc . , Ph . D. , Professor of Mathematics and Astronomy in Irving College ,

Mechanicsburg, Pennsylvania .

In my first two solutions I made an arm of the right-angled triangle vary

uniformly, although I employed two different systems of co-ordinates . I contin

ued this variation until the arms of the right - angled triangle became equal ; and

by doing this I avoided all reciprocal equal right- angled triangles . Looking at

results from this standpoint , the verdict must be—correct . By simply varying
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uniformly an arm of an inscribed right- angled triangle , as I have done , I am now

fully convinced that not all the possible right-angled triangles are comprehended ;

for, most certainly, the uniform variation of an arm does not cause a uniform

variation of the vertex of the right angle--- along a quadrant of the circumscribing

circle . I say the most natural solution of this problem is the one in which the

arc of the circumscribing circle is made to vary uniformly , and this variation is

to extend over only one quadrant of the circumscribing circle . Let x = the arc

intercepted by an arm and the constant hypotenuse h ; then , if th = a, the re

quired average area is

A = +he Grin(1 )cos(3) dr + Ma ....(1).

FOURTH SOLUTION ,

Taking # as the central angle intercepted by an arm , and by the constant

hypotenuse, of the right-angled triangle, the required average area becomes

A = th * S***S "sin4d6 + S
dA=

h?

2 a
. (2 ) .

0

FIFTH SOLUTION .

Making o one of the acute angles , the required average area becomes

h2

A = the S"sin2 ¢d$+ S**dó=

. (3 )
2

Sixth SOLUTION .

Let the origin of Cartesian co - ordinates be placed at the center of the cir

cle; then the required average area becomes

A = ih ?

***["d ++nS" , com ...(

( 4 ) .

answer .

Several other solutions leading to the same result are possible .

Note . - Professor 0. W. Anthony sent us a note in which he defends the solution leading to ļa? as the

His argument being, in substance , this : The mind does not form a picture of a right triangle in

scribed in a semi- circle whose diameter is a but simply a right triangle whose hypotenuse is a . He therefore

concludes that the number of triangles should be found by varying one of the sides .

The discussion of this problem called forth the excellent article, " A Note on Mean Values , " by Dr.

Moore, page 303 of this issue of the MONTHLY. I am quite sure that that article will be greatly appreciated by

those of our readers who are interested in this abstruce subject, Mean Value.

Taking the substance of that article as criterion, it remains to determine whether or not the above prob

lem is stated in the definite form . I hold the opinion that it is stated in the definite form ; for the problem re

quires the average area of all right triangles having a given hypotenuse. It does not require the average area
of all right triangles having a given hypoteuuse and formed according to a certain law, but all the right trian

gles having a given hypotenuse and the law of formation must be so chosen as to give all such right triangles.

Therefore, the solutions leading to the result are the correct and only solutions of the problem . EDITOR. ]
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PROBLEMS.

35. Proposed by B. F. FINKEL, A. M. , Professor of Mathematics and Physics in Drury College , Spring .

field, Missouri.

Find the chance that the distance of two points within a square shall not exceed a

side of the square .
[ Byerly's Integral Calculus, p. 209.)

36. Proposed by 0. W. ANTHONY, Professor of Mathematics and Astronomy, New Windsor College , New
Windsor, Maryland.

A box contains n' blocks numbered from 1 to n . What is the probability that two

consecutive numbers will be adjacent ?

DIOPHANTINE ANALYSIS.

Conducted by J. M. COLAW , Monterey, Va . All contributions to this department should be sent to him .

DIOPHANTUS' EPITAPH .

Translated by Rev. WRIGHT G. CAMPBELL, A. M. , Professor of Ancient Languages, Irving College ,
Mechanicsburg, Pennsylvania .

Here Diophantus has a mound which to you , with wonderful art, signifies

the times of his life.

One-sixth part he lived a youth ; then , in the twelfth part, slowly he began

to clothe his cheeks .

In the seventh part after these , he was joined to a wife ; and in the fifth

year , a beautiful boy was born .

After he had attained half of the paternal age , he unhappy seized by sud

den death , died .

Four summers the surviving father was compelled to mourn .

From this you may ascertain his years . Contributed by F. P. Matz.

SOLUTIONS OF PROBLEMS.

NOTE.-The comment on page 285 of last issue should have been credited to M. A. Gruber, War Depart.

ment, Washington , D. C.

27. Proposed by J. W. NICHOLSON , LL . D. , President, and Professor of Mathematics, Louisiana State

University and A. and M. College , Baton Rouge, Louisiana.

Required a formula for finding five integers the sum of whose cubes is a cube.
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1. Solution by G. B. M. ZERR, A. M. , Ph . D. , Professor of Mathematics and Applied Science , Texarkana

College, Texarkana, Arkansas-Texas.

A very simple formula is obtained as follows :

23+ (6x)3 + (8.x) 3 = ( 9x ) ...... ( 1 ) ; (3.c ) 3 + ( 4.0 )3 + (50)3 = (6x) ...... (2 ).

(2) in ( 1 ) gives x3 + (3x) 3 + (4.c) 3+ (50) 3 + (8x )3 = ( 9.c )3, where x can have any

value, positive , integral .

II . Solution by H. W. DRAUGHON, Olio , Mississippi .

If, in the identity , (x + y) 3 = 23 + 3x2y + 3.xy ? + y3 ...... ( 1 ) , we make 3røy

a cube , and 3xy®, the sum of two cubes , we will have a formula for finding five

numbers the sum of whose cubes is a cube .

3

Put 3.'y=m3.3 ; whence x =
Зу

and 3.cy

9y3

= ( )

33

m3m3 , ገm3

By substitution , ( 1 ) , becomes ,

+y ) ) + ( % )'+ 2 ) + ( )*+ yo.

Multiplying out by mº, we have

(3 + m3) y3= 2743 + 27m3y3 + 8m®y } +mºys +mºy? ...... (A ) ,

which is the formula required . Let y= 1 , and m = 4 ; then we have ,

(3 ) 3 + ( 12) 3 + (32 ) 3 + ( 16) 3 + (64) 3 = (67) 3 .

III . Solution by 0. W. ANTHONY, M. Sc . , Professor of Mathematics in New Windsor College, New Wind

sor, Maryland.

Let x ,, xg , X3 , 34 , 35 , be the integers . Then

2 + + + + * = ...... ( 1) .

Let å , = 3m , & z = 4m , & z = 5m . Then ( 1 ) may be written

(6m )3 + 2 + 2 = r ... ... (2 ) , or 23 + 2 + 2 = 33 (3) .

Let z = 3u, 4u , or 5u , xe =4u , 5u , or 3u , x = 5u, 3u, or 4u .

We have 6m = 3u ; 6m = 4u ; 6m = 5u .
Then u = 2m ; u =

3m 6m

U=
2 5
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Therefore ,

Or
Xq = 3m ,

2n = 4m ,

Yg = 5m , 1 .

Xq = 3m ,

Ug = 4m ,

X3 =5m, II.

-8m ,

15 m
>

il
2g = 10m ,

2

9m

223

Or X = 3m ,

2 , = 4m ,

X3 = 5m , III .

18 m

5

24 m
>25

Changing II , III , to a form which shall always be integral , we have the

following table of formulæ :

3 , =3m , 6m , 15m .

2z = 4m, 8m , 20m .

Xg =5m , 10m , 25m .

*4 =8m , 15m , 18m .

Xg = 10m, 9m , 24m . Where m has any integral value .

28. Proposed by DAVID EUGENE SMITH , Ph . D. , Professor of Mathematics, Michigan State Normar

School, Ypsilanti, Michigan.

Decompose the product 97.673.257 into the sum of two fourth powers .

1. Solution by COOPER D. SCHMITT, M. A. , Professor of Mathematics, University of Tennessee, Knox

ville, Tennessee.

Solution by Determinants :

23 - 12 16 - 1

97

1: 7)

673 =

231,

257

11
12 1 16

23 -12 9 255 -16

By multiplication 673.97 = Х

12 23 4 9 16 255 .

1

255 -16 16 -1 4080-16 , 255-256

and Х

16 255 ) 1 16 256-255, 16+ 4080

4096 1 642 -11

-

= 644+14 .

1 4096 1 642

1
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II. Solution by G. B. M. ZERR, A. M. , Ph . D. , Professor of Mathematics and Applied Science, Texarkana

College, Texarkana, Arkansas- Texas.

1

2

97.673.257= (34 +24 ) ( 232 +122) (44 +14) .

(at +64 ) (c4 + d ^ ) = (a ? c ? £ b ? d ? ) ? + a ? d ? = b2c?) ? = AⓇ+B2 .

(a* +64 )(c4 + d ^ ) ( e ? +52) = ( A ? + B? ) ( e ? + f ? ) = ( Ae + B ;') ? + (Af = Be)

= { (aʼc # bºd ) e + (a'd ' b ° c )} } ? + (a®c® £ bºd ) = (a'd' = b ° c )e } ,

Let a= 3 , b =2 , c= 4 , d= 1 , e= 23 , f= 12 .

. : . 97.673.257= 1 ? +40962 = 33592 +2344? = 3041 ? +27442 = 15112 +4064 ,

Of these four sums, the first is the only one that fulfills the condition .

. : . 97.673.257 = 14 + 644

NOTE.-- A . H. BELL, H. W. DRAUGHON, J. C. CORBIN , and F. P. MATZ should have been credited

with solutions of No. 22 .

PROBLEMS.

40. Proposed by F. P. MATZ , D. Sc . , Ph . D. , Professor of Mathematics and Astronomy in Irving College,

Mechanicsburg , Pennsylvania.

The sum of the three positive integral cubic roots of an equation is a square . What

is the equation ?

41. Proposed by H. C. WILKES, Skull Run, West Virginia .

50 ( a+b) 81 ( c + d ) 56 (a + 0) 75 (b + d )

Given (2 ) ;.... (1 ) ;
cdab ac bu

65 ( b + c) 66( a + d )

... (3 ) , to find the least integral values of a , b , c , d .
bc ad

a с

42. Proposed by E. B. ESCOTT, 6123 Ellis Avenue , Chicago , Illinois .

In a parallelogram , sides a and b , diagonals c and d , 2a’ +20 —c*+ d' . Find all the

parallelograms, not rectangles, whose sides and diagonals are rational .

Examples :
b d

4 7 9 7

16 7 21 13

8 9 13 11

11 17 98
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MISCELLANEOUS.

Conducted by J. M. COLAW , Monterey , Va. All contributions to this department should be sent to him.

SOLUTIONS. OF PROBLEMS.

28. Proposed by " IAGO " - (The late DR. JAMES MATTESON , DeKalb Center, Illinois .)

If 9 gentlemen , or 15 ladies , will eat 17 apples in 5 hours, and 15 gentlemen and 15

ladies can eat 47 apples of a similar size in 12 hours , the apples growing uniformly ;

how many boys will eat up 360 apples in 60 hours , admitting that 120 boys can eat the same

number as 18 gentlemen and 26 ladies ? F. P. Matz .

1

Solution by Professor P. S. BERG , Larimore, North Dakota .

1. Call the original size of an apple an " apple unit.”

2. Call the growth of 1 apple in 1 hour one " unit of growth ."

3. 324 boys will in the same time eat as many as 9 gentlemen or 15 ladies .

4. .. 324 boys in 5 hours or 160{ boys in 1 hour= 17 " apple units” +85

" units of growth ."

5 . . : . 854 boys in 12 hours or 10284 boys in 1 hour=47 " apple units ” +

564 " units of growth .”

6. .. (4 ) 21} = 444 *' boys in 1 hour = 47 " apple units ” +235 " units of

growth . "

7. .. (4 ) x 644 = 1066,4 boys in 1 hour= 112 % " apple units” +564

" units of growth ."

8. .. (5 ) – (6 ) = 584, 1's boys in 1 hour= 329 " units of growth .”

.. ( 7 )- ( 5) = 37,11% boys in 1 hour=65% " apple units ."

10 . .. ( 9 ) x 15 % = 584,1 boys in 1 hour = 1016,60 " apple units. "

11. .. 329 " units growth ” = 1016,80o “ apple units ,

1 " unit growth " = 3,6 " apple units ."

360 apples in 60 hours = 360 " apple units” +21600 " units growth .”

13. 360 " apple units' = 11635.6., “ units growth .”

14 . ::: 360 apples in 60 hours = 11633 " + 21600 = 2171638., " units growth . ”

15. From (8 ) 1 boy in 1 hour = 1197 329 “ units growth . ”

16 . . : . 1 boy in 60 hours = 148984 " units growth . "

17. .. 21716, + 148484 = 643 boys.

69525

29. Proposed by ALEXANDER MACFARLANE, M. A. , D. Sc . , LL , D. , Professor of Electrical Engineering

in Lehigh University, South Bethlehem , Pennsylvania.

A rectangular room has the four walls , the floor, and the ceiling covered with mir.

rors ; a candle is placed inside the room : find a formula which will express all the images .

Solution by G. B. M. ZERR, A. M. , Ph . D. , Professor of Mathematics and Applied Science , Texarkana

College, Texarkana, Arkansas - Texas.

Regard the candle as a luminous point . Then , since there are three sets

of parallel mirrors , we have, from elementary optics , three sets of an infinite
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7

number of images situated on three straight lines at right angles to one another,

and intersecting at the bright point .

These mirrors are also inclined to one another at right angles. Let

A ° =
=the angle of inclination of the mirrors , aº , bº the angles made by the

2

candle with two of the mirrors .

360 ° - ( a ° + ) 360 ° -90 °

Then
3 = the number of images due to two

Aº 90°

of the mirrors inclined at 90 ° . There are twelve such sets of inclined mirrors,

but of the 36 images formed , 18 are repeated ... } of 12 of 3 = 18 images due to

the inclined mirrors .

12211— (a ° + 6 °)

is the formula for the images due to the inclined
π

7

mirrors , where aº + bº
2

30. Proposed by R. J. ADCOCK, Larchland, Warren County, Illinois.

When the sum of the distances of a point of a plane surface , from all the other points ,

is a minimum , that point is the center of gravity of the plane surface.

I. Proof by G. B. M. ZERR, A. M., Ph . D. , Professor of Mathematics and Applied Science , Texarkana Col

lege, Texarkana, Arkansas- Texas.

Let ( , y1 ) be the point , (x , y) any other point , Sthe sum of the distances

of (2 , y ) from (2n , y ) .

Then S=

Let

S :SV(2–2,)*+(y =y,)*dxdy.

L ": S " be represented by S,and drdy by dA .

:: $ = S V( – )* +(y— y,)*d:A = S D da .

dsds

For a minimum ,

( x- x , ) dA

= 0,
D

( y - Y )dA

Ddx, dya

.. (x - X , )dA = 0, (y - y , )dA = 0.1. % , = · Yu

Syda

Saa

Srda

Saa

S Szazdy S Syazdy

S Sdxdy? S Sardy

..X , = 1 Yu
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II. Remark by S. H. WRIGHT, M. D. , M. A. , Ph . D. , Penn Yan, New York.

Mr. Adcock's problem asserts the truth evidently , when regular plane sur

faces are considered , such as the square , rectangle, parallelogram , rhombus , the

circle , and equilateral polygons . I hardly believe the problem will apply to any

irregular figure .

III. Comment, etc., by 0. W. ANTHONY, M. Sc . , Professor of Mathematics in New Windsor College, New

Windsor, Maryland .

It is evidently meant that when the sum of the squares of the distances of

a point from all other points is a minimum the point is the c. g . of the surface .

It can easily be proved that the other is not true.

[If Prof. Anthony will furnish a proof that the proposition does not hold for any or all figures we will be

glad to publish it. We append Prof. Anthony's proof of the well -known proposition which he quotes. EDITOR. ]

[The sum of the squares of the distances of a point (h , k ) from all other

points in the surface is u=

SS [(x -1) +(3—2)"]dxdy,where the integration is

dudu

over the entire surface . For minimum ,

dh

-0, = 0 . i.e. ,
dk

SS(a –h)dxdy= 0,andS S «y —k)dxdy =0 ;

S Swardy S S ydxdy

S Sandy SS dady

Whence h =
and kr

That is ( h , k ) is the center of gravity of the surface.]

Note. In Prof. Ross ' problem in September-October No. , p . 291, read “ square field ABC”' instead of “rec.

tangular field ;" also insert " irregular" befo the second plane curve" in line 2 of Prof. Taylor's problem , and

read " distance” for “ distances" and ( C ) = h for ( C=n) in line 5 of same problem ,

PROBLEMS .

35. Proposed by WILLIAM SYMMONDS, A. M. , Professor of Mathematics and Astronomy in Pacific Col

lege, Santa Rosa, California ; P. O. , Sebastopol, California .

To an observer whose latitude is 40 degrees north , what is the sidereal time when

Fomalhout and Antares have the same altitude : taking the Right Ascension and Declina

tion of the former to be 22 hours , 52 minutes , 30 degrees, 12 minutes ; of the latter 16

hours, 23 minutes, —26 degrees , 12 minutes ?

36. Proposed by J. K. ELLWOOD, A. M. , Principal of the Colfax School , Pittsburg, Pennsylvania .

“ What is the length of a chord cutting off one-fifth of the area of a circle whose di

ameter is 10 feet ? ”

37. Proposed by F. M. SHIELDS, Coopwood, Mississippi.

A gentleman owned and lived in the center , R , of a rectangular tract of land whose

diagonal, D, 350 rods, dividing the tract into two equal right-angled triangles , in each of

which is inscribed the largest square field , F and F, possible ; the north and south bound

ary lines of the two square fields being extended and joined formed a little rectangular lot ,

1
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R, in the center around the residence . The difference in the area of the entire rectangular

tract and the sum of the areas of the two square fields, F , F , is 187} acres . Give the

dimensions and area of the entire tract , and one square F.

1

QUERIES AND INFORMATION.

1

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

A POSTULATE OF THE HYPOTHESIS OF THE FOURTH DIMENSION .

Let it be granted that a straight line may be drawn through any point of the

space in which our universe is contained, every other point of the supposed straight

line being outside of our space.

This is a postulate logically involved in Arthur Willink's speculation re

specting a fourth direction . He says that the fourth direction is unknown . He

reasons that this could not be if two points in the fourth direction were posited

in our space, since two given points in a straight line determine its position , and

its direction becomes known .

According to Arthur Willink the direction of the fourth dimension

is unknown . Hence , the fourth dimension can intersect our space in but one

point . Hence, every other point on the hypothetical fourth dimensional straight

line except that of the intersection must lie outside of our trinally extended space.

Practically to the denizens of our universe that means that a straight line may be

drawn where our space is not . This hypothesis of a fourth dimension, therefore,

places restrictions upon the extent of our space , whereas no ultimate boundary is

assigned to it by either the intellect or the imagination of man . The human

mind reports as the result of its cognition one illimitable space. The hypothesis

of another and a wider space is inconsistent with this cognition .

Let us view this subject in another light . Three straight lines mutually

perpendicular to each other may be drawn through any point in our space , and

hence through the point in which the fourth dimension is supposed to intersect

it . The third dimension is perpendicular to the plane of the first and second di

mensions. If this plane is definitely located , the direction of the third dimen

sion is determined . Is the fourth dimension , also , at right angles to this plane ?

If so it must coincide with the third dimension and therefore lie in our space .

But this conclusion contradicts the hypothesis that the fourth dimension is not in

our space .

Finally , if the alleged fourth dimension is not perpendicular to the plane

of the first and second dimensions is it a legitimate dimension ?

John N. LYLE .
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The derivitive of e - ri ( cosx + i sinx) is zero .

. … . eczi(cost + sinx) =A , a constant .

Putting x=0, A = 1 .

.. et = cosx + sinx .

WM . E. HEAL, Marion, Indiana .

In exi = cosx+ i sinx, let x=MA. ... emai= cosmati sinma. ... mi= log

[ cosmati sinmn] . If in this m is any positive or negative integer . the last term ,

i sinmn , will disappear ; and we may write : mai= log cosmn . Now for any even

number form , cosma becomes +1 , for any odd –1 . .. log cosmn = log (# 1 ) .

..mri = log (+1) . For m = 1, ni=log (-1 ) . ' We may then write : m log(-1) =

log (F1 ) [Cf. Schurig's Algebra , 73 , 2.z. ] . The upper sign is to be taken for m

even , the lower for m odd .

If u = em , log (#u) = logu + log (+1) = loget + log (+1) = x + mlog (-1). The

sign to be taken as before.

OSCAR SCHMIEDEL, A. M. , Professor of Mathematics,

Bethany College , Bethany, West Virginia,

WANTED .-A solution by Quaternions, giving the elementary steps in

simple English , of some problem published in the Monthly.

A READER.

Olney, in his General Geometry, says " The problem of the duplication of

the cube and the trisection of an angle has been shown to be identical, as both de

pend upon the insertion of two means in a continued proportion between two ex

tremes.” Where can I find a proof of the statement in reference to the trisection

of an angle ? N. F. Davis , 21 George Street ,

Providence, Rhode Island.

(A) The trisection of an angle : The trisection of a right line taken as the

chord of any arc of a circle trisects the angle of the arc ; (B) Duplication of the Cube :

Doubling the dimensions of a cube octuples its contents, and doubling its contents

increases its dimensions twenty -five plus one per cent.

By request of the author ,

EDW . J. GOODWIN , Solitude , Indiana .

DEFINITION OF A FRACTION .

I. In compliance with your request in September No. ( 1894 ) of Month

LY, I state that my preference of definitions of fractions is ( B) .

H. W. DRAUGHON .

II . I think that a fraction is an indicated division . Division has two

meanings : 1 , The division into parts ; 2 , The division by a number ofthe same
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kind . A group of 12 cows+4=a group of 3 cows .

many

12 cows-4 cows=3 times as

H. C. WHITAKER.

1

1

III . The definition (A) suits me the best if only applied to " abstract”

arithmetic - provided, the meaning of " a unit is defined in advance.
But as

the sentence reads : “ a unit or anything else ,” it leaves a suspicion in my mind

that all mathematicians
have not a fixed definition for a unit in the scientific

sense . To get at what a mathematical
fraction is , we must first all agree

on a common basis for numeric systems , I submit my views , First, notation

of any kind , or the symbols ( figures) we call numbers , have no value other than

that given by the “ something
” the numbers represent ; second , every numerical

system is founded on three principles
, viz : singularity

, plurality , and totality .

The first principle is represented
by the so- called indefinite one . All indefinite

ones represent , in the scientific sense , indivisible
fractions, of utility only

in counting " items." From these indivisible
ones units are raised, that is , the

least " plural” (the second principle) is obtained by composing
two of the indi

visible ones into one united whole . This , the first and lowest unit , is called two .

Again , by uniting the lowest unit and the indivisible
fraction into a greater

whole , called three , the least numeric total (the third principle) is expressed .

According to this conception of numbers , a multitude of fractions are con

vertible into units of divers magnitude and from a number of units , a multitude

of fractions or finite ones can be evolved, but every unit used in computation

must have a fixed , definite, intrinsic value ( its magnitude) as well as a relative

value depending on its combination with other units and fractions.

With this understanding of what constitutes the foundation for all scientif

ic numerical systems (not applicable to empiric systems) , the definition of a frac

tion may be reduced to this :—A fraction is a given part of a given unit the mag

nitude of which is called the denominator, and is written under a line , while the

given part or parts of the unit's magnitude is written above the line and is called

the numerator ; hence , the numerator indicates the fraction of a certain unit des

ignated by the denominator.

CHAS . DE MEDICI ,

60 West 22d Street , New York City .

( We give all our subscribers opportunity to express their views briefly upon the questions raised in the

MONTHLY whether these views are founded upon what we consider right conceptious or not . EDITORS. )

NOTE ON HELMHOLTZ'S USE OF THE TERMS “ SURFACE” AND “ SPACE ”

AS IDENTICAL IN MEANING : -Does the “ immortal” Helmholtz in his Lectures on

the __ " Origin and Significance of Geometrical Axioms” -use the terms " surface "

and " space" as identical in meaning ?

If so , is not his performance " plainly pseudological” however " sicken

ing” the statement of the fact may be to the devotees who would have us

bow down before their pseudo-spherical idol and reverence their pseudological

prophet as an infallible authority . John N. LYLE.
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1

COMMENTS ON DUREGE'S THEORY OF FUNCTIONS.

Durege's book is admirably adapted for introducing beginners to the the

ory of functions according to the methods of Riemann, Ever since its first

appearance , I have been in the habit of recommending it to my students .

PROFEssor Dr. L. Fuchs ,

September 5th., 1895 . University of Berlin .
DO

than

Hatt

His (Durege's) success lies in his art of execution ; the material chosen

with rare skill is worked up into a continuous whole and treated with masterly

lucidity , and the interest is constantly kept up by happy examples . The present

work , the fourth edition , which was prepared by Durege shortly before his death ,

is excellently adapted for an introduction to the study of complex variables . Be

ginning with the historical development of the idea of complex quantities,

the author first establishes the general properties of functions of such quantities .

Durege's book will certainly maintain for a long time to come

the prominent position in literature which it occupies at present .

Zeitschript fur das Realschulwesen , 1894 .

An instructive book, in which is developed according to the ideas of

Cauchy , and especially of Riemann , the classical theory of a complex or imagin

ary variable . The examples are simple and well chosen . A good

manual for students .

Revue Generale des Sciences Pures et Appilquees, 1894 .

*

ACE

he

ed

A new edition of Dr. Durege's most excellent book , well known to every

mathematician , lies before us . Compared with the third edition , only a few

changes appear, consisting in short additions , more numerous examples , and al

terations in style. * * The excellencies of Durege's presentation of the

elements of the theory of functions are so generally known , that they relieve the

reviewer in a most agreeable way of making any commendation or criticism . We

- have no book which is so well adapted for the introduction to the more recent

theory of functions , and for facilitating the study of the works of that great mathe

matician ( Riemann ) , as the one here noticed .

Naturwissenschaftliche Wochenschript, 1894 .

1

1

1

1

!!

The fourth edition of the present work has now appeared , which fact is a

conclusive proof of its excellence. As this edition , compared with the third, con

tains only a few changes, consisting in short additions, more numerous examples,

alterations in style , etc. , we may dispense with a more minute discussion of it .

The work is based upon the modern theories of functions following Riemann's

method , and is eminently adapted to introduce the student to the conceptions of

this great mathematician — whom it is quite difficult to understand in the origin .

al . The present work has full raison d'etre of Neumanns book “ Vorlesungen

1
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uber Riemann's Theorie der Abelschen Integrale ," and it is even to be recom

mended to a beginner in preference to the latter on account of its greater precision .

Central Organ fur die Interessen des Realschulwesens , 1894 .

EDITORIALS.

No. 10 , Vol . II , of the Mathematical Magazine is expected to be ready in

January , 1896 .

Prof. William Hoover should have been credited with solving Problem 17 ,

Average and Probability . His solution was accidentally mislaid .

D. G. Durrance sent in a solution of Problem 49 , Department of Arithme

tic , after the July -August number had gone to press . His solution is by Algebra .

Drs . W. W. Beman and D. E. Smith have written a Plane and Solid Geom

etry which is being published by Ginn & Co. Something new and original may

be expected .

Dr. G. A. Miller requests us to state that his position in Michigan Univer

sity was an instructorship instead of a professorship. On account of his travels

during the summer he failed to see the error until recently .

Prof. J. R. Baldwin has resigned his position as Professor of Mathematics

in the Davenport Business College to accept a position at an increased salary in

the Commercial Department in the High School of Davenport, Iowa .

Dr. Zerr notified us some time ago that his solution of Problem 43 ,

Department of Geometry, is wrong. It does not follow from (3 ) and (4 ) that

y = ' . Professor Scheffer has pointed out the same error . We shall be pleased

to publish a correct solution of this problem in the next issue of the MONTHLY.

We take pleasure in announcing that Drs . G. E. Fisher and I. J. Schwatt,

of the University of Pennsylvania , have in press a translation of Durege's

Theory of Functions of a Complex Variable, with special reference to Riemann

surfaces . Durege's book is considered the standard text-book on the Theory of

Functions. See comments on this book under Queries and Information .

The latest venture in the field of mathematical journalism in this country

is the American Jathematical Monthly, edited by Profs. B. F. Finkel and J. M.

Colaw , and issued monthly at $2 . a year . The second volume is in progress and

the double number for July and August, 1895, is at hand. The Visitor heartily

wishes the plucky editors the success they so richly deserve.

The Mathematical Visitor, 1895 .
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Prof. O. W. Anthony writes : “ Allow me to congratulate you on the

great success you are making of the Monthly . It is the best mathematical paper

published for working mathematicians . I will send in my subscription for the

coming year in a short time , and if there is any falling behind in financial mat

ters , will be more than willing to bear my share .” We are very thankful

for Professor Anthony's kind words and generous offer of substantial support .

We wish that the many hundreds of mathematicians of this country who are not

now subscribers , would manifest the same spirit ; they would then put their

names upon our subscription list and contribute to the pages of the Monthly,

:

BOOKS AND PERIODICALS.

Elements of Geometry. By George C. Edwards , Ph . B. , Associate Professor

of Mathematics in the University of California . 8vo . cloth , 293 pp. Price ,

$ 1.10 . New York : Macmillan & Co.

Some of the salient features of this new work are the concise and accurate statement

of the definitions, the natural arrangement of the parts , the great generality of the demon

strations of many of the propositions , numerous interesting and valuable notes , and the

development of method of attack in the solution of problems.

It is to be regretted that the author has omitted the subject of Proportion, giving as

his reason that Proportion properly belongs to Algebra. While this is true , it is also true

that many students begin the study of Geometry before they come to the study of Propor

tion in Algebra. But even if they ha been drilled in the subject in Algebra, it ha been

my experience that the little time required for its discussion in Geometry is most helpful to

even the brightest students , while its omission would prove very unsatisfactory to those

who have not had it previously or who have had it several years previous to taking

up Geometry .

The last chapter is devoted to the treatment of the Conic Sections . At the end of

Plane Geometry and at the end of Solid Geometry there is given a large number of exer

cises designed to review the work preceding them , and thoroughly to establish method of

attack in the mind of the student . Corollaries and scholia have been in large measure re

placed by well chosen exercises . On pages 155—162 are thirty-nine diagrams to illustrate

as many different demonstrations of the Pythagorean Proposition . The book is well writ

ten and the publishers have presented it for public favor in good style . B , F , F.

Plane and Spherical Trigonometry. By G. A. Wentworth, A. M. , author

of a series of text-books in Mathematics . Revised edition . 8vo . cloth and

leather back , 192 pp . Price , $0.85 . Boston and Chicago : Ginn & Co.

In preparing this work the aim has been to furnish just so much of Trigonometry as

is actually taught in our best schools and colleges . Consequently all investigations that

are important only for the special student have been omitted , except the development of

functions in series. The principles have been unfolded with the utmost brevity consistent

with simplicity and clearness , and interesting problems have been selected with a view of

awakening a real love for the study. Preface.
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The book is a good one and is most admirably adapted to the purpose for which it

was prepared .
B. F. F.

The Elements of Co - ordinate Geometry. By S. L. Loney , M. A. , Late Fel.

low of Sidney Sussex College , Cambridge, Professor at the Royal Holloway Col.

lege , and author of a Treatise on Elementary Dynamics, a Treatise on Plane

Trigonometry , etc. 8vo . cloth , 416 pp . Price , $ 1.25 . New York : Macmillan

& Co.

This excellent book exemplifies the sound judgment and painstaking care which

characterizes all of Professor Loney's mathematical works. He is putting himself in the

front rank of mathematical writers of the present time, and his books will produce

a healthful influence on the mathematicians of the future . We hope that the next book

Mr. Loney writes will be a treatise on Spherical Trigonometry, thus making his Treatise on

Trigonometry the most complete and admirable Treatise with which we are acquainted .

B. F. F.

The Mathematical Visitor. Edited and published by Artemas Martin, M.

A. , Ph . D. , LL , D. , United States Coast Survey, Washington , D. C. Quarto,

18 pp . Price, 50 cents . Issued annually .

The number for 1894 has just reached us . In it is published a number of different

solutions of five different problems in Probability . The solutions are by Henry Heaton , G.

B. M. Zerr , and the late Professor E. B. Seitz . Five excellent solutions of a difficult prob

lem concerning the curve of concealment are also published. The solutions are by Dr. E. A.

Bowser, Henry. Heaton , Dr. Martin , the late Dr. J. E. Hendricks, and Charles H. Kummell.

Two other interesting solutions of a problem are published . These are by J. F. W. Schef

fer, and J. A. Pollard .

We regret very much that the ill health of Dr. Martin prevents his publishing

the Mathematical Visitor and the Mathematical Magazine regularly . These two magazines

are the type of excellence and beauty . B. F. F.

The Cosmopolitan . An International Illustrated Monthly Magazine . Ed

ited by John Brisben Walker. Price , $ 1.00 per year . Single number, 10 cents .

For complete and immediate revolution of transportation methods, involving a re

duction of freight charges on grain from the West to New York of from 50 to 60 per cent,

is wbat is predicted in the November Cosmopolitan. The plan proposes using light and

inexpensive corrugated iron cylinders , hung on a slight rail supported on poles from a

cross -arm - the whole system involving an expense of not more than fifteen hundred dol

lars a mile for construction . The rolling stock is equally simple and comparatively inex

pensive . Continuous lines of cylinders,moving with no interval to speak of, would carry

inore grain in a day than a quadruple track railway . This would constitute a sort of grain

pipe line . The Cosmopolitan also points out the probable abolition of street cars before

the coming horseless carriage, which can be operated by a boy on asphalt pavements at a

total expense for labor, oil , and interest, of notmore than one dollar a day . B. F. F.

The Review of Reviews. An International Illustrated Monthly Magazine.

Edited by Albert Shaw . Price, $ 2.50 per year . Single number, 25 cents . The

Review of Reviews Co., New York City .

Foreign affairs naturally have more than usual prominence in the November Review

of Reviews. In the “ Progress of the World ,” the department of that periodical in which

the editor rapidly reviews the events of the preceding month , the possibilities of war in

the far East are pointedly set forth. Another theme suggested in the same connection is

the progress of Christian missions in the Orient. The prospects of Japan and Russia as

Eastern powers are tersely discussed. The editor also comments briefly on the relations of

Russia and France, the Italian celebrations, the French victory in Madagascar, the Cuban

situation , and British policy in Venezuela. Among home topics of the month , the coming

elections , the condition of New York politics , the anti-prize-fight campaign in the South

west , and the educational outlook are selected for treatment.
B. F. F.
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HUDSON A. WOOD .

BY F. P. MATZ , sc . D. , Ph . D. , PROFESSOR OF MATHEMATICS AND ASTRONOMY IN

IRVING COLLEGE, MECHANICSBURG , PENNSYLVANIA .

UDSON A. WOOD, now Professor of Mathematics in the Stevens School ,

Hoboken, New Jersey , was born near Smyrna, New York , May 10 , 1841 .

He is the middle one of a family of nine children ; his brother , Professor

DeVolson Wood , whose biography appeared in the September October (1895)

number of the MONTHLY, is the eldest . He was brought up on the farm , and

early knew what hard work meant . He attributes his robust constitution to the

vigorous exercise of his younger days . In the district school near his home,

which he attended during the winter months , he acquired his early education .

He evinced an unspeakable desire for study ; and many a time , after a day's hard

work, did he drop to sleep while poring over some book . At the age of fifteen,

he spent his first winter away at school . When seventeen , he taught the district

school adjoining his home ; and, at the same time , he was initiated into themys

teries and pleasantries of boarding around . At the age of twenty he had taught

a district school , a village school , and had completed the studies prescribed for

the Freshman Class in Madison (now Colgate) University , at Hamilton , New

York.

The year 1861 , when Mr. Wood was twenty years of age , marks the begin

ning of the Civil War. A Company was raised at Hamilton , composed in part of

students of the University. In this Company, afterward one of the Companies

of the 61st Regiment of New York Volunteers , Mr. Wood enlisted . He was in

the service nearly two years, and was engaged in six battles . His regiment took
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an active part in “ The Seven- Days Battles” around Richmond , and sustained

heavy losses . In the battle of Frazer's Farm , Mr. Wood had a ball shot through

his coat, another through his haversack, and also received two slight flesh - wounds.

More than one-half of the regiment fell in this desperate encounter at night-fall .

He assisted in saving the colors of the regiment, for which he was promoted.

At the battle of Fair Oaks, Mr. Wood stood within a few feet of General 0. O.

Howard , when the latter was wounded in the arm which afterward had to be am- ,

putated. In the battle of Malvern Hill , the regiment was hotly engaged for sev

eral hours ; but owing to its protected position , the loss sustained by the regiment

was not very severe . Soon after the battle of Malvern Hill, Mr. Wood was

severely injured while working on the fortifications, and after lying in the hos

pital for over six months, and not recovering, he was discharged from the army .

Seven months after his return from the war, Mr. Wood entered the Liter

ary Department of Michigan University . At the commencement exercises of the

University , three years after his matriculation , he was among those chosen to

deliver orations . Of Mr. Wood's oration , the Detroit Tribune spoke as follows :

“ His oration was one of the best of the day , both as to literary and elocutionary

merit . Some portions were of unusual beauty, and the delivery was emphatic

and impressive."

During his collegiate years , he spent the major portion of his time at Latin

and Greek, as he found a thorough knowledge of these languages very difficult to

acquire . For him , Mathematics always was “ an easy study ” —a delightful

study ; and for the Natural Sciences, he had (and still has) a peculiar fondness.

On graduation he received the Degree of Bachelor of Arts (A. B. ) , in 1866 ; subse.

quently , the Degree of Master of Arts (A. M.) ; and last June , from New Windsor

College, the Degree of Doctor of Philosophy ( Ph . D. )

Mr. Wood was married to Miss Mary Hicks , near Rochester, New York,

September 2 , 1868 ; and he has two sons , 18 and 20 years ofage, who are attend

ing the Stevens Institute of Technology;

After graduation , Professor Wood was the Principal of an Academy near

Philadelphia, Pa . , for eight years , when he accepted the position of Vice Princi

pal and Professor of Higher Mathematics and Astronomy in the Keystone State

Normal School of Pennsylvania . During his connection with this School , Profes.

sor Wood edited the Scientific Department, and subsequently the Mathematical

Department, in the NATIONAL EDUCATOR .

Among his pupils at this Institution , there was a rather slender, fair - faced ,

and affable Pennsylvania -German youth who had taken his Degree in the Peda

gogical Course, during June of the same year in which Professor Wood , in August ,

entered upon his duties as Vice- Principal and Professor of Mathematics and As.

tronomy . This youth had returned to his Alma Mater, in order to take

his Degree in the Scientific Course , two years later . He was the only student in

the Scientific Course. Being an industrious student with a mathematico - scientific

bent of mind , this youth soon had gained the friendship of Professor Wood .

Like father and son , the professor and the youth enthusiastically studied the
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mathematical works of Loomis , Olney , Quinby , Courtenay, Bartlett, Todhunter

and even selections from the astronomical works of Chauvenet and Watson , for two

long but profitable years. At the expiration of the second year , Professor Wood

had the good fortune to see his youthful pupil (F. P. Matz) passed by the State

Board of Examiners, and graduated , with the highest distinction ."

Afterwards Professor Wood held ( for six years) a position in an educa

tional institution in New York City , and subsequently was for three years the

professor of Mathematics in the Case School of Applied Science , Cleveland , Ohio .

From this last-named School , he was called to his present position , in 1888 .

Dr. Wood is fond of Mathematics ; and during the last twenty years , he

has contributed articles and solutions of problems to many periodicals. Of late

years , he has confined his attention more particularly to the works he is prepar.

ing for publication. His work, Short Cuts and Curiosities in Mathematics, is now

passing through the press ; and before the expiration of the current year, the

American Book Company will have published his Treatise on Plane and Spheri.

cal Trigonometry. His Perpetual Calendar, good for ten centuries , has been pro

nounced the most unique calendar ever published . His article on Method

of Finding the Date of Easter , has been highly commended . His New Method of

Extracting the Cube Root , recently printed in the STEYENS INDICATOR , has been

copied by numerous periodicals .

Dr. Wood has not confined his attention exclusively to Mathematics.

is well versed in the classics , well read in history , and an adept in geology. He

is , also , an interesting speaker , and has delivered many public lectures illustrated

with the stereopticon . His illustrated lectures on the Civil War are especially

interesting .

As a teacher , Dr. Wood is earnest , untiring in his efforts, and patient to

render assistance to those who acquire knowledge slowly . He is naturally

a leader, and inspires his pupils with his own enthusiasm . He is the personifi

cation of kindness ; but when he has to drive , he drives with an energy that is

speedily satisfactory to those driven .

When Professor Wood left Cleveland , Ohio , in 1888 , the following is an

extract of what appeared in one of the large dailies of that city : “ Professor H.

A. Wood has become so well known in this city , and so highly esteemed by all

who know him , that his contemplated change of residence will be felt as a great

loss . He has made himself felt in the community as one always ready to

do good. He has ever been formost in Sunday School work, mission enterprises ,

in church and social life, and in temperance and other reforms."
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NON -EUCLIDEAN GEOMETRY : HISTORICAL AND

EXPOSITORY.

By GEORGE BRUCE HALSTED , A, M. , ( Princeton ); Ph . D. , (Johns Hopkins) ; Member of the London Mathemat

ical Society; and Professor of Mathematics in the University of Texas, Austin, Texas.

(Continued from November Number. ]

i

Scholion III , in which is weighed the attempt of the Arab Nassaradin , and like

wise the idea of the illustrious John Wallis upon the same affair.

This endeavor of the Arab Nassaradin the already eulogised John Wallis

has published in the Latin language with remarks added in opportune place .

However Nassaradin requires two things to be conceded to him in this

affair .

The first is ; that any two straight lines lying in the same plane , upon

which ever- so-many other straight lines so strike , that they are always perpen

dicular to one indeed of these , but always cut the other at unequal angles , truly

toward one part always under an acute angle , and toward the other always under

an obtuse angle ; that, I say , the above mentioned lines be supposed always more

(as long as they do not mutually cut) to approach each other toward the side of

those acute angles ; and on the other hand always more to recede from one

another toward the parts of the obtuse angles.

But I indeed , if nothing else impedes Nassaradin , willingly permit what

he postulates ; since just that , which with him remains undemonstrated can be

recognized as most rigorously demonstrated by me in Cor. II . after P. III .

The other postulate of Nassaradin is the reciprocal of the first ; that indeed

the angle may always be acute toward those parts where the just mentioned per

pendiculars are supposed to become always shorter ; but obtuse toward the other

parts where these perpendiculars are supposed to go out always longer. But

here lurks an ambiguity .

For why (while from any one perpendicular prescribed as the first we pro

ceed to the others) may not the angles of the consequent perpendiculars , on the

same side acute , not become even greater , even to where one strikes upon a right

angle , consequently upon such a perdendicular as is itself the common perpen

dicular to each of the aforesaid straights ? And if indeed that happens, evanishes

this subtle preparation of Nassaradin , by means of which ingeniously indeed , but

with great labor he demonstrates the Euclidean postulate.

And yet if Nassaradin with a certain justice may determine to presume as

if known 'per se ' that persistence of acute angles on the same side : why can not

also ( I speak with Wallis ) be assumed as if clear ' per se ' : Two straights in the

same plane converging (upon which of course an other straight striking makes to

ward the same parts two angles less than two right angles, as suppose one right,

and the other in whatever way acute) finally meet, if produced ?

Nor in fact can it be objected, that this greater convergence toward one
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side can always subsist within a certain determinate limit , so that indeed a

certain so much of distance always intervenes between these lines on this side ,

even if still one approaches always more nearly to the other.

That cannot, I say, be objected ; since from this itself I will demonstrate,

after P. XXV . , the meeting at a finite distance of all such straights , in accordance

with the Euclidean postulate.

Now I go over to the aforesaid John Wallis , who , as made a custom with

so many great men , ancient as well as recent , and on the other hand from the

obligation imposed on his Oxford professional chair , determined to undertake

this same duty of demonstrating the oft mentioned postulate.

Now solely he assumes as if certain , what follows: namely that to any

given figure another similar of any magnitude is possible.

And that this indeed may be presumed of any figure (although in his af

fair he assumes solely a rectilineal triangle) is well argued from the circle , which

of course all admit can be described with any sized radius .

Further the acute man observes most cautiously it does not thwart this

his presumption, that besides the equality of corresponding angles also the pro

portionality of all corresponding sides is required, in order that a rectilineal fig

ure , for example a triangle , may be similar to another rectilineal triangle ; though

still the definition of proportion , and forthwith of similar figures are to be taken

from the fifth , and the sixth book of Euclid : For (says he himself ) Euclid could

have put each in front of book first.

Hereafter, this standing (which nevertheless can be denied by any one ,

unless it is demonstrated ) the famous man carries out his intent with really beau

tiful and ingenious effort .

But I am unwilling to fail in anything to the charge undertaken by me .

Therefore I assume two triangles , one ABC, and the

other DEF ( fig . 24 ) mutually equiangular. I do not say D A

wholly similar ; because I do not need the proportionality

c

of the sides about the equal angles , nay nor any determin
Hн

E F

ate measure of the sides themselves . Merely therefore I do

not wish triangles mutually equilateral, since then the
B С

eighth of book first would alone suffice, without any

assumption.
Fig . 24 .

So let the angles at the points A , B, C, be equal to

the angles at the points D, E, F ; and let the side DE be less than the side AB ;

and in AB is assumed the portion AG equal to this DE, and likewise in AC the

portion AH equal to this DF. But that DF must be less than AC I will make

clear below . Then (GH joined) follows (from Eu . I. 4) the angles at the points

E, and F will be equal to AGH, AHG . However since the just mentioned

angles, together with the others BGH, CHG , are equal ( Eu . I. 13) to four right

angles ; likewise will be equal to four right angles the angles at the points B, and

C, together with these same angles BGH, CHG. Therefore the four angles of

the quadrilateral BGHC will be together equal to four right angles; and conse

be

A
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C

quently (from P. XVI . ) is established the hypothesis of right angle ; and at the

same time ( from P. XIII . ) the Euclidean postulate .

Moreover I have supposed the side DF, or AH assumed equal to it , to be

less than the side AC. For if it were equal , and so the point H should fall up

on the point C , then the angle BCA would be equal ( by hypothesis) to the angle

EFD, or GCA (which then it would become) a part to the whole ; which

is absurd .

But if it were greater, and so the join GH should cut BC itself in some

point, now the external angle ACB would be from the hypothesis equal (against

Eu . I. 16) to the internal and opposite angle (which then would become) AHG,

or GHA.

Therefore I have rightly supposed the side DF of one triangle to be less

than the side AC of the other triangle , in accordance with the hypothesis

now established .

Wherefore from any two triangles mutually equiangular , but not also

mutually equilateral , the Euclidean postulate is established .

Quod intendebatur.

[To be Continued. )

HISTORICAL SURVEY OF THE ATTEMPTS AT THE COMPU

TATION AND CONSTRUCTION OF 1,

By DAVID EUGENE SMITH , Ph . D. , Professor of Mathematics in the Michigan State Normal School, Ypsilanti,

Michigan.

(NOTE. The following article is translated (by permission) from Professor Klein's recent work, Vortraege

ueber ausgewaehlte Fragen der Elementargeometrie, ausgearbeitet von F. Taegert, Leipzig, Teubner, 1895 . The

work can not be too highly commended to teachers , since it is one of those exceedingly rare treatises in

which a master of modern mathematics has treated elementary subjects from his high point of view.

Michigan State Normal School , December, 1895.]

Later in this work it will be proved that the number a belongs to that

class of numbers known as transcendent , whose existence was shown in the pre

ceding chapter . This fact was first proved by Lindemann in 1882 , and a prob

lem was thereupon settled which , so far as our information extends , has occupied

the attention of mathematicians for 4000 years , namely , that of the quadrature of

the circle .

It is evident that if the number n is not algebraic it cannot be constructed

by means of the compasses and ruler . Hence the quadrature of the circle is , in

the sense understood by the ancients , impossible . It is of greatest interest

to follow the fortunes of this problem in the various epochs of Science , as ever

new attempts were made to find a solution by means of the ruler and the
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compasses, and to see how these necessarily fruitless attempts nevertheless

worked for advancement in the manifold realm of mathematics .

The following brief historical survey is based upon Rudio’s excellent treat

ise , Archimedes, Huygens, Lambert, Legendre ; Vier Albandlungen ueber die Kreis

messung , Leipzig , 1892. In this work are given in German translation the con

tributions of the writers named . Even though the presentation of the matter is

remote from the more modern methods here discussed , * nevertheless it includes

many very interesting details which are of especial value in elementary teaching.

1. Among the attempts to determine the ratio of the diameter to the cir

cumference we may first distinguish the empirical stage in which it was sought

to attain the desired end through measuring or estimating . The oldest known

mathematical work , the Rhind Papyrus (c . 2000 B. C. ) contains the problem in

the well-known form , to transform a circle into a square of equal area . The

writer of the papyrus, Ahmes , lays down the following rule : Cut off of

a diameter and construct a square on the remainder ; this has the same area as

the circle . The value of n thus obtained is ( 8 ) = 3.16 ......,not very inexact .

Still farther from the correct value is that of a= 3 which is found in the Bible .

( I Kings , 7:23, and II Chron . 4 : 2 . )

2. The Greeks raised themselves above this impirical standpoint , and es

pecially Archimedes, who in his work Kúrlov uétpnois computes the area of

the circle by the help of inscribed and circumscribed polygons , as is still done in

the schools . His method remained in use until the invention of the differential

calculus , and was extended and made practically usable especially by Huygens

(+1654) in his work De circuli magnitudine inventa .

As in the case of the duplication of the cube and the trisection of an angle

the Greeks then sought to attain the quadrature of the circle by the help

of higher curves .

We may, for example, consider the curve , y = arc sin x (usually written in

English y= sin-1x ; the Continental form will be followed in this translation ]

which represents the curve of sines placed vertically. Geometrically , a appears

as a special ordinate of this curve , analytically as a special value of our tran

scendent function , Apparatus which describes transcendent curves we will call

transcendent apparatus. A piece of transcendent apparatus which draws the

curve of sines gives us a real construction for a. The curve y= arc sin x we des

ignate now -a -days as an integral curve, because it can be defined by means of the

dx

The ancients called such a curve

V1--22

a Quadratrix or tetpaywvíčov
oa

. The best known of these is the Quadratrix of

Dinostratus (c . 350 B. C. ) which , however, had been already constructed by Hip

pias of Elis (c . 420 B. C. ) for the trisection of an angle. It may be geometricall
y

defined as follows : On the line OB and the arc AB two points , M and L , move

integral of an algebraic function : y=ſ

"In a note to the translator Professor Klein says : " This remark concerning Rudio's work is not happily

expressed. The meaning is not that modern researches, so far as then carried , are not given in the work, but

they are not deduced ."
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with uniform velocity . They start at the same time from 0 and A , respectively ,

and they reach B at the same time. If OL is drawn , and through M the paral.

lel to 0A which meets OL at P , then P is a point of the Quadratrix . From this

definition it follows that y and are proportional. Further, since for

7

n a

y= 1 , 0 =

y
we have A = y , and from = arc tan

2' b
the equation of the curve

2

7
у

becomes =tan y . The point in which the line cuts the x-axis will be found

29.

from x =
у

if y becomes 0. Since for small values the tangent equals its
tan y

7

2

argument, it follows that x = Hence the radius of the circle is the mean.

7

NT

proportional between the quadrant of the circle and the abscissa of the point of

intersection of the Quadratrix with the x- axis . The Quadratrix can, therefore,

be used in the rectification problem , and hence for the quadrature of the circle .

Fundamentally , however, the curve is only a geometric formulation of the recti

fication problem , that is so long as no apparatus is given by which it can be de

scribed by a continuous line .

3. The rise of modern analysis occurs in the period from 1670 to 1770 , a

period characterized by the names of Leibniz , Newton , and Euler. In the midst

of so many great discoveries following closely on one another, it is natural that

strict criticism took a somewhat backward step . Among these discoveries is one

of especial concern to us , the development of the theory of series . Especially

for a were a great number of approximations brought forward, of which we may

mention only the so-called Leibniz series (which , however, was known before

Leibniz ) ; = 1-1 + 1-1 + ...... Furthermore this period brings the discov
4

ery of the connection between e and a. The number e and the natural logar

ithms and with them the exponential function are first found in embryo in the

works of Napier ( 1614 ) . This number seemed at first to have no relation to the

circular functions and to the number , until Euler had the courage to attack the

problem by means of imaginary exponents. In this way he reached the cele

brated formula eit=cos x+ i sin x , which for x= n becomes ein=-1 . This form

ula is without doubt one of the most notable of all mathematics. With it are

connected the modern proofs of the transcendence of a since they first show the

transcendence of e .

4. After 1770 criticism again took the upper hand . In 1770 appeared

Lambert's work, Vorläufige Kentnisse für die, so die Quadratur des Cirkuls suchen .

He treated there and elsewhere the irrationality of 7. In 1794 Legendre showed

conclusively in his Éléments de Géométrie that 7 and 7 are irrational numbers.

5. But it was not until a hundred years later than this that modern re

search began . The starting point of this research is the work of Hermite, Sur la

fonction erponentielle (Compt. Rend. 1873 , published separately in 1874 ) . In this
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is proved the transcendence of e . Closely following Hermite came the same proof

for a by Lindemann in a dissertation Ueber die Zahl a (Math . Ann . 20, 1882 .

See also the proceedings of the Berlin and Paris academies) . With this themat

ter was now for the first time settled , nevertheless the treatment given by Hermite

and Lindemann is very complicated .

The first simplification was given by Weierstrass in the Berliner Berichte

in 1885. The above mentioned works Bachman embodied in his text-book , Vor

lesungen ueber die Natur der Irrationalzahlen , 1892 .

The spring of 1893 brought, however , new and very important simplifica

tions . In the first rank should be named the developments of Hilbert in the

Göttinger Nachrichten . Hilbert's proof is not wholly elementary ; it contains

still a remnant of Hermite's course of reasoning in the integral

Sozlerdz= p!

But Herwitz and Gordan soon after showed that this transcendental part might

be eliminated. ( Göttinger Nachrichten and Comptes Rendus respectively ; all

three dissertations are reproduced in the Math . Annalen , Bd . 43 , either literally

or somewhat extended) . So the matter has now become so elementary that it is

generally available .

INTRODUCTION TO SUBSTITUTION GROUPS.

By G. A. MILLER, Ph . D. , Leipzig , Germany.

(Continued from November Number. ]

THE CONSTRUCTION OF NON -PRIMITIVE GROUPS WITH Two SYSTEMS OF Non

PRIMITIVITY .

Let the degree of the required non -primitive group be 2n, and consider

the (n !) substitutions

( a ,az...... anall(b , b , ... ...bn )all a , b , .a , b ,......An bn

and also the group of order 2 (n !) 2

(a , a , ...... an )all(6,6g......bn )all(a ,b , .a , b ,......Anbn ).

The latter is clearly a non-primitive group of degree 2n and the former are

the substitutions of this group which interchange the systems . It is easily seen

3
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that G , can have no larger value than it has in the above non-primitive group ,

and that every G , for other non -primitive groups may be regarded as a subgroup

of this G. From this it follows that the first set of substitutions includes all

the substitutions which can be used with any G , to form a non -primitive group ,

for if there were such a substitution 8x which is not in the first set then

we would obtain more than (n !) ? different substitutions which transform

(a , ag......An ) all(b , b ,......bn )all

into itself without interchanging the systems by multiplying one substitution of

this set into the entire set increased by 8x . Hence all the substitutions which

can be used to interchange the systems are found in the first set . In a similar

way we can show that the number of the snbstitutions which interchange the sys

tems must always be equal to the order of G ,. Hence if in any non -primitive

group we represent the substitution which interchange the systems by G, and

the non- primitive group by G we have

G = G, + G,

where G , and G , contain the same number of substitutions and G is a subgroup of

(a dg......an )all(b,be......bn )all(a ,b ,.a , bg......anon ).

Suppose any G , constructed by combining a transitive * subgroup of

(a,ag......an Jall with a conjugate subgroup of (b ,be......bn )all and suppose 8y

to have the following properties :

( 1 ) its square is found in Gai

(2 ) it transforms G , into itself ;

( 3 ) it interchanges the systems of G ,.

Then will all of the substitutions

Gq8y= G,

1
Z

*We shall henceforth assume that the systems of non -primitivity are the transitive constituents of Gj .

We proved above that this can always be done but we did not prove that it is possible to regard intransitive

constituents of G, as systems. That this may be done is proved by the following instance in which

G , = (ab.cd.ef.gh.ij.kl)

and the systems are either a, b ; c,d; ef; g, h; ij; and kil or a , b , c , d ; ef, g , h ; ij, k , l. Letting the letters A , B , etc. ,

stand for the first systems and A , B , C for the second we may write the group as follows :

ab.cd.ef.gh.ij.kl }

aei.bjj.cgk.dhl ABC.DEF

afibej.chkdgl ) ABC

aie.bickg.din ACB.DFE

ajebiſ.cigdkh Y ACB:

ar.bd.ek.nl.gihl AD, BF.CE

ad.bc.el.ſk.gj.lis BC

ag.bh.ce.dlf.ik.jll A E.BD.CF

ah.bg.cf.de.il.jk ) AB'

ak.ol.ci.di.co.th AF.BE.CD

al.bk.cj.di.eh jg | A'C'

If we consider the six systems they are the transitive constituents of G, but if we cousider only the three

systems they are intransitive constituents .
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have these properties and it can be easily seen that G , + G, constitute a non

primitive group. Hence it follows that it is only necessary to find one substitu

tion which possesses the three properties named above in order to obtain a G,

corresponding to a given G.

To fix these ideas we proceed to find all the non -primitive groups whose

degree does not exceed six . Since n must be the degree of some group it follows

that 2n cannot be less than four.

Non- PRIMITIVE GROUPS OF DEGREE FOUR .

G , must be either (ac.bd) or (ac) (bd) . G , is found in (ac) ( bd)ab.cd= ab.cd,

abcd , adcb , ad.bc. If G , = (ac.bd) we see at once that ab.cd and abcd satisfy the

three required conditions . In the first case G, = ab.cd , ad.bc and in the second

case it equals abcd , adcb . Hence the given G , leads to the following two non

primitive groups of degree and order four : (A transitive group is called regular

when its degree is equal to its order . )

(abcd) ,, (abcd)cyc .

If G , = (ac) ( bd ) we see again directly that ab.cd satisfies the three required

conditions , as we found in the general case . The corresponding G , includes all

the possible substitutions . We obtain therefore only one non-primitive group

with this G ,, viz :

( abcd ) .

Hence there are three non-primitive groups of degree four . The other two

transitive groups of degree four are multiply transitive and therefore primitive .

Non-PRIMITIVE GROUPS OF DEGREE SIX with Two SYSTEMS OF Non- PRIMITIVITY .

G , must be one of the following five groups :

(abc )all(def ) all, { (abc) all ( def ) all { pos , (abc.def )all

(abc)cyc(def )cyc, (abc.def )cyc .

G, is found in

( abc)all ( def all ad.be.cí.

(a) If G , = (abc)all ( def )all , G , will include all the possible substitutions

and we obtain one group of order 72 , viz :

( 1 ) (abc)all(def ) all( ad.be.cf ).

( b ) If G , = { (abe)all(def )all > pos the two substitutions ad.be.cf and

aebd.cf satisfy the three conditions and we thus obtain one G , which contains

only negative substitutions and another which contains only positive sub

stitutions. The two resulting groups are
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(2)
{ (abc)all(def )all } pos (ad.be.cf ) = (abcdef )363 THE

(3) { (abc)all(def ) all > pos(aebd.cf ) = (abcdef )36 .

(c) If Gy = (abc.def ) all ad.be.cf satisfies the three necessary conditions.

We thus obtain

(4) ( abc.defJall(ad.be.cf ) = (abcdef ) 12.

YY

No substitutions except those in the above G, can transform ( abc.def all

into itself and interchange the systems , because no two substitutions of (abc)all

transform ( abc )all in the same way . Hence there is only one G, for the given G.

(d ) If G = (abc )cyc (def ) cyc, then the square of only half of the substitu

tions in which G , is found are contained in this G. Hence two G , ' s are possi

ble , viz :

G , ad.be.cf and G , ab.de.ad.be.cf = G , ae.bd.cf.

ab transforms Gy into itself and one of these G , ' s into the other so that

there is really only the following non- primitive group with the given Git :

( 5) (abc)cyc(def)cyc(ad.be.cf ) .

( e) Finally if G , = (abc.def cyc we obtain two Go's and hence the follow

ing groups :

(6) (abc,def )cyc(ad.be.cf ) = ( abcdet)cyc

(7) (abc.def )cyc (ae.bd.cf ) = (abcdef ) .

The first one of these two will be found in three conjugate forms if we use

all the possible G , ' s . We have now examined all the possible G , ' s and found

seven non -primitive groups of degree six which contain two systems of non

primitivity .

(To be Continued . )

*This group is not found in Professor Cayley's list , Quarterly Journal of Mathematics, Vol . 25. pp. 71–79.

It is found in Professor Cole's supplementary list. Bulletin of the New York Mathematical Society , May, 1893.

It has been proved that whenever G , is the product of two groups then there is really only one G, for

the given G. We shall give a proof of this theorem later .
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THE RECTIFICATION OF THE CASSINIAN OVAL BY MEANS

OF ELLIPTIC FUNCTIONS.

By F. P. MATZ, Sc . D. , Ph . D. , Professor of Mathematics and Astronomy in Irving College, Mechanicsburg ,

Pennsylvania .

(Continued from September-October Number. )

IV . Typical of the Cassinian Oval , we have by the Method of Complex

Variables the following equations :

x = B1/ (1 + at), = BV [1 + a (cos8 + i sin4)] ...... ( A ) ;

y = B1/ (1+ a /t), = B1 [1+ a ( cosA - i sind)] ...... (B) .

.. dx /d0 = ļi?aß(cos-i sin ) / 1 [1 + a (cosAtisin6)] ...... (A ' ) ;

dy / 1lA = fi?aß(cost + i sinx) / v/ [1 + a (cosA - i sin )]......( B ' ) .

:: CC ?* )=

i4 aº Bº ( cosA- i sind) (cosAti sin )

41' { [ 1 + a (costi sin ] [ 1 + a ( coso– i sin 4) ] }

(C) .

da

. :: P =aß ST

dH

. [1+ aº + 2acos6 ]?

2aB

[ 1 + a ' ] So [1+Mcoste
. (D) .

[ From (A ) and (B) , after differentiating with respect to t , we have

dr / dt = faß / x = fuß / v ( 1 + at ) ,

dy / dt = -4aß / tøy = - aß / 12 ( 1 + a /t ) .

2

. :: (dP,) = (ave(11 (

- aß?

[ ( 1 + at )( 1 + a /t )]703)(C )

. ( E) .

Differentiating under the assumption that t= cosAti sind , etc. ,

dt cos A - t i sin

( .co

i cosA - sino

co

9=ido .

-)do=t cost
iti

sint bao=if cost +ising

:: P , = fiaß | 7/1+ q*+4(e+ 1 /0)]

dt do

tapſ 11+ q*+2
acostjai
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de

and P= } «BS**
o [ 1 + aº + 2acost ]!

2αβ

[ 1+a ? ] S

do

0 [ 1+ Mcos ]
[1+ Alcost] ]

Since in the Cassinian Oval under consideration , a = and B= 2 , we have

M = 1 \ ; that is , ( D) is identical with (4) on page 265 of the September-October

MONTHLY. Slowly converging series may be obtained by transforming under the

hypothesis that H= (90–0) , or under the hypothesis that 0 = ( 90 + 0 ).

V. The assumption of (2 ) from page 264 of the Monthly specified gives

P = m

Soy m * % 2OV { [(m® + c ? ) — » * ] * [r * - (m ?-c? )? ] }

.. (2) .

Let (m ? — (% ) / (m2 + ¢?) = e", and ? = (m ? + (?)x?......(k) ;

4m2

then P =

į ( m ? + c % )

2 ( m ? + c ? ) ?x2dx

e l ' { [ (m ? + cº) ? (1—24)] * [ (m ? + c ) ( x + — 4) ] }

. ( 0 ) ,

or P

4m ? 2x2 dx

(m ? +ce[(1-2 )( x - 2 ) ]

(F) ,

(r ? + ed:4m ?

( m + c

+

1 + e

[
S0101-250241-20)

۱ [(1-4)( *- ) ] ...(G ),

m *+&+)(2_176") } [cn -(*70

---
12112

74cy
)] -{( 16 )( +a))}[2017 { en -1(+1)

(. **

?

v [2(1+ + ]

+ on - 1

--cn - 1(+1) } + { cn - ( - 1)-en - ( + 1). * ] ......( H ) ;

that is , the first indicated integral in ( G ) has vanished . The expression for the

perimeter of the Cassinian Oval , therefore, becomes

P =21m {1 + 2( 3,4,5

1.3.5.7 .... ( 2n

2.4.6.8 . .2n(2n- >)'[ /(1 + )- 1(1-2)]" },

which is a complete elliptic integral of the first order.

For the perimeter of the Bernoullian Lemniscate, we have m = c ; that is ,

symmetrically expressed ,

P'=2re{1+ (1.3.6.6 ....(20-3 [/(1 + )-11- ))"}

1
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For the perimeter of the two ovaliform Figures, we have mZc ; that is ,

similarly expressed ,

P"/ 2+0(* )'{1+2(1.3.6.....:(2n - 2 '[ /61 + )- ( " ]" } .

[ Concluded .)

ARITHMETIC.

Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

54. Proposed by D. P. WAGONER, A. B. , Principal of the School of Language, Westerville, Ohio .

A man bought a farm for $6000 and agreed to pay for it in four equal annual install

ments, at 6 per cent. annual interest compounded every instant . Required the aunual pay

ment. B. F. Burleson .

1. Solution by G. B. M. ZERR, A. M. , Ph. D. , Professor of Mathematics and Applied Science, Texarkana,

College , Texarkana, Arkansas-Texas; P. S. BERG, Larimore, North Dakota ; and J. SCHEFFER, A, M., Hagers

town, Maryland.

Let a = $6000, r= .06 , x = annual payment, and m=4=number of equal

annual payments . If the interest is compounded n times a year , we have the

present value of the first installment =x(1 + - = re " when n is infinite ; of

the second, = xe - 2r ; of the third , = xe - 37 ; of the mth , =re-mr ; where e = Nap

erian base ,

(See Todhunter's Differential Calculus , page 136) .

1 1 1 X emr_1

... a = X + + t .... +

mt) ( 1)er ePr er emr emr

a emr ( er — 1 )
.. X=

emr- 1

a ( e” –1 ) a(e" – 1)

1 -e -mr 1-0-41

.. X = $ 6000

1=86000 (S )
-) = $1738.269.

II. Solution by B. F. BURLESON, Oneida Castle, New York.

The amount of P in n years at r = 6 % when the interest is compounded a

times a year is evidently



358

A= P(1 +5) q ...... (1) .a

Expanding the right hand member in (1) by the binomial theorem , we

have
1

A = P(1 +mq .
ng(n- 1 ) na

+

9 2 !
+ . (2) ,

1

9

When q=% , equation (2 ) becomes

N 3₂3

A = P ( 1 + nr +

n²p2

+

2 !
+ etc . , )= ,

3 !

1

by the exponential theorem , Penr ..... (3) .

Whence by taking logarithms in (3) and changing to the common system

by multiplying by its modulus we have in inverse functions

A = Plog (1.4342944nr) = 106.1836,

when n= 1 , r= .06 , and P = 100 .

Having determined the rate in equivalent annual compound rate, the re

quired annual payment is determined as follows :

1: 1.061836= .941765= P

1 :1.061836 ? = .886913=P '

1 : 1.0618363 = .8352716 = P ' '

1 : 1.0618364 = .7866294 = P !!!

Now $6000 = ( P + P ' + P '' + P ' ' ') = $ 1738.834 .

This problem was also solved by B. F. YANNEY ,

ALGEBRA.

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

50. Proposed by LEONARD E. DICKSON, M. A. , Fellow in Mathematics, University of Chicago.

mnt

n
Given b = ay - 1.tan m being an arbitrary integer , find the simplest

algebraic relation between a and b .
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Solution by the PROPOSER .

MIT

mnt

From b= ai tan
where i = 1–1, we derivea + b

-b

1 + i tann

1- ¿ tanmn a

mi mit

n тип2 mr1 - tan ? n + 2i tan

1+ tanama
cos2

2
- sin

mn mnt 2ma

+ 2isin COS = COS

n n nn 92

n

2mat

+ isin the nth power of which , by De Moivre's Theorem , equals 1 .
n

. : (a + b)" = (a− b)" .

Also solved by F. P. MATZ .

51. Proposed by J. W. NICHOLSON, LL. D. , President, and Professor of Mathematics, Louisiana State

University and A. and M. College, Baton Rouge, Louisiana.

Solve the equation x3 . - 5mx3 + 5mⓇx + n = 0 .

1. Solution by G. B, M. ZERR , A. M. , Ph . D. , Professor of Mathematics and Applied Science, Texarkana

College , Texarkana, Arkansas - Texas.

Let x=y+ z . The equation then easily reduces to ys +25 +5 (yz + m ) { y} +

73 + (2yz + m ) (y + 2 ) + n = 0 . Now x may be decomposed into two parts, y and

2 , in an infinite variety of ways , and we may, therefore, suppose y and z are such

as to satisfy the condition yz + m = 0. This gives yz = -m , y® + 2 ° = -n . Let ys

= ty , z5 = ty , then we have t , t, = - ms, t , + t , = -n . .. t , and to are the roots

of the equation tº + nt - m5 = ......( 1 ). i.x = y + z = t, + 5to .

Case I. When m is positive .

n

Let t = uyms, then ( 1 ) becomes u ? + U - 1 = 0 ; but tan 1A + 2cotAtan

V m5

} A - 1 = 0... 2 coto=n / im ", or tan8 = 2v m6/n...t , -vmötan }8, t. =

vmcota. :: x= m (Vtan 38- \ cots ), where < 90 ° . Four of the five

roots of Vtan HH are imaginary . Let tan dø= r=the real value of ytan38, and

let aj , a,, az , a , represent the four imaginary roots of unity

1 /5–1 + 1 -10–21/ 5

4

1 /5–1- V -- 10—275 -15-1-1-10 + 2y 5

4

-15–1 +1-10 + 2v 5
, respectively .

4

1 1

Then x , =Vm(r- ,-), X , = m (ra , ) , 14 = /m(ra,- ), , = 1/m
ra ,

pala

1

( raz = =) , xg = m (ra .

1

) . Substituting the values of r , ay , 1g , ag , ag ,
та з TO
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we get xy = -2, /mcoto,

X , = - 5
}ym { (15–1)cotº - 1 –10—2, 5coseco } ,

X3 = -1 'mi (15-1) cotº +1-10-2y 5coseco } ,

24 = } }/mi( 5 + 1 )coto +1 -10 + 2 , 5coseco } ,

25 = lym { ( / 5 + 1 )coto - 1-10 + 2 , 5coseco } .

Case II . When m is negative and – 4m <nº .

n

Then ( 1 ) becomes tº + nt + ( - m5) = 0 , or u ? +
Eu+ 1 =0 ; but tan ?

-M5

38—2cosecA tand A + 1 = 0 . ..— 2cosech = n / V -ms, or sind = -21 ' - m5 /n .

:: t , = V ' – mótan }A , ta = v - m cot } A . ..x = 1 - m ( $ tan18 + cot? ).

By a process similar to that in Case I , we get ,

2 , = v –m (r + -) = 2 ,'—mcoseco,

X , = 1 –m (ra, tran) = !v –m { (1/5–1)coseco - 1 –10—2, 5cot$ } ,.

Ty = 1/ –m (ra , + a ) = } , -m { (15–1)coseco + v — 10—2, 5coto } ,

2 , = 1 / -m (rag + ) = - - m { ( 5 + 1 ) coseco -1-10 + 2 , 5coto } ,

2g = V - mara , tn.) = - 11 -my ( 5 + 1 ) cosecº + V - 10 + 2 /5coto } .

-V -

Case III . When m is negative and – 4m "<nº .

In this case the preceding method fails . Let x=ku , then x5 + 5mx3+

1

таз

Tas

n5 mu ? 5 m2 20

5m ? x + n = 0 becomes us + +
+ = 0 ; also coss - cos3 A + cos

k5

- , s cos5A = 0 . Let u = cos4, then 5m /kº = -5 /4 ,.

n n n

..k = 2 , ' - m , cos5A =
- ' = k5

... cos54

32m * -m'
2mº - m

Since -m is positive , this gives five real values of 4, to be taken < 90 °.

. :: 1, = 27 = mcosd ,x , = 2,1 – mcos

.

2π

5

27

-A ) , xz = 2v - mcos
5va se? 1 + 0),

47

Xa =2V-m cos(
5

4π

-A) , x = 27 - m cos( +0).
5

II . Solution by 0. W. ANTHONY, M. Sc. , Professor of Mathematics in New Windsor College , New Windsor,

Maryland.

m

Let x = 2 and the equation reduces to z1 ° + nzb = m .
2

5 in

Whence z= + 4m5 -12.

2
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III . Solution by H. C. WILKES, Skull Run, West Virginia ; and A. H. BELL, Hillsborough , Illinois .

n

Factoring, etc. , (2 +2m) ( ° + 3m ) = m ? – Let x = n ; then x=n ,
2

# v - m - 1, + 11—2m , which will be the five roots.

n n n

Or (2° + 3m ) ( 2x + 2m ) = ( m + , -)(m Assuming 23 + 3m =
2 2

n 4n

23. + 2m = m
23

3m

2

m = 2

n

;
hence X=

20
Substituting m =

20 m2

n

21
for m in eq . 1 , 2,5 +1023

J

12

+ 21n = 0 . This can be developed , 10
2

58n25 + 441=0. ..x = \/ 49n or 59n .

[The above is not strictly a solution , but affords a method of discovering integer roots, if any. The solu

of Professor Zerr is especially full and neat . EDITOR. )

Also solved by F. P. MATZ .

52. Proposed by F. P. MATZ , D. Sc . , Ph . D. , Professor of Mathematics and Astronomy in Irving College ,

Mechanicsburg, Pennsylvania.

In how many ways can we arrange 12 friends of the Monthly, around a table, so

that ; ( 1 ) the editors may never be together, ( 2) Matz and Halsted may never be apart, and

(2 ) Zerr and Ellwood may always have Gruber betwixt them ?

Solution by 0. W. ANTHONY, M. Sc . , Professor of Mathematics in New Windsor College , New Windsor,

Maryland.

1. Considering one editor in position the other may occupy 9 places ; but

the first editor may take 12 places , and therefore the two take 108 positions.

For each of these places the remaining nine mathematicians may be seated in

19 ways , making 108,9 ways altogether .

II . If Matz and Halsted are never apart we may consider them as an ele

ment to be arranged as each of the other individuals. We then have 11 ways of

arranging them without regarding the internal arrangement of the group ; this

may be arranged in two ways . We , therefore, have 211 as the number of ar

rangements.

III . By the same reasoning as in the last case we have the number of ar

rangements = 2 10 .

NOTE . - No solution of problem 53 has as yet been received . The published solution of problem 49 ,

in last issue , should have been credited to Prof. J. H. Grove , Howard Payne College , Brownwood ,
Texas .

PROBLEMS .

59. Proposed by COOPER D. SCHMITT, M. A. , Professor of Mathematics, University of Tennessee , Knoxville,
Tennessee.

Demonstrate the identity 22n + 1
(ru uzan

t
?

ovz ) = evr
dr
nt

,els
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60. Proposed by Professor C. E. WHITE , Trafalgar, Indiana.

Prove that every algebraic equation can be transformed into another equation of the

same degree, but which wants its nth term .

61. Proposed by J. A. CALDERHEAD, A, B. , Superintendent of Schools , Limaville , Ohio.

Given xº + xy = 10, and y ? + yv xy = 20 to find u and y by quadratics.

= YT

CALCULUS.

Conducted by J. M. COLAW , Monterey , Va. All contributions to this department should be sent to him .

SOLUTIONS OF PROBLEMS.

40. Proposed by F. P. MATZ, D. Sc. , Ph.D., Professor of Mathematics and Astronomy in Irving College ,

Mechanicsburg, Pennsylvania.

The closed portion of the curve known as " The Cocked Hat,” equation

24 + x + y2 + 4ax²y—2a ? r ? + 3a’y -4a3y + a + = 0 ,

reyolves around the axis of y. Find the campanulate volume generated . If the game por

tion of the curve revolve around the axis of x, find the fusiform volume generated . Also ,

determine the area of this closed portion of the curve .

= 16

Solution by G. B. M. ZERR, A. M. , Ph. D. , Professor of Mathematics and Applied Science , Texarkana Col

lege , Texarkana, Arkansas-Texas ; W. C. M. BLACK , A. M. , Professor of Mathematics in Wesleyan Academy,

Wilbraham , Massachusetts ; and the PROPOSER .

Solving the equation for a we get = yy'y' + Bay- (y* + 4ay-2a" ) .

. : . The campanulate volume generated by the area MPA, QNM is

V

0

NQ

S" (yVy* + Bay— ye – 4ay + 2a * )dy +

3 / * + 8ay + y^ + 4ax = 2a dy.

[ (y2 + 8ay) } – 2a(y – 40) + Say + 32a’log

XA2 ODAX

{9+ 4 + … +Say -14 -21 ° + 2a– tyø — 2 « y* +2a\y] +[ 4y* + 2ay® – 2a * y + } (ye +

Bay) ? —2aly + 4a ) y + 8ay +32a9log { 3 + 4a + y* +8ay } ] "

y ?2

(12log3-13 ). [ZERR, Matz, and BLACK .]

1
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From the equation we get y = 2ala?—2% ) (a ? — ? )v'a ' -2 °

2 + 32º

... The fusiform volume is

V = 8árfº(a? =2?)?Va?–23

S, +x
dx= 81a3

(3 ° + 3a )

COSADA

(4 - cos? H) 2

where x = asin ,2
0 >

= 8 700 [179

-]"
13

4413 2

tan- (

cos Hsin 8sin Acos

tant)+ +
33

2 9cos A + 12sin ?

44,3 2

9
Ta’ (153–881/ 3 ).

9

Also area is A = 2

2S "la '–
x*)/ a* - *

na (a ) - x2

dx = 222

2 ° + 3a ? : S **

cos4 ADA

4 - cost
2a?

• [8:13

813

3

2
tan - >

tano

6 )--

96

2

sinAcosta

2sostenlos- (

1

in ? ( 16 //3-27 ).

[ZERR, and Matz .)

Or, fusiform volume= 24 S"y: –y;) dx = 16an Sa

(a +2 ) dx

( ° + 3a )

= 16a377

- S.

c086 AdH

( 4 - cos2H) 2

= 16a37
S
:100

cos6 2cos : 0 3cos104 4cos 124

+
4

+
43

+

45
+ ... )da

= 87 ° 23 {

1.3.5

2.4.6.42

+2.1.3.5.7

2.4.6.8.43

3.1.3.5.7.9

+

2.4.6.8.10.44

+

} ,

since

cos4mxdx
1.3.5 .

2.4.6 .

( 2m - 1)

(2m ) 2

A rea of closed portion =23"(15 –y.)dx +4 Salam,

( a ? 2 ) de

+ 3a ?o

Let < = asin , A =4a ?
Sacoso

ode

=4a2

4-cos ? A Locos

Ancosto cos6

+

4 42

cos 8 8

+

430

cog100

+ .... d = 2an

1.3

2.4.4

1.3.5

+ +

2.4.6.42

1.3.5.7

2.4.6.8.43

+

.... }

which series is also
convergent.

( BLACK . )
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41. Proposed by F. M. SHIELDS, Coopwood , Mississippi.

A railroad turn -table 100 feet long is balanced upon a pivot in the center of a circular

track 100 feet in diameter. How far does a man walk who starts at one end of the table

and walks, at a uniform rate , the entire length of the table in the same time that the table

makes two revolutions, if the table starts to turn at the same time the man starts to walk ?

the

Colle

Solution by C. W. M. BLACK , A. M. , Professor of Mathematics in Wesleyan Academy, Wilbraham ,

Massachusetts.

It is the purpose of this solution to find how far the man moves in space ,

if he always walks on the same line CD until across .

Let 0A =a , OP = r, ZCOA = A, the velocity of C

around the track n times the velocity of P along CD, P be

ing the man's position at any time. Then 9.PC = arc AC

BВ А.

=aA, .. PC=

PI

a A

n

ав
a (n - H )

..r = Q - PC = a .. r = a n - ) / n
n n

is the equation of the man's path ; also , ds = 1 / (dr) + r ? (dH)?, but (dr) ? =

(da ) . ..ds = +

2

i'1 + ( n - 0 ) dH...8=
2,0SV 1+ (n — 4 )* dø ,for wholen ?

ጎስn

a

length
( n — 4) p1 + (n — H ) + login – # + , '1+ ( n – H ) ? } + C, but 2nan

1

= 47a, .. n = 217 , . : r= a(21-4) 27.

to

a

( 2n – 4), 1 + (21 — H )2 + log { 21 —4 + 11+ (21-4)2 }. The lim
1

21 21

its of 6 are 0 and 27, and a = 50 . :. 8 = 50, 1747 , +25log { 27+, 17472}
л

. :: 8 = 338.303 feet.

Similarly solved by G. B. M. ZERR .

43. Proposed by J. C. NAGLE, M. A. , C. E. , Professor of Civil Engineering, A. and M. College, College

Station, Texas.

Show that the volume included between the surface represented by the equation

z = p -- (x + y ? ) and the xy plane equals the square of the area of the section made by the zx

plane, the limits of x and y being plus and minus infinity .

1. Solution by Professor J. SCHEFFER, A. M. , Hagerstown, Maryland.

Changing to polar co -ordinates, the volume is = dA

0
-S Sorrdr=

The area is 2 * - "dr. Putting in the Gamma FunctionS

dH= . The area is 2

0
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Sa
e-zn-2dz = I(n) , z=z% , n= 1 , we find 2

28 " -1'dx= f(t)=va, which proves

the assertion .

II. Solution by G. B. M. ZERR, A. M. , Ph. D. , Professor of Mathematics and Applied Science , Texarkana

College , Texarkana , Arkansas -Texas.

Let V= the required volume ; A = the required area .

4.00

e- (x + yº) dxdy.

... V = SSSarayed:--S Salvady -SN

= [S ** IS** -ray]. A = S Sards= [zdy= S ***- dr.

ButS***+d = L** Vy. V= [S ***+ d2]*= 4

.. Va e - *dx

III. Solution by C. W. M. BLACK , A. M. , Professor of Mathematics in Wesleyan Academy, Wilbraham ,

Massachusetts.

z=e- (x2 + y2) ,

e
- (n ? + y")dydx......( 1 ). Also let y = 0. Then z = (- is the equa

Applying formula for volume, V =SS zdydı,we have

V =488

tion of section made by zz plane. Area =25 * e=" dx........(2).

SI

Let this be

equal to a ..... . (3 ) . Now put ( 1 ) in form of V = 4 P - *( - y *dydx. Inte

grating with reference to y in accordance with (3) , we have V = 22
5.

ae- * dx = 2a

S.
e -- dx = a ?, also in accordance with (3 ) .

Professor William Hoover did not solve this problem but referred to Todhunter's In

tegral Calculus, Art, 204, where a good solution is given .

PROBLEMS.

49. Proposed by B. F. BURLESON, Oneida Castle, New York .

Find ( 1 ) in the leaf of the strophoid whose axis is a the axis of an inscribed leaf of

the lemniscata, the node of the former coinciding with the crunode of the latter. Find ( 2)

in a leaf of the lemniscata whose axis is b the axis a of an inscribed Jeaf of the strophoid,

the node of the former also coinciding with the crunode of the latter.
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50. Proposed by GEORGE LILLEY, Ph . D. , LL, D. , Principal of Park School , 329 East Second Street, N.

Portland, Oregon .

A draw bridge, a feet in length , moves uniformly about a center axis . At the instant it

began to open , a man stepped on the end ; and , walking at a uniform rate in the straight

line passing through its center, reached the opposite end just as it made n complete revolu

tions . Find the absolute path described by the man , and the ratio of his rate of motion

in this path and the velocity of the end of the bridge . Apply the result to the case when

a=320 and n=2.

MECHANICS.

Conducted by B, F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him .

.

SOLUTIONS OF PROBLEMS.

30. Proposed by WILLIAM HOOVER, A. M. , Ph . D. , Professor of Mathematics and Astronomy, Ohio Uni.

versity, Athens , Ohio .

P is the lowest point on the rough circumference of a circle in a verticle plane

at which a particle can rest, friction being equal to the pressure ; to find the inclination of

the radius through P to the horizon .

or bu

Solution by the PROPOSER.

If u=the coefficient of friction, R=the normal reaction of the curve, uR =

the friction , =R by the problem . i u= 1 .

W being the weight of the particle, we have, resolving along the tangent

and radius through P,

W sind = uR ...... (1 ) .

W cosø = R ...... ( 2 ).

$ =

-
π

These give tang=y= 1 , or $=
4

Excellent solutions of this problem were received from PROFESSORS ALFRED HUME, 0. W.

ANTHONY, and E. L. SHERWOOD .

31. Proposed by 0. W. ANTHONY, M. Sc . , Professor of Mathematics in New Windsor College, New Windsor,

Maryland.

A perfectly elastic , but perfectly rough mass M and radius R , rotating in a verticle

plane with an angular velocity of w, is let fall from a height, a , upon a perfectly elastic ,

but perfectly rough horizontal plane. Determine the motion of the body after striking the

plane. What will be its ultimate motion ?

Solution by ALFRED HUME, C. E. , D. Sc . , Professor of Mathematics in the University of Mississippi, Uni.

versity P. O. , Mississippi .

Let the angular velocity , w, be in the direction of the motion of the hands

of a clock ,
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Let w ' and v ' be , respectively, the angular velocity , and the horizontal

velocity of the center of the sphere, after the first impact.

The impulsive action at the point of contact is , then , Mu' .

The change in the angular momentum being equal to the moment of the

impulse ,

MRW- W ') = MU'R .

The surfaces being perfectly rough , there is no slipping and

v ' =Rw ' :

:: ( W - W ' ) = w ',

w = w ;

v ' = Rw .

v " and w " representing horizontal and angular velocities after second

impact,

M ( 0"' - v ' ) = impulsive friction,

MR (W " -W ') = - M ( " — v ' ) R ,

( w " —W ' ) = w ' — W " ,

W ' = w ' = fRw , and v " = Rw " = Rw .

The sphere moves on in an endless series of equal parabolas , with constant

angular velocity and constant horizontal velocity , reaching the height a after

every rebound.

Solutions of this problem were also received from Professors Zerr and Anthony. One

or both of these solutions will appear in the next issue of the Monthly .

DIOPHANTINE ANALYSIS.

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

d
s

SOLUTIONS OF PROBLEMS.

ticle

istic

;z the

30. Proposed by COOPER D. SCHMITT, M. A. , Professor of Mathematics, University of Tennessee , Knoxville,
Tennessee.

A and B are two integers , A consisting of 2 m figures each being 1 , and B consisting

of m figures each being 4. Prove that A +B+1 is a square .

1. Solution by H. W. DRAUGHON , Olio , Mississippi , and 0. W. ANTHONY, M. Sc . , Professor of Mathe

matics in New Windsor College, New Windsor, Maryland.

Each of the integers is a Geometrical Series .

and
s
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A = 1 + 10 + 100+ etc., to 2 m termis , = (102 - 1 ) .

B = 4 + 40 + 400 + etc., to m terms, = $ ( 10m – 1 ).

A + B + 1 = }( 102m – 1 ) + $ ( 10m – 1 )+1 = } ( 102m + 4.10m +4)

= { } ( 10 + 2) } ?.

II. Solution by G. B. M. ZERR, A. M. , Ph . D. , Professor of Mathematics and Applied Science , Texarkana

College, Texarkana , Arkansas-Texas, and H. C. WILKES , Skull Run, West Virginia.

A = 1 B? + } B as is shown by the following : Let B = 444.

. : B ? ++B = 111111. This is true for any value of B.

3B+4

Hence A + B + 1 = 1, B ?+ } B+ 1 =
4B , (= ( 3B + 4 ))* = B?

. . A + B+ 1 = (333 ...... 334) ?, the number within the parenthesis consists

of m figures. Let A , be an integer consisting of m . figures all l's .

Then B ' = (333......334 ) = ( B + 1 + A , ) ' .

Also solved by M. A. GRUBER and J. SCHEFFER .

31. Proposed by M. A, GRUBER, A. M. , War Department, Washington , D. C.

How many scalene triangles , of integral sides, can be formed with an altitude of 12 ?

How many isosceles triangles ?

1. Solution by ARTEMUS MARTIN , LL. D. , U. S. Coast and Geodetic Survey Office , Washington D. C.

1. To find right-angled triangles having one leg = 12.

Let x = the required leg and x + a = the hypothenuse ; then (x + a ).— 7

144 - a ?

= 2ax + a % = 122 = 144 ; whence x =
2a

It is easily seen that a must be even , and that it cannot exceed 10 ; but as

2 must be integral a can only be 2 , 4 , 6 , or 8 .

Take a = 2 , then x= 35 ; take a = 4 , then x == 16 ; take a= 6 , then x= 9 ; take

a = 8 , then x = 5 . Hence there are four right-angled triangles having one leg

= 12 , viz : 12 , 35 , 37 ; 12 , 16 , 20 ; 12 , 9 , 15 ; 12 , 5 , 13 .

2. Any two right-angled triangles , p , c , a ; p , b , d , can be combined in

two different ways to form a scalene triangle, giving the triangles a , b , c + d ;

Hence the four right-angled triangles found above can be combined

two and two in two different ways to form scalene triangles ; therefore there are

twelve such triangles which have an altitude of 12 , as follows: 13 , 14 , 15 ; 20,

37 , 51 ; 15 , 20 , 25 ; 15 , 37 , 44 ; 13 , 37 , 40 ; 13 , 20, 21 ; 13 , 15 , 4 ; 20 , 37 , 19 ; 15 ,

20 , 7 ; 15 , 37 , 26 ; 13 , 37 , 30 ; 13 , 20 , 11 .

There can be only four isosceles triangles with integral sides having an al

titude of 12 , viz : 13, 13, 10 ; 15 , 15 , 18 ; 20, 20 , 32 ; 37 , 37 , 70 .

a , b , c.-d.

II . Solution by A. H. BELL, Box 184 , Hillsboro , Illinois .

We evidently require to find two numbers whose difference shall

be equal to any given number. Let x = the side of the lesser square, and d = to
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Q + 6

2+ b

two unequal factors = ab, a> b ; let x + b = the greater square.

- b

Then (x + b )? — x² = ab , and x =
2 2

The unequal factors of the difference ( 12 ) ” are 2 x 72 , 4 x 36 , 6 x 24 , 8 x 18 ;

these give for sides of squares in the formula, and complete the following

right-angled triangles , in the order of altitude, base and hypotenuse : 12 , 5 , 13 ;

12 , 9 , 15 ; 12 , 16 , 20 ; 12 , 35 , 37 .

By doubling the base of each will give four isosceles, and by adding

and subtracting the bases from each pair will give 12 scalene triangles .

III . Solution by the PROPOSER .

All scalene A's are rt . A's or are the sum or the difference of two rt. A's

of equal altitudes. The A's of this problem are restricted to a ' s of integral

sides having an altitude of 12 .

We first find the rt . O's of integral sides having an altitude of 12. These

are four in number : 12 , 5 , 13 ; 12 , 35 , 37 ; 12 , 9, 15 ; and 12 , 16 , 20 .

Then , by sum and difference, we form combinations by twos by joining

their equal altitudes . It will readily be seen , if n = the number of rt . A's of a

given altitude, that the number of combinations each by sum and by difference of

twos is the sum of the series , n - 1, n - 2 , n - 3 ...... 1. The sum of this series

is n( n- 1 ) . As there are two such series , the number of combinations is nin – 1 ) .

2

Adding to this the n rt . A's , we find the total number of scalene A's to

be nº, which is the square of the number of rt . A's having the given altitude.

Hence the number of scalene A's of integral sides having an altitude of

12 is 4 = 16 .

All isosceles A's of integral sides are the union of two equal rt . A's by

joining the altitudes. There are as many isosceles A ' s of integral sides having

a given altitude as there are rt . A's of integral sides having the given altitude.

Hence there are four isosceles A's of integral sides having an altitude of 12 .

Also solved by O. H. ANTHONY , H. W. DRAUGHON , G. B. M. ZERR , and WILLIAM HOOVER.

32. Proposed by A. H. BELL , Box 184 , Hillsboro , Illinois .

Decompose into its prime factors the number 549755813889 .

?

Solution by the PROPOSER .

To find the factors of 239 + 1 = 549755813889. The old masters have

demonstrated that prime factors of an +1 must be of the general form of 2nx + 1 ,

Suppose we take amn+1,mn odd, the factors of mn are m , n , 1 ; then the prime

divisors will be of form amn +1 , an + 1, and a +1 . Divide out these factors ; the

V balance will show the limit of the trial divisors which must be of the general

form 2mnx + 1 = to prime form of factors = 8mnx + 1 and 8mnx + (6mn+1), if these

will not or if they do divide the balance, we conclude,the balance to be a prime

number.

Solution of 239 + 1 = 549,755,813,889 ; by divisors ( prime) 213 +1 , 23 +1 ,
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and 2 + 1 ; then 32.2731 .(22366891). / 22366891 = 4620 limit of divisors of

the form prime 8mnx + 1 and 8mnx + (6mn +1) = 312x + 1 and 312.c +235, and they

are 313 , 547 , 859, 937, 1171 , 1249 , 1483, 1873 (2731 )3121 , 3433 , 4057 , 4603

to limit, none of which will divide the balance , hence 22366891 is prime .

.. factors are 3 ? x 2731 x 22366891 .

No solution of Problem 33 has been received .

incr

sho

PROBLEMS.

por

43. Proposed by M. A. GRUBER, A. M. , War Department, Washington, D. C.

Find the series of integral numbers in which the sum of any two consecutive terms is

the square of their difference.

44. Proposed by A. H. HOLMES, Box 963. Brunswick , Maine.

The hypotenuse of a right-angled triangle ABC , right-angled at A , is extended

equally at both extremities so that BE=CD. Draw AD and AE. Find integral values for

all the lines in the figure thus made.

In

AVERAGE AND PROBABILITY.
1

Conducted by B. F. FINKEL , Springfield, Mo. All contributions to this department should be sent to him .

1

NOTE ON AVERAGE AND PROBABILITY WITH REFERENCE TO THE SOLUTIONS

OF PROBLEM 26, pp, 282-83, AND 327-28.

P

th

S

le

b

D

9

By ARTEMAS MARTIN, LL . D., U. S. Coast and Geodetic Survey Office, Washington D. C.

I will remark at the outset that, unfortunately, mathematicians are not

agreed as to the method of solving certain problems in Average and Probability .

The difference of opinion in some cases relates to the interpretation of the mean

ing of the problem , and in others to the quantity that should be considered as

the independent variable , and between what limits taken , and again as to

whether the " points " are uniformly distributed along a certain line or over a cer

tain surface, etc.

If points be uniformly distributed on a line , the number of points is pro

portional to the length of the line ; and if points be uniformly distributed over a

surface, the number of points is proportional to the area of the surface, etc .; but

if the points be not uniformly distributed , then the line or surface can not

be taken as a true measure of the number of points .

Problem 26. “ Find the average of all right- angled triangles having

a given hypotenuse .”

1

(

1
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Prof. Matz' first solution , p . 82 , would be correct if he had taken the lim

its of x from 0 to h instead of from 0 to th 12. He supposes one of the legs to

increase uniformly from 0 to thi: 2 ,' or till the legs become equal ; but this as

sumption does not give all the triangles because , while x increases uniformly from

0 to thy 2 , v ( ha —29 ) does not decrease uniformly from h to th1/ 2. The limits

should be 0 and h , for if one leg varies uniformly from 0 to h all possible right

angled triangles will be generated, and the number of the triangles will be pro

portional to h .

If he had taken x from 0 to h in his first solution , and 0 from 0 to 1 in

stead of from 0 to £ n in the second , he would have obtained in both solutions the

result ta ’ , which I believe to be correct .

In the second method of solution , adopted by Prof. Zerr and others , and

approved by the Editor , it is assumed that one of the acute angles varies

uniformly , and that the number of triangles is proportional to the semicircumfer

ence whose diameter is the given hypotenuse .

The vertices of the right angles of all possible right-angled triangles hav

ing a given hypotenuse a will be posited on a semicircumference whose diameter

is a , but will not be uniformly distributed thereon ; hence the semicircumference

can not be taken as the true measure of the number of triangles .

I most emphatically dissent from the conclusion announced by the Editor

in the last line of p . 328. The last paragraph of the note is sound down to the

last line , but it does not by any means necessarily follow from any statement

a ?

made therein that " the solutions leading to the result are the correct and only
21

solutions of the problem ." I hold that the solution given by Prof. Anthony on

p . 283 , and previously given by myself in the Mathematical Magazine, leading to

the result fa ’ (misprinted ja ? in the first line of the Editor's note) , is the true

solution of the problem .

The conception of a triangle is from its sides ; and if we cause one of the

legs to take all possible values from 0 to a it is very clear to me (and ought to be

to every one) that all possible right-angled triangles having that hypotenuse will

be formed .

The problem as proposed is definite as the Editor correctly states in his

note , and requires the " average area of all the right-angled triangles having a

given hypotenuse ” ; but the solution which he asserts the " correct and only one

restricts the triangles to those having the vertices of their right angles uniformly

distributed on the semicircumference whose diameter is the given hypotenuse ,

and therefore is not a solution of the problem proposed, but of the follow

ing problem , viz : Required the average area of the right-angled triangles hav

ing a given hypotenuse and the vertices of their right angles uniformly distribut

ed on the semicircumference whose diameter is the given hypotenuse .
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QUERIES AND INFORMATION.

Conducted by J. M. COLAW , Monterey, Va. All contributions to this department should be sent to him .

Why was the letter a chosen to represent
?

d

LOTTIE SMITH, Houston , Miss .

I have several problems , which though solved by quadratics, have one

positive root and no other . I have also several problems , which can only

be solved by quadratics, which have two roots , one real and one imaginary, not

withstanding that " imaginary expressions enter an equation by pairs," which at

present I will not disclose . The following problem is from Bell's Algebra

( Chamber's Edition Course) : “ Given2.cº -2) = 3x - 5 . x=3, or 4."

fails to verify the equation . Can another root besides 3 be found that will ?

R. GREENWOOD, Morris , Ill .

The

COMMENTS ON PROBLEM 11-GEOMETRY.

What does the gentleman do with the parts of the circle outside of his

own central circle and the seven circles he gives to his seven children ? If he

does not retain " it , he must think that these pieces will suit his wife.

W. F. BRADBURY,

Cambridge Latin School , Cambridgeport, Mass .

When the condition of the problem is satisfied, one of the seven equal cir

cular farms will be concentric with the original farm . This condition is , there

fore, incompatible with the insinuated) condition that the gentleman shall retain

for himself an area about the center of the original farm . The “ problem ”

is merely a puzzle . L. E. PRATT, Tecumseh , Neb .

On page 249 of Wentworth's College Algebra, we find the author conclude

that 0 = 1, i . e . , factorial zero is equal to unity . On page 246 the definition of

factorial is given : n = n (n - 1) (n - 2 )...... 1, 1. e . , factorial n is equal to the

product of all the natural numbers from n to 1 inclusive .
If n were 3 , we would

have 3 = 3.2.1 ; if n= 8, then 8 = 8.7.6 ......1 . So for any other number. If

therefore 0 is to be one of them , it must submit to the same law .

. :: 0 = 0 ...... 1 = 0.1 = 0 ! This would show that factorial zero , if it has

any meaning at all , must be equal to zero . But factorial zero is not comprised

within the definition given by the author : by that definition the first factor of

the product is the number given (n ) , the last is unity , ( 1 ) , which therefore ex

cludes 0. The mistake made by the author in arriving at the result consists in

disregarding the factor 0 in one of the terms of a fraction . From the formula
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• • • •

n (n - 1)(n - 2 ) ......(n - r + 1)
C = is derived , by multiplying each

T

n ( n - 1 ) ...... (n --p + 1 ) (n - r )...... 1

term by n - r, the formula : Cnr =

rx ( n - 1 ) ...... 1

. [A] ,

n

or C 7,1 Now if in this latter we make n=r= 1 we obtain
T 12-1

11

C1,1

1

1.0

1

10

(B) .
1 1-1

[But as the number of combinations made of one element with one in the

group is one , we also have

C1,1 = 1 .
.. 1

1

10
.. 10 = 1.)

But suppose we make the substitution in formula [A] ;

C n ,

n (n -- 1)...... (n - r + 1 )( n - )...... 1

1r (n- r) ...... 1

where (n- r+ 1 ) = ( 1-1 + 1 ) = 1 .

To
n- r 1

( 1)(n- r) ...... 1 1 Inco 1 1

C1,1 = 1 and not:

- 1 10

The factor which becomes 0 in the denominator also occurs in the numer

ator and is to be cancelled . The error made as in [ B ], consists in neglecting this

factor in the numerator but retaining it in the denominator.

OSCAR SCHMIEDEL,

Bethany College , Bethany , West Virginia .

ANSWERS TO QUERIES IN MONTHLY FOR MARCH, 1894, (VOL. 1, NO. 3, P. 103. )

BY PROF . John N. LYLE, FULTON, Mo,

1. Whether Lobatschewsky's theorem 4 is " sound " or not depends upon

what shall be regarded as " sound" in geometry. If the assumption that a plane

is the surface of a sphere and that two straight lines drawn therein perpendicular

to a third do intersect is sound ; then Lobatschewsky's theorem 4 , since it con

tradicts this assumption , must be unsound . Otherwise, two propositions that

contradict each other may both of them be sound . Again , if the soundness

of Euclid's propositions 27 and 28 , Book 1. is granted , that of Lobatschewsky's

theorem 4 must also be conceded , since it is a legitimate corollary of those

propositions.

II . Lobatschewsky's theorem 4 which reads as follows: " Two straight
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lines perpendicular to a third never intersect , how far soever they be produced”

contradicts flatly the assumption that these perpendiculars do intersect , no matter

where the intersection is supposed to occur . The fact and not the place of sup

posed intersection constitutes the contradiction . Von Staudt's assumption that

two straight lines perpendicular to a third have “ at infinity a common point”

contradicts proposition 27 , Book 1. of Euclid's Elements, and hence can not be

in harmony with it . Euclidean space cannot be extended to any point of inter

section of the two perpendiculars under notice for the good and sufficient reason

that those perpendiculars do not and can not intersect in that space .

III . No. IV . Yes .

V. No , for the reason that it involves contradiction . By definition every

straight line having two ends is finite .' Hence, to affirm that such a line is infin

ite in length is to attribute to it contradictory attributes . No infinite straight

line can be drawn between two points located in space and geometrical science

does not concern itself with what is supposed to occur or not to occur outside of

space. Juggling with algebraical symbols can not alter the cold , hard facts of the

Euclidean geometry.

VI . . In his theorem 16 Lobatschewsky is studiously silent as to whether

he regards the boundary line itself as a cutting or a not -cutting line . In

his theorem 33 , however, he uses this language— " hence not only does the dis

tance between two parallels decrease ( Theorem 24 ) , but with the prolongation of

the parallels towards the side of the parallelism this at last wholly vanishes .

Parallel lines have therefore the character of asymptotes." From this it appears

that Lobatschewsky holds that the distance between asymptotes and their curves

at last wholly vanishes. "

VII . In theorems 32 and 33 Lobatschewsky exhibits without disguise his

use and interpretation of the symbols ( and co, and his speculative opinions re

specting geometrical data that dominate his thinking and thus determine his con

clusions. The reason assigned by Lobatschewsky for his conclusion that the dis

tance between parallels decreases and “ at last wholly vanishes” is that s ' = 0 for

a = in the formula 8 ' = 8e- x . There is nothing novel , brilliant or profound in

manipulating algebraical symbols in such fashion . It is in fact a familiar game

of analytical sophistry more than two hundred years old played in the school of

Leibnitz with 0 and as dice . In his theorem 32 Lobatschewsky informs

us that “ A circle with continually increasing radius merges in the boundary

line.” He further says that “ one may also call the boundary line a circle with

infinitely greatradius."

When Lobatschewsky rejected Euclid's axiom 12 and accepted in its stead

a straight line as the circumference he evidently strained at a gnat and swallowed

a camel . In Lotze's Metaphysics, Part II . , Vol. I. , pages 290 and 291 the fol
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lowing extract is found : “ A finite arc of a circle , of course , becomes perpetual

ly more like a straight line as the radius of the circle to which it belongs is in

creased ; but the whole circle never comes to be like one . However infinitely

great we may conceive the radius as being, nothing can prevent us from conceiv

ing it to complete its rotation around the center , and till such rotation is com

pleted we have no right to apply the conception of a circle to the figure which is

generated : discourse about a straight line which being in secret a circle of infinite

diameter, returned into itself, is not a portion of esoteric science , but a proof of

logical barbarism . Just the same is shown by phrases about parallel lines which

are supposed to cut each other at an infinite distance . They do not cut

each other at any finite distance , and as every distance when conceived as attain

ed would become finite again , there is simply no distance at which they do so ; it .

is utterly inadmissible to pervert this negation into the positive assertion that in

infinite distance there is a point at which intersection occurs . ” '

EDITORIALS.

We were compelled to omit the Department of Geometry in this issue be

cause of lack of sorts, and the Miscellaneous Department because this number

has now grown far beyond its proper limits .

No pains will be spared on the part of the editors to make Vol . III . of

great value to all its readers . To this end , we trust that we may have the coöp

eration of all of our old contributors and that of many new ones .

Professor E. L. Sherwood should have been given credit for solving Prob

lem 46 , Department of Geometry . Editor Colaw and Prof. Cooper D. Schmitt

each sent a solution of Problem 54 , Department of Arithmetic , but too late for

credit in the proper place.

A correspondent who has a large collection of mathematical autographs

and MSS. will exchange duplicates with any other who is interested in the same

line . Professor Finkel will put this correspondent in communication with

any one who will send his address .

In order that we may increase the subscription list of the Monthly ,

we invite each of our old subscribers to take advantage of the following offer :

To any old subscriber sending us the names of three new subscribers, and

six dollars , we will send THE AMERICAN MATHEMATICAL MONTHLY one year as a

premium. This offer ought to quadruple the number of our subscribers .

While much is being said in the literary world about endowing magazines,

what is wrong with making the Monthly an example of endowed periodicals ?
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This year a great friend of the Monthly and a Professor of Mathematics in an

eastern college, invested $60. in extra copies. If one hundred of our subscribers

would donate $50 . towards an endowment fund , they would be entitled to a per

petual subscription and the Monthly saved from the fate of its predecessors, –

discontinuance in the course of a decade or two.

This number completes the second volume of the Monthly, and though

its success in the two years during which it has been issued has not been what we

hoped for, it has not been altogether discouraging . We are encouraged by words

from various mathematicians of great eminence that the Monthly is growing in

influence and favor. We believe this to be true . A glance at our list of contrib

utors will show that it includes the best mathematicians in America . Having the

support of the ablest mathematicians of this country, the MONTHLY should con

tinue to appear each month during the year that is now upon us . The editors

have, therefore, no thought of discontinuing its publication, and we trust that we

may have the earnest support of all of our old subscribers in the still further en

hancing of its worth . In the January number we shall use a better quality of

paper and thus improve its appearance. We have on hand a number of very ex

cellent articles from leading mathematicians which will appear during the coming

year . Dr. Halsted will continue his translation of Saccheri's geometry , and Dr.

Miller will continue his articles on Substitution Groups . Dr. Moore has furnish

ed an article on An Interesting System of Quadratic Equations, which will appear

in the January number. Prof. Zerr has furnished an article on the Centroid of

Plane Areas, the first part of which will also appear in the January number. A

great many other papers of interest and importance from prominent mathemati

cians may be expected. The January number will contain an interesting biog

raphy of the great Russian Mathematician, Wolfgang Bolyai , by Dr. Halsted .

Other biographies of noted mathematicians will be published during the year.

A great many of our subscribers are in arrears on subscription for Vol. I.

and Vol. II . We shall be greatly obliged if those owing us will kindly remit at

once , as we are much in need of funds. Please send money by Draft or Post

office Money Order to B. F. Finkel, 1320 Washington Avenue, Springfield , Mo.

BOOKS AND PERIODICALS.

Iligh School Mathematical Teaching and Text- Books. A monograph from

the Inland Educator. By Robert J. Aley , A. M., Professor of Mathematics in

the University of Indiana, Bloomington, Indiana.

In this little pamphlet of 20 pages , Professor Aley has given some good hints on the

teaching of Mathematics in the High School . He blames the teacher, the text-book, or
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both for the hatred so many boys and girls have for Mathematics.
He says , page

13, “ This feeling is not natural to the normally constituted mind . Psychologists and edu

cators generally tell us that the mind ought to find pleasure in mathematical exercises .

There is no subject in which the student can so early begin making discoveries for himself,

The mere beginner in geometry can make and solve exercises that would have made Appo)

lonius famous. This batred for mathematics must then in general be the fault of

the teacher, or of the text-book , or of both . Whichever it may be , it is in the province of

the teacher to remove ."

N

>

Wich
Wilkes ' Rules of Multiplieation . By H. C. Wilkes, Skull Run , West

Virginia.

In this little pamphlet of 16 pages , Mr. Wilkes has given a number of rules for the

rapid multiplication of two numbers, He says, page 1 , " To be expert in multiplying , three

things are essential : 1st , To be able to multiply any number by a single digit , operating

from left to right; 2nd , To know instantly from memory the product of any two numbers

each less than 20 ; 3rd , To be able to add mentally and quickly any two numbers each less

than 100.” We give a single Rule : How to mentally see the product of any two uumbers in the

" teens.” Example : 19X16

19

6

54

Lt
304

Place the unit figure of one of the numbers under the other number, and then place

the product of the unit figures as shown , and add all together.

A

1

Laboratory Methods of Teaching Mathematics in Secondary Schools . By

Adelia R. Hornbrook, A. M. , Teacher of Mathematics in High School, Evans

ville , Indiana, and author of Concrete Geometry for Common and Grammar

Schools. Pamphlet, 16 pages. Chicago : American Book Co.

In this little pamphlet, Mrs. Hornbrook has given some timely recommendations on

the Laboratory Method of Teaching Mathematics from a psychological standpoint. She

proves conclusively that the Laboratory Method which has worked wonders in the Depart

ment of Natural Science, can also be made to produce equally good results in Mathematics

if sufficient care is taken on the part of the teacher. The term " Laboratory Method” as

applied to teaching Mathematics means the method of independent personal investigation

on the part of the learner under the leadership of a teacher who furnishes only the neces.

sary aids to interpretation . The pamphlet is well worth a careful reading.

Plane and Solid Geometry. By Wooster Woodruff Beman, Professor

of Mathematics in the University of Michigan, and David Eugene Smith , Profes

sor of Mathematics in the Michigan State Normal School. 8vo, cloth and leath

er back , 320 pp . Boston : Ginn & Co ,

In the last issue of the Monthly, we announced that Drs . Beman and Smith had

written a Geometry and that something new along the line of Geometry mightbe expected .

The book is now ready and we are quite sure that it will meet with public favor. It has a

number of very strong points in its favor . We can only mention a few of these . ( 1 ) It in

vests the geometry of the Ancients with something of the spirit of Modern Mathematics ;

( 2 ) Many terins that are not new but are rarely found in similar works have been freely used

and thus the student is made familiar with a nomenclature that is very essential to the

study of Modern Higher Mathematics ; (3) Methods of attack are suggested early , and at
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the end of Book III. are treated with considerable fullness ; ( 4 ) Historical notes , which have

a tendency to relieve the monotony of class routine and awaken interest in even the most

stupid and indifferent student, are frequently inserted ; ( 5 ) A biographical table containing

the names of forty - two mathematicians, Ancient and Modern, who have been instrumental

in shaping the course of Mathematics , is appended ; and (6) , a table of Etymologies is also

appended.

The value of a table of Etymologies can not be over estimated . The student coming

in contact with new terms will naturally be interested in the etymology, a study of which

will fix the meaning in his mind. I believe that it would have proved even more valuable

had the etymology been given in connection with the term when it is used in the text.

The principles of Duality and Continuity are illustrated and explained . The book

contains 783 exercises for original work . The book is a most admirable one and we take

pleasure in recommending it to any who are seeking a good text on geometry,

B. F. F.

The Cosmopolitan . An International Illustrated Monthly Magazine. Ed

ited by John Brisben Walker. Price, $ 1.00 per year . Single number, 10 cents .

Irvington -on -the -Hudson, New York .

No one ever thought of introducing so expensive a feature as lithographic color work

in the days when the leading magazines sold for $4.00 a year and 35 cents a copy . But

times change, and the magazines change with them . It has remained for The Cosmopolitan,

sold at one dollar a year, to put in an extensive lithographic plant capable of printing

320,000 pages per day (one color) . The January issue presents as a frontispiece a water

color drawing by Eric Pape, illustrating the last story by Robert Louis Stevenson, which

has probably not been excelled even in the pages of the finest dollar French periodicals.

The cover of The Cosmopolitan is also changed, a drawing of page length by the famous

Paris artist Rossi, in lithographic colors on white paper takes the place of themanilla back

with its red stripe. Hereafter the cover is to be a fresh surprise each month .

The Review of Reviews. An International Illustrated Monthly Magazine .

Edited by Dr. Albert Shaw. Price, $2.50 per year . Single number, 25 cents .

The Review of Reviews Co., New York .

During the closing weeks of 1895 the daily papers have published an extraordinary

amount of interesting and important news . It is worth something to the busy newspaper

reader to have this mass of information taken up , arranged, digested and reviewed in a calm

and intelligent manner. The Review of Reviev's performs this service very efficiently every

month . The number for January, 1896, is especially strong in this resp The editorial

department called “ The Progress of the World ,” is distinguished for its able handling of

national and international topics of the hour. In fact, the Review occupies a unique posi

tion as a truly “ internationalmagazine.” Its soundly “ American ” stand on the Venezue

lan question is significant .

THE AMERICAN MATHEMATICAL MONTHLY's Clubbing List :

REGULAR PRICE . WITH MONTHLY .

The Review of Reviews . $ 2.50 . $ 4.00

The Forum .... 3.00 4.50

The Cosmopoli
tan 1.00 . 2.85

The Arena .. 3.00 . 4.50

The Century
4.00 . 5.50

St. Nicholas .. 3.00 . 4.50

Popular Astronomy . 2.50 . 4.50

Atlantic Monthly .
5.00

The Critic (weekly ) . 3.00 . 5.00

The Ohio Educational Monthly . 1.50 . 3.50

American Journal of Education . 2.50

McClure's ...
1.00 . 2.80

Mathematical Magazine (quarterly ) . 3.00

Annals of Mathematics (bi-monthly ).
2.00 .. 4,00

4.00 ..

1.00 .

1.00 ...
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A Postulate of the Hypothesis of the Fourth Dimension, by J.N.

Lyle ..

A Query by J. H. Drummond ... 170

Are Lobatschewsky's Principles Applicable to Mechanics ? by

Warren Holden ...
95

A Reply to Prof. Whitaker, by H. W. Draughon .
59

Arthur Cayley , by G. B. Halsted ..
96

Comments on Durege's Theory of Functions ...
339
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s

on Problem II , by W. F. Bradbury and L. E. Pratt ..
372

336
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Definition of a Fraction, by H. W. Draughon, H. C. Whitaker,

and Chas . De Medici .... 337-338

Dr. Halsted's Latest Translation , by L. E. Dickson ... 58

Lambert's Reasons for Holding that the Parallel-Axiom Needs

Proof, by J. N. Lyle .....
292-293

Note from Leonard E. Dickson .

Note from Oscar Schmiedel 337,373

Note from W. E. Heal .... 337

Note on Helmholtz's Use of Terms " Surface ” and “ Space," by

J. N. Lyle ... 338

Note on May Number of MONTHLY, by G. B. Halsted ...
205

Notes on the Demonstration of Euclid's Eleventh Axiom , by

Warren Holden ..... 247

Papers for the Mathematical Congress at Kazan . 205

Prof. Scheffer's Query . Answer by F. P. Matz . 96

Query as to Trisection of Angle with Rule and Compass , by W.

E. Heal
171

Query by N. F. Davis . 337
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Geometry, Etc ..... 60

SOLUTIONS AND PROBLEMS .

ARITHMETIC .

Association , Borrowing from Building and Loan (unsolved ) ... 74

Chain Suspended, to find sag, batter at ends, and tension ... 11

Date and Day of Week , Problem in Finding
226

Farm , A man bought , for $ 6000, and agreed to pay for it in four

equal annual payments..... 354

Garden in form of a with towers , to find length of ladder to

reach top of each ... 227

Horse , at what price sell and wait to gain a certain per cent.... 315

Horse , to find per cent. gained in selling... 74

Interest, to find yearly rate per cent under given conditions.. 115

Jars , how much wine in each after repeated pourings. 4430
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186

315

270

115

Merchant using " false " weights, losing bad debts , etc. , to find rate per

cent . of net profit

Money loaned at annual interest and partial payments made, to find

amount due....

Note , to find face of discounted at bank ....

Plums , how many to each competitor in a ''scuffle "

Racing, A , B , and C ......

Room , cost to paper and dimensions given — to find cost of paper per roll

Shell , to find thickness of...... 45 , 73 ,

Ship , to find part of purchase money paid by A and B ...

Sing-Sing and Tarry - Town, mittens , kitten - cats, etc. , met between ....

Stock , to find market price of .....

Traveling, to find when C starts to meet A and B at common point .

Walking and riding to city and back , time to ride both ways ..

Wine merchant's rate per cent. of profit on sales

153

43

114

152

12 , 73

74

74 , 114

269

10..

ALGEBRA .

116

15

75

359

359

189

271

76

317

317-318

13

Algebraic equations , solved ..... .... 46 ,

Equation of nth degree, n<2, transformed
into number of equations

wanting 2nd term ...

Equation , resolved into sum of two squares .

Equation , to find algebraic relation of a and b in

Equation x5 + 5mx3 + 5mx+ n = 0 , solved ..

Expression , value to be proved equal 0 (unsolved) .

Find A from cos8+ cos 38+ cos 58=0 .....

Horses , 2 and a mule — to find cost and selling price .

Interest , intervals of compounding infinitely small .....

Money loaned , required equal monthly payments in advance ...

Number, find number of 6 digits x first 6 natural numbers= same digits in

rotation ....

Numbers , product of 2 , each sum of 4 squares , expressed as sum of 4

squares in 48 ways ....

Prove that (-1 ) (- 1 ) = +1

Quadratics, equation solved by ...

Segment , area and radius given — to find height ..

Series , problem in ...

Table , ways 12 friends of MONTHLY arranged at..

Traveling, time and distance from starting point of 4— " prize” problem

Triangle, bisectors of acute angles of rt. A given to find triangle.

Trigonometrical equation , solved

Voting , number of possible states of poll...

GEOMETRY .

Circle cutting another in two fixed points , common chord passing thro' a

fixed point....

Circle , find radius of circle circumscribing 3 tangent circles of given radii

47

272-274

117

75

229

361

187

154

230

155

17

275
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Conic, inscribed in A , focus moving along straight line , locus of other

focus a conic circumscribing the A. 16

Field , horse tied to circle 10-A . so as to graze over 1 - A. - find length of

rope 48

Geometric proof of theorem of inscription of regular polygons.... 120

Parallelogram , line through points of intersection of lines from 2 points

on opposite sides of — to opposite vertices, divides it in 2 equal parts 50, 77

Parallelopiped, find length of a diagonally inscribed into another...... 157

Polygon of 37 sides , lowest equation upon which depends inscription of 49

Quadrilateral, consecutive sides given and diagonals equal — to find them

and the area . . 231

Rectangle, given 2 points and circumference
with center 0 , to show that

rectangle contained by OA and perpendicular from B on polar of A=

rectangle by OB and perpendicular from A on polar of B .....
319

Semi-circle , rectangle of given and of maximum area inscribed in . 119

Triangle , equilateral inscribed in circle , sum of squares of lines joining

point in circumference to the vertices is constant 318

Triangle , proof of a geometrical problem in relation to .. 232

Triangle , lines joining centers of equilateral as described on sides of a

A , form an equilateral A .. 121

Triangle, if bisectors of 2 angles equal , Ais isosceles .157 , 189-191

Triangle , radius of circumference , in- and e-scribed circles of a s given ,

to prover , +r, + r , --T = 4R .. 156

CALCULUS .

Cardioid, area of circumscribing square 122-124

Catenary curve generates minimum area . 193

Cube, figure described by revolving on an axis , and volume. 276 , 322

Curve, discussion of a given .... 324

" Curve of Pursuit ” -hound and hare . 233 , 290

Differential equation , solved ... 320

Dome , to find volume of dome with given data .. 322-324

Earth, find at what latitude angle made by body falling to E, with per

pendicular to surface, is greatest , and this angle 51-52

Field , B starts from center to circumference to catch A who runs around

circumference, to find B’s distance and time ..... 80

Hawk in pursuit of hen , required path and distance to catch hen ... 82

Projection on diameter of semi-circle in given case equals radius of circle 159

Ship, maximum saving by sailing on arc of great circle instead of paral

lel of latitude and at what latitude.... 192

Stage, at what distance from to sit and see to best advantage 81

" The Devil on Two Sticks” problem .. 18-21

“ The Cocked Hat” curve—the problem solved .... 362

Turn-table , distance man walks who crosses while it revolves twice .... 364
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233

Vessel, rate at which depth of water running into right conic frustum is

increasing ...

Volume in a calculus problem determined ...
364

Wall , to find circumference of when 2 mules tied to outside and inside

of same , and lengths of ropes of circumference ,together graze 1 A .. 277

MECHANICS.

Anchor- ring, moment of inertia about axis thro' center of direct circle ,

and perpendicular to a plane
22 , 53

Balls , number of given mass and velocity in a confined space, into which

other balls are introduced ; after a number of collisions when average

kinetic energy of each is the same, to find its value in centm . - gram .

-system ...
280

Cord , condition that a suspended hang in arc of a circle
194

Density of strings, law of heap at edge of table that equal masses pass

over in equal units of time 126 , 161

Deviatio
n

, eastwar
d

of bodies falling from great height .
54 , 83

Equilibrium , a point of a harmonical mean in the given problem

236

Iron bar, determine pressure upon floor and wall when leaning against

at given angles
125

Moon , initial velocity of old woman tossed 90 times as high ...
162

Parabol
oid

, at what point of surface below interse
ction

with a cylinde
r
a

heavy particl
e

will rest ....
127

Perfectly elastic , but perfectly rough mass M and radius R ....
366

Prismatic bar which snaps, to find result , angular velocity , and locus of

parts at any time ..
195

Rough circumferen
ce

of a circle , P is the lowest point
366

Sphere, ratio of electrical densities when initial velocity increased
279

Sphere, when slide , roll , etc. , on rough inclined plane.
237

Train, stopped by setting brakes - find velocity .
238

Triangle, course after reflection of body projected from angle of triangle

326

Wheel and axle , mechan
ical problem relatin

g
to ....

195

Wire , motion of movabl
e

wire in case of a finite moving and a perpen

dicular infinite, each carryin
g
current

s
of electric

ity
.

326

DIOPHANTINE ANALYSIS .

Arithmetical progression , find 9 positive integral numbers in , the sum of

whose squares O ; and 9 integral square numbers whose sum is a

square number
129, 163

Decompo
se

into sum of two squares 173.735
85

Diophantus' epitaph
284 , 329

Find 2 integral numbers, whose sum , differen
ce

, and differen
ce

of

squares shall be a square, cube, and fourth power..

Find 3 positive integral numbers whose sum is a cube, and, the sum of

any two less the third is a cube ...
86

128
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Find 3 positive integral numbers such that product of first and sum of

others = 0 and the sum of their cubes = 0 ... 196

Formula for 5 integers sum of whose cubes is a cube .
329

Fraction , square fraction the arithmetical difference of terms a cube, and

a cubic fraction arithmetical sum of whose terms = 0 ..... 239

Impossible to find 2 positive whole numbers such that each , and also

sum and difference, less 1 = squares . 25

Numbers, 3 such that cube af any one + sum of squares of other two= a

square . 24

Parallelopiped
, to find values of the 7 linear measurements

.
329

Prime factors, decompose in the number, 549755813889
369

Prove that A + B+ 1 is a square in the given problem .. 337

Sixth powers, 3 different whose sum is a square (unsolved) . 198

Solve generally : Sum of the cubes of n consecutive numbers = 0 . 1997

" Sum of squares equal a square ," equation for... 285

Sum of 2 fourth powers , decompose product 97.675.257 into ...
331

Sum of 2 squares , decompose into the product 5 x 13 x 61 .. 164

Triangles, how many scalene of integral sides with altitude 12 , how

many isosceles .. 368

AVERAGE AND PROBABILITY .

Annuity, what it is worth .... 130

Average area of all right triangles having a constant hypotenuse. ... 282 , 327

Average area of a formed by 3 perpendiculars from the sides of the A. 243

Average volume common to cube and rectangular solid .... 90

Circle, average area of circle which is locus of middle points of chords

thro' random point in surface ... 166 , 241

Field , probability that boy who runs from corner in random direction

will be in field at end of 1 minute ... 200

Melons , probability of taking a good one from patch 88 , 165

Note on Problem 26 .... 370

Polygon, chance that one of two n sides , thrown at random upon ruled

plane will fall across a line ... 26-28

Probability that distance of 2 random points in a convex area excels a

gived limit... 281

Projectile, chance of its falling within a circular field .
88 , 166

Roots, mean values of a given quadratic.... 87

Surface, mean value of sum of distances of vertices of sides from any

vertex ofanother on which it is thrown .. 199

Testimony, probability of concurrent, of. A and B. 131

Triangles , average area of all that can be drawn perpendicular - sided

to given scalene A .... 242

Votes, probability that last count is correct 201

MISCELLANEOUS.

Apples, to find number of boys who will eat (“ Iago’s” problem ) .. 333
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Center of gravity of plane surface, when sum of distances of point from

all the other points is a minimum ..
324

Chronometer runs down and is set again after a star passed my meridian,

to find when it was set , my latitude and star's declension given ...... 204 , 244

Confocal conics , show that system is self-orthogonal. 203

County-seat , to determine most eligible point in county
289

Cylinders , compute lengths of curves of intersection of two surfaces,

when axes of 2 intersect at right angles ... 168 , 286

Dog-Star and Sun , when rise together..... ... 204, 245, 286

Helix traced on clyl . , measures of curvature and tortuosity of a curve is

constant ..

Mi rs , walls, etc., covered with and candle placed within , to find form

ula to express all the images.

Moon's disc , illuminated area when through first quarter

Paper -weight, no of spectra formed in a glass one in form of a regular

icosahedron (unsolved) ...
57

Ship's log , cut from what kind of wood to float with c.g at water's surface
287

Soap-bubble , find thickness of film if just floats in air .....
56

Spherical shrapnel-shell explodes curve bounding minimum surface on

the earth upon which fragments fall ....
203

Time of Thales, determine from data of problem

93

333
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